
 

Block 

1
VECTOR ANALYSIS

UNIT 1 

Scalar Fields and their Gradient  9 

UNIT 2 

Vector Fields, Divergence and Curl 31 

UNIT 3 

Integration of Vector Functions and Line Integrals  63 

UNIT 4 

Surface and Volume Integrals 97 

APPENDIX A1: Basic Concepts of Vector Algebra 132 

APPENDIX A2: Double Integrals 136 

BPHCT -133
ELECTRICITY  AND 

MAGNETISM Indira Gandhi National 

Open University 

School of Sciences 



   

9  

 Unit 1                                 Scalar Fields and their Gradient 

                      UNIT1 
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1.5 Terminal Questions 
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In this unit you will study about scalar fields and their gradient. Before studying this unit, 

you should revise Units 1 and 2 of the Physics Elective BPHCT-131 entitled Mechanics. 

You should also be familiar with the basic concepts of differential calculus which you 

have studied in school. These concepts are also explained in the Mathematics Elective 

BMTC-131. For calculating the gradient you must know how to obtain the partial 

derivatives of functions. You can revise this from the Appendix of this unit. Partial 

derivatives are also explained in the Mathematics course BMTC-132, which you may 

revise. A brief summary of the basic concepts of vector algebra and derivatives of 

vector functions is provided in Appendix A1 of this block. You may like to go through it 

before studying this unit.  

How would you determine the 

path of steepest ascent on a 

hill?  

1  
 

“And, believe me, if I were again beginning my studies, I 

should follow the advice of Plato and start with 

mathematics.” 
 

Galileo Galilei 
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1.1   INTRODUCTION 

In the first two units of Block 1 of the first course in Physics entitled Mechanics 

(BPHCT-131), you have studied the basic concepts of vector algebra. You 

have learnt how to add, subtract and multiply vector quantities using both the 

geometric and algebraic representation of vectors. You have seen examples 

of vectors, their sum and difference, as well as scalar and vector products in 

physics.  In Unit 2 you have also studied the preliminary concepts of vector 

differential calculus. You now know about vector functions or vector valued 

functions and how to obtain their derivatives with respect to a scalar variable. 

You have also learnt how to obtain the derivatives of vector and scalar 

products of vectors. In this unit, we further study vector differential calculus. In 

Sec. 1.2, we introduce the concept of scalar fields. In Sec. 1.3, you will learn 

about the gradient and directional derivative of a scalar field.  

You may wish to know: Why do you need to learn these concepts? To 

understand this, consider the example of a bar, plate or a cylinder that is 

heated non-uniformly. So, its temperature at different points is different. The 

temperature distribution of the bar/plate/cylinder is represented 

mathematically by a scalar field. If we now wish to know the rate of change 

of the temperature within the object, in any given direction, we need to 

determine the directional derivative of this temperature distribution. For this, 

we must know the gradient of the scalar field. In Sec. 1.3.1, you will learn 

how to determine the gradient of a scalar field. Then you will learn how to 

determine the directional derivative of the field in Sec. 1.3.2. 

Expected Learning Outcomes 
After studying this unit, you should be able to: 

 explain the concept of scalar fields and give examples in physics;  

 determine the gradient of a scalar field; and 

 determine the directional derivative of a scalar field. 
 
 
 
 
 
 
 
 
 

1.2   SCALAR FIELDS 

In Block 1 of the course BPHCT-131 entitled Mechanics you have learnt about 

vector functions, which can depend on one or more variable. When we are 

describing physical quantities, one obvious variable with which many physical 

quantities change is time. However, you have also studied about many 

physical quantities which have different values at different points in space. A 

function that describes a physical quantity at different points in space is 

called a field. As physical quantities are either scalar or vector in nature, we 

IN YOUR WRITTEN WORK, ALWAYS USE AN ARROW ABOVE THE 

LETTER YOU USE TO DENOTE A VECTOR, E.G., r .


 USE A CAP 

ABOVE THE LETTER YOU USE TO DENOTE A UNIT VECTOR, 

E.G., r̂ .  
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can have both scalar and vector fields. In this section, we focus on scalar 

fields.  

For example, the density of air (in the Earth‟s atmosphere) is a scalar quantity 

that changes with the altitude above the sea level. Similarly, the atmospheric 

pressure is also a scalar having different values at different altitudes. It is also 

different at different points around the Earth. The temperature of an unevenly 

heated plate is a function of both space coordinates and time. All these are 

examples of scalar fields. 

Let us discuss the concept of a scalar field in more detail.  

1.2.1    Defining a Scalar Field 

A scalar field is a function that assigns a unique scalar to every point in 

a given region. So you can say that it is essentially a scalar function of space 

coordinates. As you know from your school mathematics, every point in space 
may be specified by the Cartesian coordinates of the point ).,,( zyx  So we 

can write the scalar function or scalar field as ).,,( zyxff   This means that 

for every point ),,( zyx  in space, there exists a unique scalar quantity given 

by ).,,( zyxf   

The gravitational potential energy of an object near the surface of the Earth is 

a simple example of a scalar field. Suppose we take the xy plane to lie on the 

surface of the Earth and the z-axis to point upwards. Then the gravitational 

potential energy of the object is given by  

  mgzzyx  ),,(   (1.1a) 

where m is the mass of the object. In this case the scalar field depends only 

on the z coordinate and is, therefore, a one-dimensional scalar field. 

Temperature, pressure and density are examples of some other physical 

quantities which are scalars and can be represented by scalar fields. For 

example, the temperature on a perfectly flat hot plate can be described by 

  1

250
),(

22 


yx
yxT

 

(1.1b) 

T (x, y) gives us the temperature at any point (x, y) on the surface of the hot 

plate (Fig. 1.1). Since the surface of the plate is two-dimensional, the value of 

T depends only on x and y. This is an example of a two-dimensional scalar 

field.  

Another example of a scalar field is the electric potential in free space at a 

distance r from a point charge q. It is given by 

  
volt

4

1
)(

0 r

q
rV




 
(1.1c) 

where q is measured in coulomb and r in m. Here 0 is the permittivity of free 

space. If we consider the origin of the Cartesian coordinate system to be 

located at the charge we can also write the electric potential at a distance r as  

Fig. 1.1: Temperature 

on a flat hot plate 

heated at the centre is 

a two-dimensional 

scalar field. At the 

centre the temperature 

is very high. The 

temperature is lower 

as we move away from 

the centre of the hot 

plate. 
 

You have studied in 

Unit 2 of BPHCT-131 

that every point in 

space can be 

denoted by the 

position vector  

     
.ˆˆˆ kjir zyx 


  

So we could also say 

that corresponding to 

every point 

represented by a 

position vector r


 we 

have a unique scalar 

quantity ).(r


f  
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











2/1222
0 )(4

1
),,(

zyx

q
zyxV   (1.1d) 

This function describes a scalar field in three-dimensions. In this unit, we are 

interested in finding out about the rate at which these fields change in space. 

In order to understand physically the rate of change of scalar fields, it is a 

good idea to learn how to represent them pictorially. So our next question is: 

How do we represent scalar fields in diagrams? It is possible to represent 

scalar fields visually using what are called contour curves or contour 

surfaces. Let us see how. 

1.2.2    Representations of a Scalar Field 

Have you heard about contour lines? Do you remember the maps you studied 

in your school geography courses? How do we show the heights of places on 

a map? Recall from school geography courses that these are shown using 

contour lines or contour curves. On a map, contour lines or contour 

curves connect those points which are at the same height (elevation) 

above a fixed level. This is usually the sea level. Remember that contour 

lines never cross each other. If you walk along a contour line you neither 

gain nor lose elevation. Contour lines are useful because they tell us about 

the shape of the land surface.  

Imagine that you are standing at some point on a hill at a certain height             

(Fig. 1.2a). Study Fig. 1.2b. It shows the contour curve 1 joining all points of 

that height on the hill. In fact, each contour curve joins all the points on the 

hill which are at the same height. Suppose we write the height at a point       

(x, y) as z (x, y). Then the contour curves in Fig 1.2b join the points             

z(x, y) = constant. The contour curves are then a pictorial representation of 

the scalar function z(x, y). 

 

       (a)                  (b) 

Fig.1. 2: a) Imagine you are standing somewhere on a hill; b) contour map of the 

hill. A plot of several contour lines is called a contour map.  

We have already described the scalar field for the gravitational potential 

energy in Eq. (1.1a). You know that all points in any given contour curve in 

Fig. 1. 2b depict points which lie at the same height above the ground. So as 

per Eq. (1.1a), it is also the curve on which the gravitational potential energy 

of the object would be constant. Thus, the set of contour curves shown in           

Fig. 1. 2b can be used to depict the gravitational potential energy field given 

by Eq. (1.1a). 

1  
 

2  
 

3  

 A  
 

B  
 

1 
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In general,  

A contour curve is defined as a curve in two-dimensions on which the 

value of the scalar field f (x, y) is constant: 

  Cyxf )(  ,  (1.2a) 

 A plot of several contour curves is called a contour plot or a contour map. 

The contour map for the temperature of the hot plate is shown in Fig. 1.3.  

We now ask: What else can we determine from the contour map of a scalar 

field? Study Fig. 1.2b once again. Look at the regions around the points A and 

B in it. Note that the contour curves around A are close together and those 

around B are far apart. What does this tell us?  

Imagine that you are climbing the hill along a steep path (path 2 in Fig. 1.2b). 

Since the height above the sea level changes rapidly along this path, the 

contour curves (the curves of equal height above the ground) lie close to each 

other. On the other hand, if you walk along path 3, where the contour curves 

are far apart, the height above sea level changes comparatively slowly. So, 

the spacing of the contour curves on a contour map indicates how rapidly the 

function is changing: If the contour curves lie close to each other, the scalar 

field changes rapidly in that region. If these are far apart, the change in the 

scalar field is slower. 

So far we were talking about scalar functions in two-dimensions. 

You may now ask: How do we represent scalar fields in three-dimensions?  

One way of doing this is to define contour surfaces as follows: 

Contour surfaces are the surfaces on which the value of a                  

three-dimensional scalar field is constant.  

So, if a scalar field is defined by the function  (x, y, z), the contour surface 

would be the collection of all points (x, y, z) for which the value of   is 

constant, say C. The contour surface is defined by the equation 

  Czyx  ) , ,(   (1.2b) 

We get different contour surfaces for different values of C. A collection of such 

contour surfaces would then be a representation of the scalar field  (x, y, z). 

For example, for the scalar field described by Eq. (1.1d), the contour surfaces 

are the surfaces of constant electric potential given by 0) , ,( VzyxV   and are 

described by the equation 

   
2222

02/122204

1
RzyxV

zyx

q



 

(1.3a) 

where R is a constant. You can see that the contour surface given by          

Eq. (1.3a) is a sphere whose radius is given by the equation: 

  004 V

q
R




 

(1.3b) 

Fig. 1.3: Contour Map 

for the temperature of 

the hot plate. Each 

contour line 

corresponds to one 

value of the 

temperature defined in 

Eq. (1.1b). 

 

Fig. 1.4: Contour 

surfaces of constant 

electric potential are 

surfaces of concentric 

spheres. The radii of the 

spheres are defined by 

Eq. (1.3b). 
 

Equipotential Surfaces 
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For different values of 0V , R is different. The contour surfaces (for different 

values of 0V ) are surfaces of concentric spheres, as shown in Fig. 1.4.  

Now that we have defined a scalar field and represented it pictorially, we 

would like to know: What is the rate of change of a scalar field in a given 

direction? For example, if you are standing somewhere on a hill, you may 

wish to find out the direction of the fastest way down (or the steepest slope) so 

that you may avoid it! You would of course like to take the direction of least 

slope to climb down, lest you fall! Recall from school calculus that the slope 

also gives us the rate of change. We use this fact to arrive at the concept of 

the gradient operator and the directional derivative. You will learn in the next 

section that the gradient of a scalar field gives the maximum rate of 

change of the function. So let us define the gradient of a scalar field. Then 

we shall use it to explain the concept of directional derivative.  

1.3   GRADIENT OF A SCALAR FIELD AND THE 
DIRECTIONAL DERIVATIVE 

In your school calculus course, you have learnt about the concept of the slope 

of a function. Suppose you heat a thin rod at one of its ends. Then the 

temperature T of the rod would be different at different points along its length. 

Suppose you wish to know the rate at which T changes along the rod. Let us 

treat the rod as a one-dimensional object and choose the x-axis to be along 
the rod. So, )(xTT   is a function of x.  

Then the question is: If you change x by a small amount dx, by what 

amount does T(x) change? Let this change in T(x) be denoted by dT. From 

school calculus, you know that the answer is 

  dx
dx

dT
dT 








  (1.4) 

So if x is changed by an amount dx, T changes by an amount dT given by            

Eq. (1.4). The derivative 
dx

dT
 is the proportionality factor. It gives the rate of 

change in T(x) along the x-direction. 

In this example, the temperature is a function of just one variable x measured 

along the length of the rod.  

Now imagine a closed room with a fire lit in the fireplace (or a room heater) in 

one corner. The temperature in the room is described by the scalar field            

T (x, y, z). Standing at a point in the room, say at the centre, we could ask at 

what rate the temperature changes as we move away from the point in the           

x-direction, say by a distance x. From your school calculus course, you know 

that the rate of change of a two or three-dimensional function is described by 

partial derivatives of the function. Thus, the partial derivative of T (x, y, z) 

with respect to x gives its rate of change in the x-direction. Can we then find 

out the direction in which the rate of change of temperature is maximum? The 

answer is, yes, we can, in terms of the partial derivatives of the scalar field     

T (x, y, z). At this stage, you may like to refresh your knowledge of partial 

Any contour curve on 

which a potential is 

constant is called an 

equipotential curve. 

The contour surfaces 

described by                        

Eq. (1.3a) are called 

equipotential surfaces. 

Similarly, contour curves 

or surfaces for the 

temperature field are 

called isothermals. 
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derivatives. For this, you should study the Appendix to this unit before 

studying further.   

Let us now answer the question: How do we express the maximum rate of 

change of any scalar field? To do so, we define the gradient of a scalar field 

using the concept of partial derivatives. 

1.3.1    The Gradient of a Scalar Field 

Let us begin by considering a two-dimensional scalar field ).,( yxf Then we 

shall generalize the results to ).,,( zyxf  Consider two points ),( yxP and 

),( yyxxQ  in the region in which the scalar field ),( yxf  is defined. 

Suppose the position vectors of the points are r


 and ,rr


  respectively. 

Then the change in ),( yxf as one goes a small distance from the point P to 

point Q is given by 

  ),(),( yxfyyxxff   (1.5a) 

To get to the final result, we add and subtract a term ),( yyxf  and write: 

   ),(),(),(),( yxfyyxfyyxfyyxxff  (1.5b) 

Then we divide and multiply the two terms on the right hand side of Eq. (1.5b) 

by x and y, respectively, and write: 

 y
y

yxfyyxf
x

x

yyxfyyxxf
f 











),(),(),(),(

 

(1.5c) 

Next we consider the terms on the right-hand side of Eq. (1.5c) and take the 

limits of f as 0x  and 0y : 

y
y

yxfyyxf

x
x

yyxfyyxxf
f

yx

yxyx

















),(),(
lim

),(),(
limlim

0,0

0,00,0

 

(1.5d) 

Using the definition of partial derivative in Eq. (1) of the Appendix to this unit, 

we can write 

         dx
x

yyxf
x

x

yyxfyyxxf

x 










),(),(),(
lim

0
 

and   dy
y

yxf
y

y

yxfyyxf

y 










),(),(),(
lim

0
 

Using these results, we can write Eq. (1.5d) as 

         

dy
y

yxf
dx

x

yyxf
f

xyyx 











),(
lim

),(
limlim

000,0
   

           dy
y

yxf
dx

x

yxf











),(),(
                       (1.5e)                                                      

Do the steps from            

Eq. (1.5a) to               

Eq. (1.7c) yourself on a 

separate piece of paper 

as you study them. You 

will understand this 

concept better. 
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The left hand side of the Eq. (1.5e) defines a function df called the total 

differential of f. Thus, the total differential of a two-dimensional scalar field 

),( yxf or f (to keep the writing of the equation simple) is 

  

dy
y

f
dx

x

f
df











 

(1.6a) 

We can generalize this result to ),,( zyxf  for which the total differential df is 

  dz
z

f
dy

y

f
dx

x

f
df














  (1.6b) 

The significance of df is that it is a good approximation to f  if 

)(),( ydyxdx   and )( zdz   represent small changes in yx, and ,z  
respectively. So df becomes a better and better approximation of f as 

dydx, and dz become smaller. 

We are now ready to introduce the concept of the gradient. We can rewrite 

Eq. (1.6b) in a more convenient form as follows: 

  

)ˆˆˆ(.ˆˆˆ kjikji dzdydx
z

f

y

f

x

f
df 
























 

(1.7a) 

You must verify by simplifying Eq. (1.7a) that it is indeed the same as               

Eq. (1.6b). You can also identify that 

  rkji


ddzdydx  ˆˆˆ
 (1.7b) 

is the change in the position vector. The vector 

  ff
z

f

y

f

x

f














 
gradˆˆˆ kji  (1.7c) 

is defined as the gradient of the scalar field f. 

Using Eqs. (1.7b and c), we can write Eq. (1.7a) as 

  r


dfdf .)(  (1.8) 

The symbol  is pronounced as „del‟ and f


as grad f. Eq. (1.7c) tells us that 

the gradient of a scalar field is a vector. Note that f


 is a vector such that 

the change df in f for an arbitrarily small change r


d is given by Eq. (1.8). Let 

us interpret the physical meaning of this result. 

Suppose the angle between f


 and r


d is given by . Then we can write               

Eq. (1.8) as 

  
 coscos drfdfdf


r

 
(1.9a) 

What happens when  is 90, that is f


is perpendicular to r


d ? Eq. (1.9a) 

tells us that df = 0 which means that f is constant.  In other words, the value 

of the scalar field f is constant along the direction perpendicular to its 

gradient (Fig. 1.5). We can express this result as follows: 

Fig. 1.5: The gradient 

of a scalar field is 

perpendicular to the 

surface on which the 

scalar field is 

constant. 
 

r


d  

 

f


 

 

constant),,( zyxf  
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We now keep dr constant and find the change df in various directions by 

changing . Then we ask: For what value of  (or in which direction) is the 

change maximum? From Eq. (1.8), you can immediately say that df is 

maximum when  is 0. This means that for a fixed dr, the change df is 

maximum when you move in the same direction as .f


 In addition, the rate of 

change of f with respect to r is given by 

  
 cosf

dr

df 

 
(1.9b) 

So the maximum rate of increase of the scalar field f in space is along the 

direction of the gradient of the field f


and its magnitude is 

  

f
dr

df

max








 

 

(1.10) 

 

 

 

In the same way, when r


d  is in the direction opposite to f


, then  is 180 in 

Eq.(1.8) and || f
dr

df



. This is then the direction in which the rate of 

decrease of the field f is maximum. 

We have arrived at the definition of the gradient of a scalar field and learnt 

its physical meaning. Let us put these results together.  

 

  

 

 

    

  

 

 

 

 

 

The vector f


is perpendicular (normal) to the curve or surface 

                                   f  constant 

The magnitude of f


gives the maximum rate of change of the scalar 

field in space. 

 

 
 

 

 

 

 

 

 

 

GRADIENT OF A SCALAR FIELD  
 

 

The gradient of a scalar field f is defined as follows: 

  kji ˆˆˆgrad
z

f

y

f

x

f
ff

















 (1.11a) 

For a scalar field ),( yxf  in two-dimensions, 

             ji ˆˆ
y

f

x

f
f












   (1.11b) 

The magnitude of f


 gives the maximum rate of change of the scalar 

field in space.  

The direction of f


is perpendicular to the curves or surfaces  

f  constant. 
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You should note that: ),,( zyxf  is a scalar field, because it assigns a scalar 

quantity to every point ),,( zyx  in space. On the other hand, the gradient 

f


 of the scalar field f assigns a vector quantity to every point in space. 

Therefore, f


 is a vector field. 

Let us further understand the concept of gradient with the help of examples 

from physics and calculate its value.  

In physics, many vector quantities can be expressed as the gradient of a  

scalar field. For example, we can express the gravitational force as ,V


F  

where V is the gravitational potential energy. The electric field E


 due to a 

static charge distribution is the gradient of the electric potential: .


E  Let 

us take up an example to calculate the gradient of a potential field. 

 

 

 

 

 

 

The potential that represents an inverse square force is 

2/1222 )(
),,(

zyx

k
zyxV


  where k is a constant. Using the definition 

,V


F  calculate the components of this force. 

SOLUTION   We use the definition V


F and calculate the gradient of 

V (x, y, z) from Eq. (1.11a). 

Thus, we have  

            





















 kjikji ˆˆˆ)ˆˆˆ(

z

V

y

V

x

V
FFF zyx  

or        
z

V
F

y

V
F

x

V
F zyx














 ,,  

So we have to calculate the above partial derivatives of V (x, y, z). 

Now  


















2/1222 )(

1

zyxx
k

x

V
Fx  

                        











2/3222 )( zyx

x
k    (read the margin remark) 

       
2/3222 )( zyx

kx


  

Similarly, 
y

V
Fy






 
2/3222 )( zyx

ky


  

and 
z

V
Fz






 
2/3222 )( zyx

kz


  

XAMPLE 1.1:  GRADIENT OF A SCALAR FIELD 

 

 

 

Let  

         tzyx  222  

then  

    














2/1)(

1

222 zyxx
 

     































x

t

tt 2/1

1
 

     









2/3

1

2

1

t
 

      ][ 222 zyx
x





  

      x
t

2.
2

1

2/3
  

2/3)( 222 zyx

x


  
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Example 1.1 illustrates an important application of the gradient. In physics, we 

use scalar and vector field functions to represent various physical quantities. 

They are often related in this way: a vector field is the scalar multiple of the 

gradient of some scalar field function. This also suggests that we can 

construct a vector field from a scalar field by taking its gradient. Notice that in 

this section, we have used the term „vector field‟. You will learn more about it 

in Unit 2. 

Let us take another example for calculating the gradient of a scalar field. 

 

 

  )ˆˆˆ(
)( 2/3222

kjiF zyx
zyx

k
V 





        (i) 

                
3r

k r


              

                r̂
2r

k
            since rr ˆr


 

where kjir ˆˆˆ zyx 


 and 2/1222 )( zyxr  .          

 

 

Determine the gradient of an arbitrary function )(rf  where 

.)( 2/1222 zyxr   Use this to determine the gradient of the function 

)(
),,(

222 zyx

k
zyx


 . 

SOLUTION   We use Eq. (1.11a) with )(rf :   

   kji ˆˆˆ
z

f

y

f

x

f

















 (i) 

Using the chain rule from calculus we can write 

  
x

r

r

f

r

f













 

        
 2/1222 )( zyx

xr

f

















   [ 

2/1222 )( zyxr  ]             

                  



















2/1222 )(

2
.

2

1
.

zyx

x

r

f
 

        
r

f

r

x




                 (     

2/1222 )( zyxr  ) (ii) 

Similarly, 

    2/1222 )(. zyx
yr

f

y

f














 

 

 

XAMPLE 1.2:  GRADIENT OF A SCALAR FIELD 

 

 

 

Do the steps of  

Example 1.1 yourself on 

a separate piece of 

paper. 

])[( 2/1222 zyx
x






  

)2()(
2

1 1
2

1

222 xzyx 












 
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SAQ 1 -  Gradient of a scalar field 

a) Calculate the gradient of the following scalar fields: 

 (i)  )ln(),( 22 yxyx    

 (ii)  zxyzxyzyx  ),,(   

b) The height of a hill is given by .50 22yxz   Calculate the maximum rate 

of change (also called the steepest ascent) in the height of the hill at the 

point (1, 2). What is its direction? 

The gradient of a scalar field is important in physics, because we use it to 

express the relationship between a conservative force and a scalar potential. 

A conservative force field is related to a scalar potential V as   

 V


F  (1.12) 

You have studied about conservative forces in your first semester course 

BPHCT-131 entitled “Mechanics”. You know that forces like the electrostatic 

          



















2/1222 )(

2
.

2

1
.

zyx

y

r

f

r

f

r

y




  (iii) 

and 2/1222 )(. zyx
zr

f

z

f














 

        



















2/1222 )(

2
.

2

1
.

zyx

z

r

f

r

f

r

z




            (iv) 

Substituting (ii), (iii) and (iv) in (i) we get 

  kji ˆˆˆ)(
r

f

r

z

r

f

r

y

r

f

r

x
rf

















 ]ˆˆˆ[

1
kji zyx

r

f

r





  

or  r
r

ˆ)(
r

f

rr

f
rf






















 (v) 

where r̂  is the unit  vector along r


. 

In physics, we encounter many scalar functions of r and hence Eq. (v) is an 

important result. 

To determine the gradient of the scalar field 
)(

),,(
222 zyx

k
zyx


 , we 

write it as )(
2

rf
r

k
 . Using Eq. (v), we can write: 

  rrr ˆ
2

ˆ
2

ˆ)(
332 r

k

r

k

r

k

r
rf 
























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force, the gravitational force and the spring force are conservative forces. 

Each of these forces can be related to a corresponding potential function. The 

negative sign in this equation is important. It says that the force is in the 

direction of the negative gradient of the potential. This tells us, for 

example, that the gravitational force is directed from the point of higher 

gravitational potential to lower gravitation potential, like from the top of a 

building to the ground. In SAQ 2 you will solve problems on some applications 

of the gradient of a scalar field. 

SAQ  2 -  Applications of the gradient 

a) Determine the unit vector normal to the curve 14 22  yx  at the point    

 (1,  1). 

b) Obtain a unit vector normal to the surface 052  zyx  at any point. 

So far we have defined the gradient of a scalar field which tells us the direction 

of maximum space rate of change of the scalar field. We can determine the 

rate of change of the scalar field in any direction by defining the directional 

derivative of the scalar field f in terms of the gradient of the scalar field. This 

is what we do now. 

1.3.2    The Directional Derivative of a Scalar Field 

Let us find the rate of change of f (x, y, z) with distance s, at a given point                 

P ),,( 000 zyx  in the field and in a given direction (Fig. 1.6). This is called the 

directional derivative (df / ds) of the function with distance s. Let ŝ  be the 

unit vector in the direction in which we want to find the rate of change of the 

scalar field. Let the unit vector ŝ  be defined by  

  kjis ˆˆˆˆ cba    (1.13a) 

Let us start from the point P and go a distance )0(s  along the direction of 

the unit vector ŝ  to reach the point Q (x, y, z). We can write the displacement 

vector sPQ ˆs  as, 

  kjis ˆ)(ˆ)(ˆ)( 000 zzyyxx 


 (1.13b) 

We can also write s


 in terms of the unit vector ŝ  as 

  kjis ˆˆˆ scsbsa 


 (1.13c) 

Comparing Eqs. (1.13b and c), we get 

  sczzsbyysaxx  000 ;;  

or        sczzsbyysaxx  000 ;;  (1.13d) 

What do Eqs. (1.13d) tell us? You can see that the variables ),(sxx   

)(syy   and )(szz   are all functions of a single variable s. Eqs. (1.13d) are 

called the parametric equations of the line PQ which passes through the 

Fig. 1.6: Directional 

derivative. 

ŝ

 ),,( 000 zyxP  

 

),,( zyxQ

 
s  
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points ),,( 000 zyx  and ),,( zyx  with the parameter as s. Remember that 

here s is the distance between the points P and Q measured along the line 

PQ. So if we substitute x, y and z in terms of s, the function ),,( zyxf  

becomes a function of a single variable, the parameter s.  

We can now write the directional derivative )/( dsdf  using the following chain 

rule from calculus for the derivative of a function ),,( zyxf  where x, y and z 

are functions of s: 

  ds

dz

z

f

ds

dy

y

f

ds

dx

x

f

ds

df














  (1.14a) 

From Eq. (1.13d), we have 

  
c

ds

dz
b

ds

dy
a

ds

dx
 ;;

 
(1.14b) 

So Eq. (1.14a), which gives the expression for the directional derivative of f, 

now becomes: 

  

c
z

f
b

y

f
a

x

f

ds

df
















 

(1.14c) 

We now make use of the expression for the gradient of a scalar field given by 

Eq. (1.11a): 

  

kji ˆˆˆ
z

f

y

f

x

f
f

















 

Then we take the scalar or dot product of the vectors f


and ŝ  and get: 

  

)ˆˆˆ(.ˆˆˆˆ. kjikjis cba
z

f

y

f

x

f
f 

























  

                     

c
z

f
b

y

f
a

x

f














  (1.14d) 

which is the same as the right hand side of Eq. (1.14c). So we can write 

  ŝ.f
ds

df



 (1.15) 

In other words, the directional derivative of a scalar field at a point in a 

given direction is the scalar product of the gradient of the scalar field at 

that point and the unit vector along the given direction. 

Note that if the direction is specified by an arbitrary vector a


 which is not the 

unit vector in that direction, the expression for the directional derivative 

becomes 

  
||

.
a

a



f

ds

df


 

(1.16) 

Let us now work out an example on calculating the directional derivative of a 

scalar function using Eq. (1.15 or 1.16). 

To reconcile Eqs. (1.15) 

and (1.16), note that 
||a

a




 

is the unit vector along .a


 

 

In Eqs. (1.14a to c), note 

that since f is a function 

of x, y and z, the 

derivative of f with 

respect to x is a partial 

derivative. Since x is a 

function of only s, the 

derivative of x with 

respect to s is an 

ordinary derivative. 
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You may now like to work out the following SAQ. 

SAQ 3  -  Directional derivative 

Obtain the directional derivative of the scalar field xzyxV  cos2  at the 

point )1,6/,2(   in the direction ).ˆˆˆ(
3

1
kji   

Let us now summarise what we have learnt in this unit. 

1.4   SUMMARY 

Concept Description 
 

 

Scalar field 

 

 

 

 

 

 A function f which associates a unique scalar with each point in a         

given region is called a scalar field function or a scalar field. The    

curves ),( yxf  = constant or the surfaces ),,( zyxf  = constant are called 

the contour curves and contour surfaces, respectively. 

 

 

Determine the directional derivative of the scalar field 32zxy  in the 

direction )ˆ2ˆ2ˆ( kji   at the point (3, 1,  1). 

SOLUTION   To determine the directional derivative we must use either         

Eq. (1.15) or Eq. (1.16). Note that the direction is not given in terms of a 

unit vector (check for yourself that the vector kji ˆ2ˆ2ˆ   is not a unit 

vector). Hence, we will use Eq. (1.16). In the first step we determine the 

gradient of .  

We can find the 


using Eq. (1.11a) as follows: 

 

kji ˆ)(ˆ)(ˆ)( 323232

z

zxy

y

zxy

x

zxy


















 

       kji ˆ3ˆ2ˆ 22332 zxyxyzzy 

 
Then from Eq. (1.16), the directional derivative in the given direction is  

 

22332

22332

2
3

4

3

1

3

)ˆ2ˆ2ˆ(
.)ˆ3ˆ2ˆ(

zxyxyzzy

zxyxyzzy
ds

d






 kji
kji

 

At the point (3, 1,  1), x = 3, y = 1, z = 1 and hence, 
3

29




ds

d
 (read the 

margin remark).  

XAMPLE 1.3:  DIRECTIONAL DERIVATIVE 

 

 

 

Substituting x = 3, y = 1 

and z  = 1 in Eq. (i) we 

can write, 

32
)1.(1.

3

1




ds

d

 

             3
)1.()1).(3(

3

4


 

            

22
)1.()1).(3.(2 

 

      3

29
64

3

1
  
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1.5   TERMINAL QUESTIONS 

1. Determine the gradient of the following scalar fields:  

 a) .),,( xyzezyx    

 b) xyzyf  sin at the point )6/,2,1(      

 In which direction is the scalar field of part (b) decreasing most rapidly? 

2. Determine the gradient for the temperature field given by 

2732),,( 22  yxyzxzyxT  at the point ( 1, 2, 1). What is the 

direction of heat flow? 

3. Determine a unit vector normal to the scalar field .cosyeF x  

4. If kjiA ˆˆˆ2 22 xzyxyz 


 and 322 yzx , determine .).( 


A  

5. Determine the unit vector normal to the surface 9)1()2( 222  zyx   

 at the point (2, 1, 4). 

6. Calculate the gradient of the scalar field .)( 2/1222 zyxr   

7. Given a potential energy function 2)( rrV  , where 2/1222 )( zyxr   

and  a constant, calculate the force field. 

8. Determine the force field in three dimensions for a potential energy 

 function given by: 

   
r

e
V

r
   

Gradient of a scalar field 

 

 

 

 

 

 

 

 

Properties of the gradient  

 

 

 

 

Directional derivative  

of a scalar field. 

 

 The gradient of a scalar field is defined as 

  
z

f

y

f

x

f
f














 kji ˆˆˆ


  

 It is a vector such that the change df in f for an arbitrarily small change r


d  

 is given by 

  dz
z

f
dy

y

f
dx

x

f
df














   r


df .  

 The gradient of a scalar field is normal to the curves of constant value or 

surfaces of constant value of the scalar field. 

The gradient of a scalar field at a point gives the direction of maximum 

rate of change of the scalar field. 

 The directional derivative of a scalar field f in the direction specified by 

the unit vector 









s

s
s


ˆ is 

  f
s

f
s

f




 
..ˆ

s
s

 

 It is the projection of f


 on .ŝ  
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9. Determine the directional derivative of the scalar field xzyx  2  at the 

point  (1, 2, 1) in the direction of the vector .ˆ4ˆ3ˆ2 kjiC 


 

10. Obtain the directional derivative of the scalar field 222 zyx   at the 

point (3, 0, 1) in the direction .ˆ2ˆ3ˆ kji   

1.6   SOLUTIONS AND ANSWERS 

Self-Assessment Questions 

1. a) i) Since ),( yx  is two-dimensional scalar field, we use Eq. (1.11b). 

For ),(ln 22 yx   we have  

    ji ˆ])(ln[ˆ])(ln[ 2222 yx
y

yx
x













 

             ji ˆ2ˆ2
2222 yx

y

yx

x





  

  ii) Using Eq. (1.11a) with ,zxyzxy   we get, 

   ji ˆ)(ˆ)( zxyzxy
y

zxyzxy
x










  k̂)( zxyzxy

z





   

      kji ˆ)(ˆ)(ˆ)( yxzxzy   

 b)  The magnitude of the maximum rate of change is the magnitude of the 

 gradient, as given by Eq. (1.10). Using Eq. (1.11b), 

   )50(ˆˆ 22yx
yx

z 
















 ji


ji ˆ2ˆ2 22 yxyx   

  At the point (1, 2), it is 

         ji ˆ4ˆ8
)2,1(


z

z


 

    54|ˆ4ˆ8|||  jiz


 

  The direction of maximum rate of change of the height, which is the 

  steepest ascent is along the gradient of z at (1, 2) and is given by 

         ji ˆ4ˆ8
)2,1(


z

z


 

2. a) The gradient of a scalar field f (x,y) is the normal to the curve 

,),( cyxf   where c is a constant. So we can define the field ),( yxf  as 

   14),( 22  yxyxf  

  We determine ),( yxf


 which will be normal to the curve .),( cyxf   

   Using Eq. (1.11b), we get 

   )14(ˆˆ 22 
















 yx

yx
f ji


)ˆ8ˆ2( ji yx   

  At the point (1,  1), the value of the gradient is  

   ji ˆ8ˆ2)1,1( f


 

  This vector is normal to the curve 14 22  yx  at (1,  1). The unit 

vector normal to the curve at the point (1, 1) is  
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17

ˆ4ˆ

82

ˆ8ˆ2

)1,1(

)1,1(
ˆ

22

jiji
n














f

f




 

 b) For this question, as in SAQ 2(a) we first determine the gradient to the 

surface 52),,(  zyxzyxf  using Eq. (1.11a): 

   )52(ˆˆˆ 





















 zyx

zyx
f kji


)ˆˆ2ˆ( kji    (i) 

  Note that f


 which is normal to the surface ),,( zyxf , given by Eq. (i) 

is a constant vector. The unit vector normal at any point on this surface 

is then  

   )ˆˆ2ˆ(
6

1

)1(21

)ˆˆ2ˆ(
ˆ

222
kji

kji
n 











f

f




 

3. We use Eq. (1.15) with the unit vector )ˆˆˆ(
3

1
ˆ kjis   and  

 .cos),,( 2 xzyxzyxVf   

 We first determine the gradient V


: 

  )cos(ˆˆˆ 2 xzyx
zyx

V 





















 kji


 

        kji ˆˆsinˆ)2( xyzx   

 The gradient at the point (2,  / 6,  1) is, 

  kji ˆ2ˆ6/sinˆ5)1,6/,2( V


 

                         kji ˆ2ˆ
2

1ˆ5   

 From Eq. (1.15), the directional derivative at that point, along 

)ˆˆˆ(
3

1
kji  is:  

   
















 kjikji ˆˆˆ

3

1
.ˆ2ˆ

2

1ˆ5
ds

dV
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13
2

2

1
5

3

1









  

Terminal Questions 

1. a) We use Eq. (1.11a) with xyze  and get  

   kji ˆˆˆ xyzxyzxyz e
z

e
y

e
x 















 

        kji ˆˆˆ xyzxyzxyz exyexzeyz   

 b) We first find the gradient at the point (1, 2,  / 6): 

   )sin(ˆˆˆ xyzy
zyx

f 





















 kji


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        kji ˆcosˆ)(sinˆ zyxzy   

   kji ˆ
6

cos2ˆ1
6

sinˆ2
6

,2,1





















 
f


 

                     kji ˆ3ˆ
2

1ˆ2   

The direction in which f decreases most rapidly is opposite to the 

gradient vector at (1, 2,  / 6). 

  This direction is then along the vector a


 

   






 


6
,2,1f


a  kji ˆ3ˆ

2

1ˆ2 
 

2. Using Eq. (1.11a) with f = T, we get 

  )2732(ˆˆˆ 22 





















 yxyzx

zyx
T kji


 

              kji ˆˆ)2(ˆ)4( xyyxzyzx   

   kji ˆ2ˆ)41(ˆ)24()1,2,1( T


 

                       kji ˆ2ˆ3ˆ2   

Heat would flow from higher to lower temperature regions. Hence, it 

would flow along the direction in which the temperature decreases most 

rapidly at ).1,2,1(  Therefore, the direction of heat flow is along .T


 

Therefore, it is along ).ˆ2ˆ3ˆ2( kji   

3.  The vector normal to the scalar field F is .F


 Using Eq. (1.11b) with ,Ff   

we get   

   yeF x cosî


yex sinĵ    

 The unit normal vector is then: 

   
F

F




 



n̂

yeye

yeye

xx

xx

2222 sincos

sinˆcosˆ






ji

 

                      

x

xx

e

yeye sinˆcosˆ ji 
 yy sinˆcosˆ ji   

4.  We first determine the scalar product of A


 and the del operator 


: 

   
























zyx
xzyxyz kji.kjiA ˆˆˆ)ˆˆˆ2().( 22



 

            
























z
xz

y
yx

x
yz 222

 

 Note that this is now a differential operator which can act on the field : 

  )2(2).( 3222 zyx
z

xz
y

yx
x

yz 
























A   

           )2()2()2(2 32232232 zyx
z

zxzyx
y

yxzyx
x

yz













   

           433442 628 zyxzyxzxy     
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5. Using Eq. (1.11a), we first find the gradient of the scalar function 

9)1()2(),,( 222  zyxzyxf : 

   9)1()2(ˆˆˆ 222 





















 zyx

zyx
f kji


 

       kji ˆ2ˆ)1(2ˆ)2(2 zyx   

 At the point (2, 1, 4), the gradient vector is kj ˆ8ˆ4)4,1,2( f


 

 The unit vector normal to the surface is, 

   )ˆ2ˆ(
5

1

80

ˆ8ˆ4

||
ˆ kj

kj
n 









f

f




 

6. Using Eq. (1.11a), we can write 

              kji ˆˆˆ
z

r

y

r

x

r
r

















 (i) 

 Let us determine each component of Eq. (i):  

  

2/1222 )( zyx
xx

r










  

r

x

zyx

x





2/1222 )(
              (ii) 

 Similarly, the other two partial derivatives
y

r




and 

z

r




 are: 

   
r

y

zyx

y

y

r









2/1222 )(
 (iii) 

 and     
r

z

zyx

z

z

r









2/1222 )(
 (iv) 

 Therefore,  r
kji

kji


rr

zyx

r

z

r

y

r

x
r

1ˆˆˆ
ˆˆˆ 


  (v) 

where r


 is the position vector for the point ).,,( zyx  Can you identify 

what the right hand side of Eq. (v) represents? You can see that r/r


is 

just the unit vector r̂  in the direction of .r


 This brings us to a result that 

you will use often in physics: 

     r̂r


                                                              (vi) 

7. We use Eq. (1.12) with 2rV   to determine the force field F


: 

   )( 2r


F  

 To evaluate ,V


we use the result derived for the gradient of an arbitrary 

scalar function  )r(f  in Example 1.2 which is   

   r̂)(
r

f
rf







  (i) 

 With 2)( rrf   we get 

   rrF ˆ2ˆ)(
1 2 rr

dr

d

r



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8. The force field F


 is given by Eq. (1.12).   

 Using Eq. (v) of Example 1.2 with 
r

e
Vrf

r

)(  we get, 

   r̂
r

V
V








 

 
Since ,V


F  we can write  

   rF ˆ













r

V
r̂





















r

e

r

r

 

      r̂
2 




















r

e

r

e rr

r̂
1












rr

e r

 

9.  We use Eq. (1.16) with Ca


 . The unit vector along C


 is  

  
29

ˆ4ˆ3ˆ2

1694

ˆ4ˆ3ˆ2ˆ kjikji

C

C
C







 



  

 Using Eq. (1.11a) with f , we have 

    xxzxy kji ˆ)(ˆ)2(ˆ 2 


  

 At the point (1, 2, 1), the value of the gradient is 

   kji ˆˆˆ 5)1,2,1( 


  

 Then the directional derivative is  

  
29

11

29

4

29

3

29

10
)ˆˆˆ5.(

29

ˆ4ˆ3ˆ2
)(.ˆ 













 



kji

kji
C



ds

d
  

10. We first determine the gradient of ),,( zyx  at the point (3,0,1). Using  

Eq. (1.11a) with ,222 zyxf   we get 

    )(ˆˆˆ 222 zyx
zyx























 kji


 

                  kji ˆ2ˆ2ˆ2 zyx   

 At (3, 0, 1), the gradient of ),,( zyx  is 

    ki ˆ2ˆ6)1,0,3( 


 

 To find the directional derivative at the point (3, 0, 1) in the direction of  

,ˆ2ˆ3ˆ kji   we use Eq. (1.16) with  .ˆ2ˆ3ˆ kjia 


 Thus  

   
14

)ˆ2ˆ3ˆ(
.)ˆ2ˆ6(

kji
ki






ds

d
 

14

10

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By definition, the partial derivative of a function f (x, y, z) with respect to x is 

 
x

zyxfzyxxf

x

zyxf

x 










),,(),,(
lim

),,(

0
 (1) 

The function xf  / is obtained by differentiating the function f (x, y, z) with 

respect to x as in ordinary calculus, treating other variables y, z as 

constants. You can similarly determine yf  /  and ./ zf   The partial 

derivatives 
z

f

y

f

x

f












,,  of a function ),,( zyxf  give us, respectively, the rate 

of change of f in the directions of yx, or z-axes. Thus, 
x

f




 gives the rate of 

change of f with respect to x at a given point in space.  

Let us explain how to calculate the partial derivatives of a function ),,( zyxf  

with respect to x, y and z holding other variables to be constant.  

For example, let .2),,( 32 zyxzyxf   Then  

 332 4)2()( xyzyzx
xx

f


















 since y and z are treated as constants. 

Similarly, for the partial derivative with respect to any other variable, we keep 

the remaining variables as constant. Thus, 

 3232 2)2()( zxzxy
yy

f


















   and   2223 6)2()( yzxyxz

zz

f


















 

You may quickly work out a couple of exercises to learn how to calculate 

partial derivatives of a function. 

a) Compute 
x

f




 and 

y

f




 for  ).(exp),( 232 yxyxyxf   

b) For the function ,2),,( xyyzxzyxu   evaluate 
y

u

x

u








,  and .

z

u




  

The solutions are as follows: 

a) )(exp2)()(exp)( 232232 yxxyx
x

yx
x

yx
xx

f



































 

          )(exp22 23 yxxyx   

)(exp3)(exp)( 222232 yxxyyx
x

yx
yx

f























 

b) yxyyzx
xx

u










2)2(  since y and z are treated as constants.  

Similarly, xzxyyzx
yy

u










)2(  and yxyyzx

zz

u










)2(

 

APPENDIX   PARTIAL DERIVATIVES 
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                     UNIT 2 

VECTOR FIELDS, 
DIVERGENCE AND 

CURL 
Structure 
 

2.1      Introduction 

            Expected Learning Outcomes 

2.2      Vector Field 

Definition of a Vector Field 

Representation of a Vector Field  

Sources and Sinks of a Vector Field 

2.3   Divergence of a Vector Field 

 

  

STUDY GUIDE           

 

 

 

 

 

In this unit, you will study two new concepts of vector differential calculus, namely, 

divergence and curl of vector fields. The concept of vector field may be new for you. 

So study it carefully. For calculating the divergence and curl of vector fields, you will 

need to use partial derivatives. These are discussed in the Appendix of Unit 1. You 

have to be well versed with these. You will also be using scalar and vector products. 

Therefore, you should revise scalar and vector products in the algebraic notation from 

Unit 2 of your Physics Elective BPHCT-131 as also in the Appendix A1 of this Block. 

You will learn how to apply the del operator more than once. So revise Sec. 1.3 of   

Unit 1. Practice will make you learn the concepts of this unit better. So you must work 

through all the examples, SAQs and Terminal Questions. 
 

2.4 Curl of Vector Field  

2.5 Successive Applications of the Del 

Operator 

2.6 Summary 

2.7 Terminal Questions 

2.8 Solutions and Answers 

 

“Mathematics is the tool especially suited for dealing with 

abstract concepts of any kind and there is no limit to its 

power in this field.” 
 

P.A.M. Dirac  
 

 

Field lines around an electric dipole. 

How will you find out if the field is 

spreading out or not? 
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2.1   INTRODUCTION 

In Unit 1, you have studied the concept of a scalar field and learnt how to 

calculate the gradient of a scalar field, which is related to its directional 

derivative. You now know that the directional derivative of a scalar field tells 

us how the scalar field changes in a particular direction. In this unit, you will 

learn the concept of a vector field and operations on vector fields. Vector 

fields are quite common in physics. One of the most common examples of a 

vector field is the velocity field. The gravitational force and the electrostatic 

force are also familiar examples of vector fields. In the previous unit you have 

also seen that the gradient of a scalar field is a vector function of position, and 

is, therefore, a vector field.  

We begin this unit by giving a formal definition of a vector field in Sec. 2.2. In 

Sec. 1.3, you have learnt about the del operator and its operation on a scalar 

field. In Secs. 2.3 and 2.4, you will learn two ways in which the del operator 

can operate on a vector field. These give us the divergence and curl of a 

vector field. The divergence and curl of vector fields are used extensively in 

physics. In this course you will learn that Maxwell’s equations in 

electromagnetic theory can be written in a compact form using the del 

operator. In Sec. 2.5, you will learn about successive applications of the del 

operator and product rules involving the del operator. 

 

Expected Learning Outcomes 
After studying this unit, you should be able to: 

 explain the concept of a vector field and identify vector fields;  

 calculate the divergence and curl of vector fields; and 

 solve problems based on successive applications of the del operator and 

product rules involving the del operator. 

2.2   VECTOR FIELD 

Have you been to a riverside on a calm sunny day and observed the flow of 

water? Did you observe a leaf floating near the river bank? You may have 

noticed that it moves very slowly since the water is almost at rest there. 

Suppose the leaf were dropped in the middle of the river. It would flow faster. 

Now suppose you want to describe the flow of water in the river. In principle, 

you could describe the motion of each water particle using Newton’s laws. But 

it would be a cumbersome task since the number of water particles in the river 

is very large.  

Another way to study the flow of water is to specify the velocity at each point 

in the river. That is, we describe the velocity that a small floating object (e.g., a 

leaf) would have at each point. Water particles at different points in a flowing 

river have different velocities. Note that the velocities could change with time. 

This is an example of a velocity field. Since velocity is a vector, the velocity 

field is a vector field. Velocity fields are used to describe the motion of a 

system of particles in space. 
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Refer to Fig. 2.1, where we have shown some more examples of velocity 

fields. From Fig. 2.1a, you can see the velocity field for a wheel rotating on its 

axle. The vectors represent the velocity at different points on the wheel and 

the length of the vector at each point represents its magnitude at that point. As 

you may recall from your school physics courses or from the course    

BPHCT-131 entitled Mechanics, the farther away we move from the centre of 

the wheel, the greater is the velocity. In Fig. 2.1b, we have shown the velocity 

field for water flowing through a pipe. You may note that the velocity of water 

is maximum at the centre of the pipe and minimum at its sides. In Fig. 2.1c, 

you can see the velocity field for air around a moving car. (Car manufacturing 

companies constantly strive to improve the design of their vehicle so as to 

increase efficiency through improved aerodynamics.) 

 

 

 

 

 

 

                    (a)        (b)                           (c) 

Fig. 2.1: Velocity field for a) a wheel rotating on its axle; b) water flowing 

through a pipe; (c) air around a moving car. 

You may recall from Sec. 1.2 of Unit 1 that a scalar field is a scalar function, 

which associates a scalar to every point in a specified region of space. 

Similarly, a vector field associates a vector to every point in a specified region, 

as you have seen in the examples of velocity fields. Let us now define a vector 

field. 

2.2.1    Definition of a Vector Field 

We can define the vector field as follows: A vector field F


 over a region R in 

space is a function which assigns a unique vector ),,( zyxF


 to every point in 

R. Sometimes we refer to vector fields as vector field functions. 

In a Cartesian coordinate system, we write a vector field in terms of the unit 

vectors ji ˆ,̂  and k̂  as 

 kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 (2.1) 

where ),,(),,,( 21 zyxFzyxF and ),,(3 zyxF are the component functions of 

F


. Note that each component function is actually a scalar field defined 

over the same region of space as the vector field F


. 

In Fig. 2.1, we have given some examples of a velocity field. Other vector 

fields that we come across in physics are force fields, and the electric and 

magnetic fields. Let us consider a few examples. 

 

y  

x  
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a) Gravitational Force Field  

Consider a particle of mass M located at the origin of the 3D Cartesian 

coordinate system (Fig. 2.2a). The gravitational force F


due to this 
particle on a particle of mass m located at the point ),,( zyx  is 

directed along the line joining the point ),,( zyx  to the origin and is 

given by 

  rF ˆ
)(

),,(
222 zyx

GMm
zyx





 (i) 

where r̂  is the unit vector along the line joining the origin to the point 

),,( zyx  pointing away from the origin. Note that ),,( zyxF


 is a vector 

field. The negative sign in Eq. (i) means that ),,( zyxF


 is an attractive 

force field. Since 

  
2/1222 )(

ˆˆˆ
ˆ

zyx

zyx

r 




kjir
r



 (ii) 

We can rewrite Eq. (i) as 

  )ˆˆˆ(
)(

),,(
2/3222

kjiF zyx
zyx

GMm
zyx 





 (iii) 

The component functions for the gravitational force field of Eq. (iii) are 

  
2/32221

)(
),,(

zyx

GMmx
zyxF


  (iv) 

  
2/32222

)(
),,(

zyx

GMmy
zyxF


  (v) 

  
2/32223

)(
),,(

zyx

GMmz
zyxF


  (vi) 

b) Electric Fields 

In your school physics, you have learnt about the electrostatic force 

(also called the Coulomb force) between charged particles at rest. 

Consider a charge Q located at the origin of the Cartesian coordinate 

system (Fig. 2.2b). The electrostatic force on a charge q located at a 

point (x, y, z) at a distance r


 from Q is 

 )ˆˆˆ(
)(

ˆ),,(
2/32222

kjirF zyx
zyx

kqQ

r

Qq
kzyx 





 (vii) 

where r̂  is the unit vector given by Eq. (ii). It points from the origin 

towards (x, y, z). The electrostatic force on charge q is directed 

towards the origin if Q and q are unlike charges (since in this case the 

force is attractive). It points away from the origin if Q and q are like 

charges (because in this case the force is repulsive). F


 is a force field. 

The electric field due to the charge Q at the point (x, y, z) is defined 

as   

 

XAMPLE 2.1 :  EXAMPLES OF VECTOR FIELDS 

 

 

 

Fig. 2.2: a) The 

gravitational force field 

due a mass M located 

at the origin of the 

Cartesian coordinate 

system on a mass m 

located at a distance r 

from it; b) The electric 

field due to a positive 

charge located at the 

origin. The magnitude 

of the field is greater at 

a point nearer the 

charge; c) The electric 

field due to a negative 

charge located at the 

origin. 
 

(c) 

Q  

 

x  
 (a) 

y  

 
M  

z  

m  

r̂  
 

F


 
 

(b) 

Q  
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Let us now summarize the concept of a vector field. 

  

 

 

 

 

 

 

 

 

In the previous unit you have learnt how scalar fields are represented by 

contour lines and contour maps. We now discuss how to represent a vector 

field. 

2.2.2    Representation of a Vector Field 

We know that a scalar field gives us the magnitude of a scalar function at 

every point in a region of space. However, a vector field gives both the 

magnitude and the direction of a vector function at every point in a specified 

region of space. So when you represent the vector field in a diagram, you 

must show both the magnitude and direction of the vector field at every point 

in the region. This can be done in two different ways: we can either use the 

vector field representation or the field lines representation. You will learn it 

now. 

In the vector field representation, we draw arrows to represent the vector at 

each point in the region in which the vector field is defined. We have shown 

this representation for the velocity fields in Fig. 2.1. The length of the arrow 

represents the magnitude of the field at a point and the sense of the arrow 

 )ˆˆˆ(
)(

ˆ),,(
2/32222

kjirE zyx
zyx

kQ

r

Q
kzyx 





 (viii) 

The electric field due to Q is also a vector field, which points away 

from Q if Q is a positive charge and towards Q if Q is a negative 

charge (Figs. 2.2b and c, respectively). 

c) Magnetic Fields 

 A magnetic field, such as the magnetic field due to a bar magnet or a 

current carrying wire, is another example of a vector field. You may 

have traced the lines of force for a bar magnet in your school physics 

laboratory using a compass needle. The alignment of the compass 

needle defines the direction of the magnetic field, as shown in Fig. 2.3. 

In some textbooks you 

may observe that the 

vectors are all of the 

same length but are 

colour coded to show 

relative magnitudes. 

 

 

 
 

 

 

 

 

 

 

 

VECTOR FIELD  
 
 

 A vector field is a function that assigns a unique vector to every point 

of a given region in space. 

 A three-dimensional vector field F


 can be written as 

 kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 (2.1) 

 The components of the vector field ),,( zyxF


, viz., ),,(1 zyxF , 

),,(2 zyxF  and ),,(3 zyxF  are scalar fields. These are defined over 

the same region as the vector field. 

 A vector field F


in two-dimensions can be written as 

jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 (2.2) 

 

 

Fig. 2.3: The magnetic 

field of a bar magnet as 

traced by a compass 

needle. 
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Represent the following vector fields diagramatically: 

a)  jF ˆ2


      b)   jiF ˆˆ xy 


 

SOLUTION  We draw the vectors at different points in space for both 

fields. 

a) Note that jF ˆ2


 is a constant vector field. At each point of the vector 

field, we just have to draw the vector ĵ2 . This vector field is shown in 

Fig. 2.4a for the first quadrant of the xy plane. You can see that all 

vectors are of the same length.  

b)   First let us write down the vectors at some representative points in the 

xy plane corresponding to the vector field jiF ˆˆ),( xyyx 


: 

x y ),( yxF


 x y ),( yxF


 

0 1 î  0 2 î2  
1 0 ĵ  2 0 ĵ2  

1 1 ji ˆˆ   0 2 î2  

0      1   î  2 0 ĵ2  

   1 0     ĵ  1 1 ji ˆˆ   

1 1 ji ˆˆ   1 1 ji ˆˆ   

This field is shown in Fig. 2.4b for some values of x and y. 

   

        

 

 

 

 

 

gives the direction of the field at that point. If we draw the vectors at a 

sufficient number of points in the region, we can visualize the vector field 

better. 

Now go back to Fig. 2.2a. The gravitational force field is represented by the 

vectors pointing toward the origin. Note that the force becomes weaker as we 

move away from the origin. That is why the arrows in the figure are longer at 

points closer to the origin and become shorter as we move away from it. 

Figs. 2.2b and c show the vector field representation for the electric field due 

to a charge Q located at the origin.  

In the example given below, we draw the vector field representation of some 

simple vector fields. 

   

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

In physics, we also use vector field lines to depict vector fields, particularly in 

electricity and magnetism. The concept of field lines was introduced in physics 

by Michael Faraday, in the context of electromagnetic induction. He called 

these lines of force (read the margin remark). 

A vector field line is a line such that the tangent drawn to it at any point gives 

the direction of the vector field at that point. How can you draw such a field 

line? Choose any point in the region in which the vector field is defined as a 

starting point. Walk a small distance in the direction of the vector field at that 

point and draw a line as you walk. From the new point, walk a short distance 

Faraday observed that 

iron filings arranged 

themselves around a 

bar magnet. He called 

these curved paths, the 

lines of force. He 

visualized a similar 

pattern of lines around 

positively and negatively 

charged bodies. For a 

bar magnet, the lines 

appeared to originate on 

its North pole and 

terminate on the South 

pole. So he imagined 

that the lines of force of 

an electric field would 

originate on a positive 

charge and end on a 

negative charge. 

 

 

 

 

 

 

 

Fig. 2.4: The vector fields 

a) ;̂2jF 


  

b) jiF ˆˆ),( xyyx 


 

(b) 

(a) 
x 

y 

x 

y 
XAMPLE  2.2 : REPRESENTING A VECTOR FIELD 
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in the direction of the vector field and draw a line again. As you continue this 

process, the tangent to the line at any point will give the direction of the vector 

field at that point. By choosing different starting points, you can generate a set 

of lines that represents the vector field. In Figs. 2.5a and b, we have shown 

the field lines for the electric field around a pair of charges and the magnetic 

field around a bar magnet. For electric and magnetic fields, the field lines are 

also called the lines of force. You should remember that these figures give 

us only a 2-dimensional view of the vector fields that actually exist in                 

3-dimensional space. 

Field lines are also used to represent velocity fields. The field lines for velocity 

fields are called streamlines (Fig. 2.5c). They represent the path followed by 

a particle whose velocity is given by the velocity field. 

 

 

 

 

 

 

(a)                 (b)                                                        (c) 

Fig. 2.5: a) The field lines around an electric dipole; b) the magnetic field lines 

around a bar magnet; and c) streamlines for velocity field of water 

flowing into a pipe. 

 

 

 

 

 

To be sure that you have understood the concept of a vector field and learnt 

how to represent it, you should answer the following SAQ. 

 

SAQ 1  -  Vector fields 

All particles of a fluid flow in one direction with a constant speed. What is the 

velocity field of the fluid? Draw the vector field lines representing this field. 

So far you have learnt the concept of vector fields and how to depict them. We 

now proceed to learn about another property of vector fields, namely, the 

presence of sources and sinks. It is useful for understanding the behaviour of 

several vector fields in physics. 

1. The tangent drawn to the field line at any point gives the direction of the 

vector field at that point.  

2. The field lines never cross each other. If the field lines were to cross, it 

would mean that the vector field points in two different directions at the 

point of intersection. This has no physical meaning. 

B 

 

A 

   

 

Field lines around a bar magnet 
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2.2.3    Sources and Sinks of a Vector Field 

Refer to Fig. 2.5a again. It shows field lines for the electric field due to an 

electric dipole. The points A and B mark the location of the positive and 

negative charges, respectively. Note that all field lines diverge from point A 

and converge to point B. The point A is called the "source" of the vector field 

and B is called the "sink". 

Similarly, in fluid flow, a source in the velocity field is the point at which fluid 

enters the region, whereas sink is the point where fluid leaves the region. That 

is, particles flow out from a source and hence a source is a point of diverging 

flow. A sink is a point of converging flow because particles flow into it. 

In Example 2.1 you have seen that in electric fields, field lines diverge from a 

positive charge and converge on a negative charge. Hence for electric fields, 

a positive charge acts as a source and the negative charge as a sink. 

In Sec. 1.3 of Unit 1, you have learnt the concept of the gradient of a scalar 

field. It is the vector differential operator 























zyx
kji ˆˆˆ applied to a 

scalar field f and defined as:  

 
z

f

y

f

x

f
f














 kji ˆˆˆ


 

You now know that physically, the gradient of a scalar field defines the 

direction of its maximum rate of change. You may also like to know: How 

rapidly (at what rate) does a vector field change in a given region? Can we 

extend the analysis of Sec. 1.3.2 as such? The answer is: We cannot. But 

why? To answer this question, you may recall from Eq. (2.1) that each 

component of a vector field is a scalar field. There are two different ways in 

which the del operator can act upon the vector field. Each of these ways 

defines a type of derivative of the vector field. One of these involves the rate 

of change of a vector field component in its own direction such as 

zFyFxF  /,/,/ 321  and is called the divergence of the vector field. 

The other type of derivative is called the curl of the vector field. It involves the 

rate of change of the vector field components in directions other than their 

own, e.g., xFzFyF  /,/,/ 211 , and so on. We now discuss the 

divergence of vector fields. 

2.3   DIVERGENCE OF A VECTOR FIELD 

Consider a three-dimensional vector field function 

kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


                                         

where ),,(),,,( 21 zyxFzyxF  and ),,(3 zyxF are the component scalar 

functions. Its divergence is defined as: 

z

F

y

F

x

F
zyxzyx














 321),,(div),,(. FF


  (2.3) 

This expression “ .


” is read as “divergence of” or “del dot”. Note that the 

divergence of a vector field is a scalar field (read also the margin remark). 

This suggests that we can construct a scalar field from a vector field. 

In Sec. 1.3 you saw 

that the gradient of a 

scalar field is a vector 

field.  

 

In the field line 

representation of the 

vector field, some 

authors prefer to show 

sources by full circles 

and sinks by open 

circles. 
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For a two-dimensional vector field jiF ˆ),(ˆ),( 21 yxFyxF 


, the divergence is  

y

F

x

F
yx









 21),(F.


 (2.4) 

The meaning of the divergence of a vector field is contained in its name itself. 

Divergence of the vector field F  at a point is a measure of its spread from the 

point. To appreciate this, go through the following example carefully. 

 

 

 

 

 

 

 

 

 

 

 

 

While going through the solution of Example 2.3, you must have noted that 

the divergence of the vector field jiF ˆˆ yx 


 is positive, the divergence of 

jiF ˆˆ yx   is negative whereas jiF ˆˆ   has zero divergence. Plots of the 

two-dimensional vector fields of Example 2.3 are shown in Fig. 2.6. These 

plots suggest that the vector field jiF ˆˆ yx 


 has a source at the origin           

(Fig. 2.6a), jiF ˆˆ yx   has a sink at the origin (Fig. 2.6b) and the field 

jiF ˆˆ 


 has neither a source nor a sink (Fig. 2.6c). In general, a point of 

positive divergence is a source and point of negative divergence is a 

sink. 

 

 

 

 

 

 
 

        Fig. 2.6: Plots of the vector fields a) jiF ˆˆ yx 


;  b) jiF ˆˆ yx 


; c) jiF ˆˆ 


. 

 
 

Calculate the divergence of the following vector fields: 

(i) jiF ˆˆ yx 


  (ii) jiF ˆˆ yx 


  (iii)  jiF ˆˆ 


 

SOLUTION  We use Eq. (2.4) to calculate the divergence of these         

two-dimensional vector fields.  

(i) For jiF ˆˆ yx   from Eq. (2.4), we get 

   211. 










y

y

x

x
F     

(ii) For jiF ˆˆ yx   from Eq. (2.4), we get  

   211
)()(

),(. 










y

y

x

x
yxF  

(iii) For 
yx

yx










)1()1(
),(.,̂ˆ FjiF 0         

 

XAMPLE  2.3 : DIVERGENCE OF A VECTOR FIELD 
 

(a)   (c)  (b)  

x 

y
 

 

y
 

x 

y
 

x 



  

40  

Block 1                                                                                       Vector Analysis 

A vector field F


 is called divergence-free or solenoidal in a given region, if 

for all points in that region 

  0.  F


 (2.5) 

The vector field jiF ˆˆ 


 shown in Fig. 2.6c is solenoidal at all points in the  

xy plane. The magnetic field is an example of a solenoidal vector field: 

  0 B


.  

Let us now summarize what you have learnt about the concept of divergence. 

 

 

 

 

 

 

 

 

 

 

 

 

Let us now calculate the divergence of a 3D vector field. 

 
 
 

Calculate the divergence of the vector field .
3r

r
E


  

SOLUTION  We define the given vector field  .
)(

k̂ˆˆ

2/32223 zyx

zyx

r 




jir
E


 

Then, using Eq. (2.3) with ,EF




 

we can write:  










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2/3222 )(
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
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


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2/3222 )( zyx

z

z
 (i) 

        

 

 

XAMPLE  2.4 : DIVERGENCE OF A 3D VECTOR FIELD  
 

Solenoidal comes from 

a greek word meaning 

a tube. 

 The divergence of a three-dimensional vector field 

kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 is defined as 

 
z

F

y

F

x

F
zyxzyx














 321),,(.),,(div FF


 (2.3) 

 The divergence of a two-dimensional vector field 

jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 is defined as 

 
y

F

x

F
yxyx









 21),(.),( div FF


 (2.4) 

 A non-zero value of the divergence at any point in a vector field 

signifies the presence of a source or a sink at that point: 0.  F


 for a 

source and 0.  F


 for a sink. 

 A vector field is called “divergence-free” or “solenoidal” if its 

divergence is zero: 0.  F


 (2.5) 

DIVERGENCE OF A VECTOR FIELD 
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We evaluate each derivative separately: 
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Similarly 
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         (iii) 

and  
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         (iv) 

Substituting from Eqs.  (ii), (iii) and (iv) in Eq. (i) we get 
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Before we discuss the physical meaning of the divergence of a vector field, 

you may like to work out a few problems. 

 

SAQ 2  -  Divergence of a vector field  

a)  Determine the divergence of the following vector fields: 

 (i)  kji ˆ)(ˆ)(ˆ)( 222222 xzzyyx   

 (ii)  kji ˆˆˆ 232 zxyzy   

b)  Calculate the value of the constant a such that the vector field 

kjiu ˆ)(ˆ)2(ˆ)3( azxzyyx 


 is solenoidal. 

You may now like to know: What is the physical significance of the 

divergence of a vector field?  

The divergence of a vector field can be related to the flux of that vector 

field. You will study about the flux of a vector field in Unit 4. 

It is important that we understand another aspect of the divergence at this 

point. We have written down the expression for the divergence in the 

rectangular Cartesian coordinate system. However, since the divergence of a 

vector field can be interpreted as the flux of the vector field per unit volume, it 

means that: 
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In your physics courses you will often encounter quantities which involve the 

sum and products of vector fields or products of scalar fields and vector fields. 

You will be required to calculate the divergence of these quantities and for this 

you need to know the rules governing these operations. 

 

 

 

 

 

 

 

 

 

You may now like to work out an SAQ. 

SAQ 3  -  Identities on the divergence of a vector field 

For a scalar field f, show that )(.3)(. fff 


rr , where .ˆˆˆ kjir zyx 


 

 

Let us now study the concept of the curl of a vector field. 

 

2.4   CURL OF VECTOR FIELD 

Suppose that you are standing near a pond. Float a small cork with toothpicks 

(or needles) sticking out radially from it or a paddle wheel in the pond. You 

may observe that sometimes the cork or paddle wheel rotates. Does this tell 

us anything about the velocity vector field of the water on the surface of the 

pond? We can describe this observation in terms of the curl of the velocity 

vector field. If the cork rotates, it means that the velocity vector field has a 

non-zero curl at that point. Let us first try to understand, intuitively: What is 

the curl of a vector field? 

Let us consider the velocity vector field of water particles on the pond’s 

surface. To keep things simple, we consider a two-dimensional flow in the xy 

The value of the divergence of the vector field at any point is 

independent of the coordinate system. 

The proof of these 

identities is beyond the 

scope of this syllabus. 

 

We can write down the following rules for the divergence of the sum and 

product of vector fields F


 and G


, and the product of a scalar field  

),,( zyxff   with F


: 

 GFGF


..)(.   (2.6a) 

 FF


.)(.  kk      where k is a constant (2.6b) 

 )(.).()(. fff 


FFF  (2.6c) 

 

 

IDENTITIES INVOLVING THE DIVERGENCE OF A 
VECTOR FIELD 
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A 

B 

C 
D 

(b) (a) 

 

(c) 

plane. Imagine that we put a paddle wheel in the pond with its axis in the       

z-direction (Fig. 2.7). 

 

 

 

 

 

                                                                

 

Fig. 2.7: A paddle wheel in the vector field a) iv ˆ)1(  y ; b) jv ˆ)1(  x ; c) jiv ˆ ̂ . 

Let us first consider the velocity vector field given by iv ˆ)1(  y  shown in 

Fig. 2.7a. Note that this velocity vector field is directed along the x-axis and its 

magnitude increases with y. Since the velocity of water is greater at the top 

end of the paddle wheel (A) than at the bottom (B), the wheel will have a 

tendency to rotate in the clockwise direction, as shown in Fig. 2.7a.  

Next, let us consider the velocity vector field jv ˆ)1(  x . Here the field is 

directed along the y-axis and its magnitude increases with x. Since the 

velocity of water is greater at the right end of the paddle wheel (C) than at the 

left (D), the wheel will have a tendency to rotate counterclockwise as shown 

in Fig. 2.7b. For a constant velocity field jiv ˆˆ  , shown in  

Fig. 2.7c, the paddle wheel will not rotate at all.  

We use the concept of curl of a vector field to describe these three 

observations mathematically. 

The curl of a vector field is defined as follows: 

 

 

 

 

 

 

 

 

 

 

The expression “ F


curl ” is pronounced as F


curl  and “ F


 ” as “del cross F”. 

The curl of a two-dimensional vector field jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 is: 

The curl of the vector field 

 kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 is given by 

321

ˆˆˆ

curl

FFF
zyx 












kji

FF


 (2.7a) 

kjiFF ˆˆˆcurl 123123























































y

F

x

F

x

F

z

F

z

F

y

F
 (2.7b) 

 

 

 

 

 

 

CURL OF A VECTOR FIELD 

 

The vector field in    

Fig. 2.7a is a 

particular example of 

a vector field which is 

along the x-direction 

but the magnitude of 

the field increases 

with y. 

For three-dimensional 

vector fields the curl 

gives the net rotation of 

the field which would 

be about some axis. 

The axis may not be so 

easy to visualize.  
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 kFF ˆcurl 12



















y

F

x

F
 (2.8) 

Note that the curl of a two-dimensional field is normal to the field. If the field is 

in the xy plane, the curl of the field is along the z-direction. You can use           

Eq. (2.8) to obtain the curl of the vector fields depicted in Fig. 2.7.  

For  ,ˆ ,̂)1( kviv 


y   

for  kvjv ˆ ,̂)1( 


x  and  

for . ,̂ˆ 0vjiv


  

So the velocity vector fields in Figs. 2.7a and b have a finite non-zero curl and 

the vector field in Fig. 2.7c has a zero curl. Note that the paddle wheel turns 

anticlockwise if the curl is positive and clockwise if the curl is negative. So in 

the two-dimensional xy plane the curl of a vector field F


 is a measure of the 

tendency of the vector field to produce a rotation about the z-axis. You will see 

later in Example 2.6 that the angular velocity of rotation of a rigid body is 

proportional to the curl of the velocity vector field.  

A vector field with zero curl at every point is said to be an irrotational vector 

field. The gravitational force field and electric fields (Example 2.1, Fig. 2.2) 

are examples of irrotational fields. 

Although the expression for the vector product and the curl of a vector look 

similar, there are some important differences:  

 

 

 

 

 

 

In the following example we calculate the curl of three vector fields. 

 

 

 

  

 

 

  

 

 

1. F


  is not necessarily orthogonal to .F


 In general, it can lie at any 

angle to F


 or even be parallel to .F


 For any two-dimensional vector 

field, however, the curl of the vector field is always normal to the 

vector field.  

2. 


is a vector differential operator. It means that F


  is not the same 

as 


F  and .FF


  

 

 
 
 

Calculate the curl of the following vector fields: 

(i)    jiF ˆˆ xy 


 

(ii)   jiF ˆˆ yx 


 

(iii)  kjiF ˆˆˆ xzy zeyexe 


 

SOLUTION  (i) Substituting xFyF  21   and , in Eq. (2.8), we get:  

kkF ˆ2ˆ 


















y

y

x

x
       

XAMPLE  2.5 : CURL OF A VECTOR FIELD 
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The curl of this two-dimensional vector field is a constant vector in the  

z-direction. 

ii) Substituting yFxF  21  and  in Eq. (2.8) we get:  

   F


 0k



















 ˆ

y

x

x

y
 

 The curl of this two dimensional vector field is a null vector so the vector 

field is irrotational. 

ii) When we use Eq. (2.7a) with zy yeFxeF  21 ;  and ,3
xzeF   we get   

 
xzy zeyexe

zyx 












ki

F

ˆˆˆ j


 






















































 )()(ˆ)()(ˆ)()(ˆ yzxyzx xe

y
ye

x
ze

x
xe

z
ye

z
ze

y
kji

 

][ˆ][ˆ][ˆ yxz xezeye  kji    kji ˆˆˆ yxz xezeye   

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

The vector field of Example 2.5(i) is shown in Fig. 2.4b. It has a positive curl. 

As you can see in the figure, the field has the appearance of a whirlpool 

rotating anticlockwise. What is the divergence of this vector field? Let us 

calculate it using Eq. (2.4):  

0)()()ˆˆ(.. 








 x

y
y

x
xy kiF


 

So kiF ˆˆ xy 


 is an example of a vector field which has zero divergence 

and a finite (positive) curl. This is an example of a circulating field, which 

has no sources or sinks. 

On the other hand, the vector field of Example 2.5(ii) which is shown in          

Fig. 2.6a has zero curl and is an irrotational vector field. From the figure, it 

appears that this vector field has a source.  

What is the divergence of this vector field? Using Eq. (2.4) we can write 

2)()()ˆˆ(.. 








 y

y
x

x
yx kiF


 

So jiF ˆˆ yx 


 is an example of a vector field which has finite (positive) 

divergence and zero curl. This is an example of a diverging field that has  

no rotation. We also say that it has no circulation. 

Let us now summarise what you have learnt about the curl of a vector field. 
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In the next section, we establish some identities for the curl of vector fields. 

But before studying further, you may like to work out the following SAQ. 

 

SAQ 4  -  Curl of a vector field 

Determine the curl of the following vector fields: 

a) kjiF ˆ2ˆ2ˆ)2( 22 zyyzyx 


   

b) kjiF ˆˆ)sin(ˆcos xyzxyxz 


 

We now write down important identities for the curl of the sum and product of 

vector fields and the product of a scalar field and a vector field. 

 

 

 

 

 

 

 

 

 

We also add the following rule for the divergence of the vector product of the 

two vector fields because it also involves the curl of a vector field: 

 )(.)(.)(. GFFGGF


  (2.9e) 

The proof of these 

identities is beyond the 

scope of this course. 

 

For the vector fields F


 and ,G


 and the scalar field ),,( zyxff  : 

 GFGF


 )(  (2.9a) 

 FF


 kk )(                      where k is a constant (2.9b) 

 )()()( fff 


FFF  (2.9c) 

 FGGFFGGFGF


).().().()()(  .  (2.9d) 

 

IDENTITIES INVOLVING THE CURL OF A  
VECTOR FIELD 

 

 The curl of a three-dimensional vector field 

kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 is defined as 

       

321

ˆˆˆ

curl

FFF
zyx 












kji

FF


 (2.7a) 

        kji ˆˆˆ 123123























































y

F

x

F

x

F

z

F

z

F

y

F
 (2.7b) 

 The curl of a two-dimensional vector field 

 jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 is defined as 

 kFF ˆcurl 12



















y

F

x

F
                (2.8) 

 If the curl of the vector field is zero, i.e., 

 0F


   

the vector field is said to be “irrotational”. 

 

 

 

 

 

 

CURL OF A VECTOR FIELD 
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Let us now study some simple applications of these product rules. 

 
 

Consider a rigid body rotating about a fixed axis with a constant angular 

velocity 


, directed along the axis of rotation (Fig. 2.8). The velocity v


 of a 

particle on the rigid body is .r


  Here r


 is the position vector of the 

particle relative to the origin of the coordinate system located at some point 

on the axis of rotation. Calculate .v


  

SOLUTION  Since velocity v


 of a particle on the rigid body is given by 

r


 , we can write ).( rv


  To obtain the desired expression, 

we use Eq. (2.9d) for the curl of the cross product of two vector fields. 

Substituting F


by 


 and G


 by r


in Eq. (2.9d) we get 

)( r


  


).().().().(  rrrr   (i) 

The position vector is kjir ˆˆˆ zyx 


 and the angular velocity is 

.ˆˆˆ kji zyx 


 As the angular velocity  is a constant, all terms in  

Eq. (i)  which involve the derivatives of yx  ,  and z  are zero. For 

example:   

 


































zyx
zyx kjikjir ˆˆˆ.)ˆˆˆ().(      

               0
























 

z
z

y
y

x
x  (ii) 

Also 0r


 ).(   (iii) 

On combining Eqs. (i), (ii) and (iii), we get 

 rrr


).().()(    (iv) 

Now   


3).( 























z

z

y

y

x

x
r  (v) 

and )ˆˆˆ().( kjir zyx
zyx

zyx 
























   

               


 kji ˆˆˆ
zyx                                        (vi) 

The final expression for v


  is obtained by substituting Eqs. (v) and (vi) 

into Eq. (iv): 

 


23  v  (vii) 

So we can now write the angular velocity of the rigid body as the curl of the 

velocity as: 

 )(
2

1
v


  (viii) 

 

 

  

XAMPLE  2.6 : ROTATION OF A RIGID BODY 
 

Fig. 2.8: A rigid 

body rotating about 

an axis. 




 

r


 y  

x  
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Therefore, v


   describes the rate at which the body rotates about the 

axis of rotation. 

If v


 is a two dimensional velocity field describing fluid flow, instead of the 

velocity of the particles on a rigid body, we can say that v


  at any    

point ),( yx  in the field, is twice the angular velocity of an infinitesimal 

paddle wheel placed at the point ).,( yx  

 

 

 

 

 

 

 

 

Let us study another important example in physics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Before you study the next section you may like to work out an SAQ. 

SAQ 5  -  Identities of the Curl Operator 

a)  If u


 and v


 are both irrotational, show that vu


  is solenoidal. 

b)  A vector function ),,( zyxf


 is not irrotational but its product with a scalar 

 function g (x, y, z) is irrotational. Show that .0)(.  ff


 

 
 

A central force field is a force field of the form .)( rF


rf  Determine .F


  

SOLUTION  In Eq. (2.9c), we replace f by )(rf  and kjir F ˆˆˆ by zyx 


 

to write: 

 ))(()()())(( rfrfrf 


rrr     (i) 

From Example 1.2 of Unit 1, you may recall that 

 r̂)(
dr

df
rf 


  and rr ˆr


     (ii) 

So we can write  0rrr










 ˆ)ˆ())((

dr

df
rrf    (iii) 

since .ˆˆ 0rr


  Further, you can show that 

 0

kji

r
















zyx
zyx

ˆˆˆ

     (iv) 

Using Eqs. (iii) and (iv) in Eq. (i), we get 

 0r


 ))(( rf        (v) 

Thus, a central force field F


 of the form rF


)(rf  is irrotational. 

 

 

 

 

XAMPLE  2.7 : CURL OF A CENTRAL FORCE FIELD 
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2.5   SUCCESSIVE APPLICATIONS OF THE DEL 
OPERATOR 

We now write down five basic identities involving repeated applications of the 

del operator. These are commonly used in physics: In Poisson’s equation and 

Laplace’s equation in electrostatics, electromagnetic wave equation and to 

describe conservative force fields. 

Since f


is a vector field, we can take its divergence and curl: 

i) Divergence of  )(.: ff 


 

ii) Curl of )(: ff 


 

Since F


.  is a scalar field, we obtain its gradient as 

iii) Gradient of F.


   : )( F.


  

Since F


 is vector field we can take its divergence and curl: 

iv) Divergence of F


 : )(. F


  

v) Curl of F


 : )( F


  

Thus, we can construct five different second order derivatives of scalar and 

vector fields. Let us consider them one at a time with examples. 

i) Divergence of f


 

 Using Eqs. (1.11a) and (2.3) we can write 

  













































z

f

y

f

x

f

zyx
f kjikji. ˆˆˆ.ˆˆˆ)(


 

                       
2

2

2

2

2

2

z

f

y

f

x

f














  

 or  

  ff
zyx

f 2

2

2

2

2

2

2

)(. 






























 (2.10a) 

The operator ).(2 


is called the Laplace operator and f2  is 

called the Laplacian of f. Notice that 2f is a scalar field. The Laplace 

operator plays an extremely important role in determining the charge 

density   (x, y, z) of a charge distribution which gives rise to an 

electrostatic potential . This is done by solving the following equation, 

known as Poisson’s equation: 

 
0

2




  

Conversely, given  (x, y, z), we can obtain  from this equation but the 

method of solving for  is beyond the scope of this course. You will learn 

to do so in a course on partial differential equations.  

To obtain   in a charge-free region we solve Laplace’s equation: 

 02   

In electromagnetic theory, you will come across the Laplacian of a 

vector field: F


2 . This means that F


2  is a vector quantity whose x, y 

We have presented the 

repeated applications of 

del operator in the light 

of their applications. 
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and z components are the Laplacians 2 Fx, 
2 Fy and 2 Fz, 

respectively, i.e. 

  kjiF ˆ)(ˆ)(ˆ)( 2222
zyx FFF 


 (2.10b) 

ii) Curl of f


 

 We can show that curl f


 is always zero: 

 

z

f

y

f

x

f

zyx
f


























kji ˆˆˆ

)(


 

     














































































x

f

yy

f

xz

f

xx

f

zy

f

zz

f

y
kji ˆˆˆ  

From the theory of partial derivatives we know that 
y

f

xx

f

y 















 

z

f

xx

f

z 














 , and so on. Therefore, it follows that 

 0)(  f


 (2.10c) 

You may think that 0)(  f


 is an obvious result: Isn’t it just ,)( f


 and 

the cross product of a vector with itself is zero. This reasoning is not correct. 

This is because 


is an operator and does not multiply in the usual way. The 

proof of Eq. (2.10c), in fact, depends on the relation 
y

f

xx

f

y 















, etc. 

There are some vector fields like the inverse square force field F


 (e.g., the 

gravitational force field or the electrostatic force field) which can be expressed 

as the gradient of the scalar field .)( 2/1222  zyxk  For such fields, 

using the identity (2.10c) you can see that 0F


 . Such vector fields with 

zero curl can be expressed as gradients of scalar fields and are called 

conservative fields. 

 

 

iii) Gradient of F


.   

 Using the definitions of 


 and the divergence, we can write 

 


















































z

F

y

F

x

F

zyx
zyxkjiF ˆˆˆ).(


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F zyxzyx
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2
ˆˆ ji  

                      



































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2

2
ˆ

z

F

y

F

zx

F

z
zyxk  (2.10d) 

For a conservative vector field 0FF


,  everywhere. 
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This operator has no name of its own and is called the gradient of the 

divergence. It appears in the wave equation of an electromagnetic wave 

E


: 

  
tt 









JE
EE

2




0

2

00
2 ).(  

 where 0  and 0  are the permeability and permittivity of free space. 

 Remember that ).( F


  is not the same as f2  : 

  ).()(.2 F


 ff  (2.10e) 

iv) Divergence of )( F


  

 We can show that ).( F


  is zero. (2.10f) 

You can try this out for yourself in SAQ 6. 

 

 

 

v) Curl of )( F


  

 This can be expressed as the following: 

  FF.F


2)()(   (2.10g) 

Of course, F


2  has the meaning as explained in this section before              

Eq. (2.10b). 

Using Eq. (2.10g) you can express the electromagnetic wave equation 

as 

  
tt 









JE
E

2




0

2

00)(  

We can apply the del operator once more to get a few more identities 

but this is beyond the scope of this course.  

Let us understand some physical implications of what you have learnt in this 

section.  

 

 

 

 
 

 
 
 
 
 
 
 

You have seen in Eq. (2.10c) that the curl of the gradient of a scalar field 

is zero. This means that if a vector field is irrotational or has a zero 

curl, you may write it as the gradient of a scalar field. In other words, 

an irrotational vector field may be generated from a scalar field alone.   

Similarly, if a vector field is solenoidal, its divergence is zero. It can then 

be written as the curl of a vector field as you can see from Eq. (2.10f). 

Therefore, a solenoidal vector field can be generated from a vector field 

alone.  

The most general vector field, which has both a non-zero divergence and 

a non-zero curl, can therefore be written as the sum of a solenoidal field 

and an irrotational field (see margin remark). 

 

Do not equate 0).(  F


 with the property 0)(. BAA


 for vectors, 

as 


 is a differential operator. 

This is also called the 

Helmholtz Theorem.  
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The magnetic field B


 is an example of a solenoidal vector field. Since 

0.  B


 we can write, using Eq. (2.10f) 

  AB


  (2.10h) 

The vector field A


 associated with the magnetic field is also called the vector 

potential. 

You may now like to work out an SAQ on the repeated applications of the del 

operator.  

 

SAQ 6  -  Successive applications of the Del Operator 

a)  Verify Eq. (2.10f). 

b)  For a function ,2xyz  show that  .)(. 2


 

We now summarise what you have learnt in this unit. 

2.6   SUMMARY 

  Concept Description 

Vector field   A vector field is a function that assigns a vector to every point of a given 

region in space. 

A three-dimensional vector field F


 can be written as follows: 

       kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 

The components of the vector field ),,( zyxF


 namely ),,(1 zyxF , 

),,(2 zyxF  and ),,(3 zyxF  are scalar fields defined over the same region 

as the vector field. 

A vector field F


in two-dimensions can be written as follows: 

              jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 

Divergence of a 

vector field 

 The divergence of a two-dimensional vector field 

jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 is defined as 

 
y

F

x

F
yxyx









 21),(.),( div FF


 

The divergence of a three-dimensional vector field 

kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 is defined as 

          
z

F

y

F

x

F
yxyx














 321),(),(div F.F


 

The divergence of a vector field gives the extent to which the vector field 

flow behaves like source or a sink at a given point. 

A non-zero value of the divergence at any point in a vector field signifies 

the presence of a source or a sink: 0.  F


 for a source and 0.  F


 for a 

sink. 

If the divergence of the vector field is zero, the vector field is called 

“divergence-free” or “solenoidal”.  
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Curl of a vector field 

 

 The curl  of a two-dimensional vector field jiF ˆ),(ˆ),(),( 21 yxFyxFyx 


 is 

defined as 

               kFF ˆcurl 12
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The curl of a three-dimensional vector field 

kjiF ˆ),,(ˆ),,(ˆ),,(),,( 321 zyxFzyxFzyxFzyx 


 is defined as 
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If the curl of the vector field is zero, the vector field is called irrotational. 

Identities involving 

the divergence and 

curl of a vector field 

 For arbitrary vector fields F


 and G


, and a scalar field  f = f (x,y,z): 

 GFGF


..)(.    

 FF


.)(.  kk      where k is a constant  

 )(.).()(. fff 


FFF   

  GFGF


 )(   

  FF


 kk )(           where k is a constant 

  )()()( fff 


FFF  

  ).().().()).()( FGGFGFFGGF


  

Successive 

application of the Del 

operator 

 For an arbitrary vector field F


and a scalar field f 

 f
zyx

ff 























2

2

2

2

2

2
2).(


 

 0)(  f  

 0).(  F


 

   FF.F


2)()(   
 

2.7   TERMINAL QUESTIONS 

1. Determine the divergence and curl of the following vector fields 

 (i) jiu ˆˆ 222 yxyx 


 

 (ii) kjiu ˆ)(lnˆ)(lnˆ)(ln xyzxyx 


 



  

54  

Block 1                                                                                       Vector Analysis 

2.  Calculate ,.
r

r



   given kjir ˆˆˆ zyx 


, .222 zyxr   

3. Determine whether the vector field 
2r

r
F


 is: (i) irrotational, (ii) solenoidal. 

4. Given ,ˆˆ4ˆ2 22 kjiu zxzy 


 calculate u.


  and u


  at the point            

(0, 1, 2). 

5. If a


 is a constant vector show that ara


2)(   

6,  Determine the value of the constant k for which curl of the vector field 

   jiF ˆ

)(

ˆ

)( 2/222/22 kk yx

x

yx

y








 

is (i) positive (ii) negative and (iii) a null vector. 

7. If kjiA ˆˆˆ2 22 xzyxyz 


 and xyzf   show that  ff 


.).( AA . 

8. Determine the values of a, b and c such that the vector field 

kjiA ˆ)2(ˆ)2(ˆ)3( zcyxzybxazyx 


 is irrotational. 

9. Prove that .0)(.  gf


 

10. Determine 2  for (i) )(ln 22 yx   and (ii) )( 222 zyxxyz   

2.8   SOLUTIONS AND ANSWERS 

Self-Assessment Questions 

1. We choose a constant velocity in the y-direction. Then the velocity vector 

at every point in the field is the same and given by jv ˆa


. We sketch the 

field in Fig. 2.9.  

 

 

 
 
 
 
 
 
 

Fig. 2.9: The vector field jv ˆa


 

2. a) We use Eq. (2.3) to evaluate the divergence of a three dimensional 

field.  

i) ]ˆ)(ˆ)(ˆ)[(. 222222 kji xzzyyx 

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  ii)  )ˆˆˆ(. 232 kji zxyzy 

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zxy 23 2       

 b)  For a vector field to be solenoidal, its divergence has to be zero. 

Imposing this condition on the given vector field we can write  

     0]ˆ)(ˆ)2(ˆ)3[(.  kji azxzyyx


 

     0)()2()3( 













 azx

z
zy

y
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     011  a    or   .2a  

 For the value of 2a  the divergence of the vector field is zero and 

the field is solenoidal. 

3. We use Eq. (2.6c) with kjirF ˆˆˆ zyx 


 to obtain the result.  

    )(.).().( fff 


rrr        (i) 

   )ˆˆˆ.(. kjir zyx 


 

             )()()( z
z

y
y

x
x 












   11 1 = 3  (ii) 

 Substituting Eq. (ii) in Eq. (i) we get  

 fff 


.3)(. rr  

4. a)  Using Eq. (2.7a) with ,2 and2,2 2
3

2
21 zyFyzFyxF   we  

get : 
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                        kkji ˆ)1(ˆ)00(ˆ)44(ˆ  yzyz         

 b) We use Eq.  (2.7a) with  . andsin,cos 321 xyzFxyFxzF   

     

xyzxyxz
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                             0cosˆcosˆ0ˆ  xyzxxz kji     

                        kji ˆcosˆ)(cosˆ xyzxxz      

5. a) To show that the vector field vu


  is solenoidal we must prove that the 

divergence of  vu


  is zero or   0.  vu


.  

  It is given that the vector fields u


 and v


 are irrotational, so 0u


  

and 0v


 . Using Eq. (2.9e) with uF


 and vG


  we get:  

         0...  vuuvvu


 since 0u


  and 0v


   

  b) Since f


g is irrotational 0f


 )(g . So, using Eq. (2.9c)  

               0fff


 ggg   

    )( gg 


ff  (i) 

  Taking the scalar product of Eq. (i) with f


, we have 

       ][.. gg 


ffff  (ii) 

  Since a scalar triple product of the kind )(. baa


 is always zero, the 

RHS of Eq. (ii) is zero. Hence   0 f.f


 

6. a) With kjiF ˆˆˆ
321 FFF 


, we can write using Eq. (2.7b) 

   kji ˆˆˆF 123123























































y

F

x

F

x

F

z

F

z

F

y

F
 

    
































































y

F

x

F

zx

F

z

F

yz

F

y

F

x

123123F


 

                      01
2

2
2

3
2

1
2

2
2

3
2
































yz

F

xz

F

xy

F

zy

F

zx

F

yx

F
 

   
yz

F

zy

F

xz

F

zx

F

xy

F

yx

F


























 1
2

1
2

2
2

2
2

3
2

3
2

and,  

 b) We first determine .F


 Using Eq. (1.11a) for the gradient of a scalar 

function with 2xyzf  we can write: 

    
kjiF ˆ)(ˆ)(ˆ)( 222 xyz

z
xyz

y
xyz

x 
















       

                        kji ˆ2ˆˆ 22 xyzxzyz     

  Next we find F


.  using Eq. (2.3): 

    
xyxyz

z
xz

y
yz

x
2)2()()().(. 22 

















F  (i) 
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  We next determine 2  :   

    

)()()( 2

2

2
2

2

2
2

2

2 xyz
z

xyz
y

xyz
x 












    (ii) 

  We now calculate the following partial derivatives:  

    
0)()(;)( 22

2

2
22 














yz

x
xyz

x
yzxyz

x
     (iii) 

    

.0)()(;)( 22

2

2
22 














xz

y
xyz

y
xzxyz

y
    (iv) 

 and   xyxyz
z

xyz
z

zxyxyz
z

2)2()(;2)( 2
2

2
2 














       (v) 

 Substituting from Eqs. (iii), (iv) and (v) in Eq. (ii) we get   

    xyxy 22002           (vi) 

 Comparing Eqs. (i) and (vi), we can see that  

    xy2).( 2 


   

Terminal Questions 

1. i)  We use Eq. (2.4) with  yxFyxF 2
2

22
1 ,     

    

)()(. 222 yx
y

yx
x










 F


222 xxy       

  Using Eq. (2.8) for the curl we get: 

    

kkF ˆ)22()()(ˆ 2222 yxxyyx
y

yx
x





















 

 ii) We use Eq. (2.3) with  xyzFxyFxF ln andln,ln 321  to get 

       )lnln(ln)ln(ln)(ln. zyx
z

yx
y

x
x















 F


.

111

zyx


 

  Using Eq. (2.7a) for the curl we get: 

    
zyxyxx

zyx
lnlnlnlnlnln

ˆˆˆ
















kji

F


         

                    





























xxy

1ˆ1ˆ1ˆ kji

 

ln (x y) = ln x + ln y 

ln (xyz) = ln x + ln y + ln z 

x
x

x

1
)(ln 




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2.  Here the given field is 
r

ˆzŷˆx kji
F





 where 2/1222 )( zyxr      

  

















 kjiF ˆ

)(

ˆ

)(

ˆ

)(
..

2/12222/12222/1222 zyx

z

zyx

y

zyx

x
    

           

















































2/12222/12222/1222 ))()( zyx

z

zzyx

y

yzyx

x

x
 

         (i)
 

 Let us evaluate each of the three partial derivatives separately.  

          
2/3222

2

2/12222/1222 )()(

1

)( zyx

x

zyxzyx

x

x 



















 (See MR) 

                   
2/3222

22

)(

)(

zyx

zy






  

    (ii) 

 Similarly,  

    
2/3222

22

2/1222 )(

)(

)( zyx

zx

zyx

y

y 



















    (iii) 

 and  



































2/3222

22

2/1222 )(

)(

)( zyx

yx

zyz

z

z
  

(iv)

   

 Substituting from Eqs.  (ii), (iii) and (iv) in Eq. (i) we get  

    
2/3222

222

)(

)(2
.

zyx

zyx




F


  

ryx

2

)(

2

2/1222



    

3. The field F


is written in Cartesian coordinates as 

    )(

ˆˆˆ

222 zyx

zyx






kji
F


 

 i) For an irrotational field 0F


 . Using Eq. (2.7a) we evaluate F


  
as:  

     

)()()(

ˆˆˆ

222222222 zyx

z

zyx

y

zyx

x
zyx
















kji

F


 

      

                   




















































222222
ˆ

zyx

y

zzyx

z

y
i     

                    




















































222222
ˆ

zyx

z

xzyx

x

z
j     

                       




















































222222
ˆ

zyx

x

yzyx

y

x
k    

Differentiate this as the 

product of two functions, 

as you have learnt to do 

for ordinary derivatives 

in your school calculus 

course. If you are still 

not clear about partial 

derivatives, please read 

the Appendix of Unit 1. 
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                



















22222222 )(

2

)(

2ˆ

zyx

yz

zyx

yz
i     

                   



















22222222 )(

2

)(

2ˆ

zyx

xz

zyx

xz
j     

                   



















22222222 )(

2

)(

2ˆ

zyx

xy

zyx

xy
k     

                0


     

  So, the vector filed F


 is irrotational at all points (because F


  is 

always zero), except at the origin. The field is not defined at the 

origin.    

 ii) To find whether the field is solenoidal, we must calculate F


. . Using 

Eq. (2.3) we get: 

          

















































222222222
.

zyx

z

zzyx

y

yzyx

x

x
F


 

                    




















2222

2

222 )(

2

)(

1

zyx

x

zyx
    

                       




















2222

2

222 )(

2

)(

1

zyx

y

zyx
  

                       




















2222

2

222 )(

2

)(

1

zyx

z

zyx
    

               
2222

222

222 )(

)(2

)(

3

zyx

zyx

zyx 





    

                
   222222

23

zyxzyx 



     

               
)(

1
222 zyx 

       

  Since the value of F


.  is not zero, the field is not solenoidal. 

4. To evaluate the divergence of the vector field kjiu ˆˆ4ˆ2 22zxzy 


 we 

use Eq. (2.3) 

      224)2(. zx
z

z
y

y
x 












 u


  

            zx2200  zx22   

 At point (0, 1, 2), 0.  u


.  

 To evaluate u


  we use Eq. (2.7a) as follows:  

   

2242

ˆˆˆ

u

zxzy

zyx 












kji
   )2(ˆ2ˆ)4(ˆ 2  kji xz    

                       kji ˆ2ˆ2ˆ4 2  xz   



  

60  

Block 1                                                                                       Vector Analysis 

 At point (0, 1, 2) 

   kiu ˆ2ˆ4 


  

5. We can write the vector a


 as kjia ˆˆˆ
321 aaa 


 and the position vector 

r


as kjir ˆˆˆ zyx 


. We first calculate the cross product ra


 . Using    

Eq. (2.21b) from Unit 2, BPHCT-131, we get, 

         xayazaxayaza 211332
ˆˆˆ  kjira


 

 Using Eq. (2.7a) for the curl we get: 

   

xayazaxayaza

zyx

211332

ˆˆˆ

)(
















kji

ra


 

                        akji


2ˆ2ˆ2ˆ2 321  aaa   

6. We use Eq. (2.8) with: 

   
2/221

)( kyx

y
F




    ; 

2/222
)( kyx

x
F


       

 















































2/222/22 )()(

ˆ
kk yx

y

yyx

x

x
kF


 

                    













 2/221)2/(22

2

2/22 )(

1

)()(

1

kkk yxyx

kx

yx
k


 

                   







1)2/(22

2

)( kyx

ky
 

                     
 























12/22

22

2/22 )(

)(

)(

2ˆ
kk yx

yxk

yx
k

 

k̂
)(

)2(
2/22 kyx

k






      

 Now, let us find the values of k for which  

(i) Curl F̂  is positive: 2020  kkF


    

(ii) Curl F


is negative: 2020  kkF


    

(iii) Curl F


 is zero: 2020  kkF


   

7.   Let us write an expression for ),.( 


A  using the rules of the scalar product.  

    























zyx
xzyxyz kjiji.A ˆˆˆk̂ˆˆ2 22


    

          
























z
xz

y
yx

x
yz 222

        

 This is now an operator and can act of on the scalar field f.  

  

 xyz
z

xz
y

yx
x

yzf 





















 222).(


A     

             

)()()(2 22 xyz
z

xzxyz
y

yxxyz
x

yz













      
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             )()()(2 22 xyxzxzyxyzyz      

              
223222 yzxyzxzy 

 

      (i) 

 Next we evaluate   :. f


A       

 We first determine f


using Eq. (1.11a). 

  

)(ˆ)(ˆ)(ˆ xyz
z

xyz
y

xyz
x

f













 kji


      

             .ˆˆˆ kji xyxzyz       

 f


 is a vector.  So )(. f


A   is evaluated as a scalar product as follows: 

  )ˆˆˆ).(ˆˆˆ2()(. 22 kjikjiA xyxzyzxzyxyzf 


   (ii)  

                        .2 22322 yzxyzxzy     

 Comparing Eqs. (i) and (ii) we  can see that : 

  )(.).( ff 


AA     

8.   Let us first find A


   using Eq. (2.7a): 

  
zcyxzybxazyx

zyx
223

ˆˆˆ
















kji

A


     

                      kji ˆ)1(ˆ)1(ˆ)1(  bac         (i) 

 For A


to be irrotational, .0A


  In other words, each component of 

A


   is zero. So from Eq. (i) we can write: 

  0)1( and0)1(,0)1(  bac  

 which gives us the values for a, b, c as: 

  1and 1,1  cba  

9.   Let us write f


A  and .g


B     

 Then  ).().( BA


 gf     

 Using Eq. (2.9e) with BGAF


 and   we get,  

  ).().().( BAABBA


        (i) 

 Replacing BA


and   by f


 and ,g


 respectively, in Eq. (i) we get 

  )]([.)]([.)(. gffggf 


     (ii) 

 But we already know that the curl of the gradient of scalar field is zero. So 

  0)()(  gf


       (iii) 

 Replacing from Eq. (iii) in Eq. (ii) we get:  .0).(  gf

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10. i) We have defined the operator 2 in Eq. (2.10a). Using that we can 

write: 

       )(ln)(ln 22
2

2
22

2

2
2 yx

y
yx

x










            (i) 

  We first evaluate all the partial derivatives in Eq. (i).  

     
22

22 2
)(ln

yx

x
yx

x 





    

        

 




















22

22

2

2 2
)(ln

yx

x

x
yx

x
 

222

2

22 )(

4

)(

2

yx

x

yx 



    (ii) 

  Similarly,  

     
22

22 2
)(ln

yx

y
yx

y 





   

     




















22

22

2

2 2
)(ln

yx

y

y
yx

y
 

222

2

22 )(

4

)(

2

yx

y

yx 



  (iii) 

  Substituting from Eqs. (ii) and (iii) into Eq. (i) we get: 

   
222

22

22
2

)(

)(4

)(

4

yx

yx

yx 







 

    

                

0
)(

4

)(

4
2222








yxyx  

     

 ii) We first rewrite the function   as  

   
333 xyzzxyyzx           

  Then  

    

   

 333
2

2

333
2

2
333

2

2
2

xyzzxyyzx
z

xyzzxyyzx
y

xyzzxyyzx
x


















(i)

 

   Next we evaluate all the partial derivative of   in Eq. (i). 

    

xyz
x

yzzyyzx
x

6,3
2

2
332 









         (ii) 

    
xyz

y
xzxzyzx

y
6,3

2

2
323 








         (iii)  

    xyz
z

xyzxyyx
z

6,3
2

2
233 








          (iv) 

   Substituting the second order partial derivatives from Eqs. (ii), (iii) and 

(iv) in Eq. (i), we get: 

   

xyzxyzxyzxyz 66662    
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                    UNIT 3 

INTEGRATION OF 
VECTOR FUNCTIONS 

AND LINE INTEGRALS 
Structure 
 

3.1 Introduction 

 Expected Learning Outcomes 

3.2 Integration of a Vector Function 

Integrals involving Scalar and Vector  

Products of Vectors 

3.3   Line Integral of a Vector Field 

Representation of a Curve  

Parametric Representation  

Other Types of Line Integrals 

  

STUDY GUIDE           

 

 

 

In this unit, you will learn how to integrate vector functions of a scalar variable and 

solve line integrals. Line integrals are a generalization of ordinary integrals that you 

have studied in school. In order to learn these concepts better, you should revise 

integral calculus that you have studied in school. You must also revise the concepts of 

scalar and vector products, the basic concepts of vector functions of a scalar variable 

and how to differentiate them, all of which you have studied in Unit 2 of BPHCT-131. 

 

 

3.4 Conservative Vector Fields  

Scalar Potential 

Vector Potential 

3.5 Summary 

3.6 Terminal Questions 

3.7 Solutions and Answers 

 

“The miracle of the appropriateness of the language of 

mathematics for the formulation of the laws of physics is      

a wonderful gift ...”  

Eugene Paul 
Wigner  

 

 

How do we determine the work done by 

a variable force such as the force of 

gravitation? We need to solve line 

integrals. 



  

64  

Block 1                                                                                        Vector Analysis 

3.1   INTRODUCTION 

In Unit 2 of BPHCT-131 and Units 1 and 2 of this course, you have studied 

vector functions, scalar and vector fields, and their properties. You have learnt 

how to differentiate vector functions and scalar and vector fields. You have 

studied the concepts of the gradient of a scalar field, and the divergence and 

curl of vector fields. These are differential operations on scalar and vector 

fields that find many applications in physics. In this unit, you will learn how to 

determine the integrals of vector functions, and scalar and vector fields. You 

will also learn how to evaluate line integrals of vector fields. 

There are several problems in physics where we need to calculate the 

integrals of vector functions and vector fields. For example, we may want to 

know what path a cricket ball will take after it leaves the bowler’s hands with a 

given acceleration. Finding the path of the cricket ball involves solving a 

differential equation and integrating vector functions. The actual integration is 

essentially the same as in ordinary calculus which you have studied as a part 

of your school curriculum. However, integrals of vector functions and fields are 

different in the way in which the integrand is handled, as well as in the 

physical meanings of the quantities obtained. This will become clear as you 

study this unit.   

In Sec. 3.2, you will learn how to integrate a vector function and apply it to 

solve some simple problems in physics. In this section you will also learn how 

to integrate the scalar and vector products of vector functions and some 

applications in physics.  

In this unit you will learn how to evaluate line integrals. The line integral is a 

generalization of an ordinary integral over a single variable. In a line integral 

the path of integration is not a straight line but an arbitrary curve in space. 

Line integrals are used extensively in physics. One of the most important 

applications of the line integral is to determine the work done by a variable 

force. Suppose an object moves along an arbitrary curve in space, (instead of 

a straight line) under the action of a force. How would you calculate the work 

done by the force in moving the object between any two points on this path? 

The work done is the integral of the scalar product of the force field and an 

infinitesimal displacement along the path of the object. This is an example of a 

line integral.  

In Sec. 3.3, you will learn how to evaluate line integrals in which the integrand 

is the scalar product of a vector field and a displacement along an arbitrary 

path in space. You will also study other types of line integrals of scalar and 

vector fields. In Sec. 3.4, you will study about conservative vector fields. You 

will see that line integrals can be used to define conservative force fields, an 

important concept in physics. 

The integrals of vector functions being taken up in this unit involve integration 

over a single variable. In physics we often need to evaluate integrals over 

arbitrary surfaces and volumes. These involve integrals over two and three 

variables. In Unit 4, you will study about surface and volume integrals of a 

vector field. A brief introduction to integration over two variables is given in 
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Appendix A2 of this block. You should read Appendix A2 after completing your 

study of this unit. 

 

Expected Learning Outcomes 
After studying this unit, you should be able to: 

 evaluate the integral of a vector function with respect to a scalar;  

 evaluate the integrals of scalar and vector products of scalar functions; 

and 

 evaluate line integrals of scalar and vector fields. 

3.2   INTEGRATION OF A VECTOR FUNCTION 

Let us begin our study by asking: How do we integrate a vector function 

with respect to a scalar?  

We lay down the basic rules for the integration of a vector function with 

respect to a scalar. Consider a vector a


 which is a function of a scalar t. Let  

 kjiaa ˆ)(ˆ)(ˆ)()( 321 tatatat 


 (3.1a) 

where )( and )(),( 321 tatata  are the x, y and z components of ),(ta


 

respectively. If 

 )(t
dt

d
b

a 

     (3.1b) 

then the (indefinite) integral of )(tb


 with respect to t is ,)( ca


t  where c


is an 

arbitrary constant vector. Symbolically, we write:  

 cab


 )()( tdtt    (3.2) 

In physics, we deal with quantities that generally have dimensions. Therefore,  

c


 is a vector whose dimension is the same as that of .a


 In a physical 

problem, c


 can be determined by using given initial conditions.  

In order to evaluate the integral of a vector function such as the one in                

Eq. (3.2), we express the vector b


 in its component form:  

 kjib ˆ)(ˆ)(ˆ)()( 321 tbtbtbt 


 (3.3) 

where )(and)(),( 321 tbtbtb  are the x, y and z components of )(tb


, 

respectively. We can now write the integral of the vector function )(tb


 as: 

    dttbdttbdttbdtt )(ˆ)(ˆ)(ˆ)( 321 kjib


 (3.4)   

Note that since )(t
dt

d
b

a 

 , we also have: 

 )(
)(

and)(
)(

),(
)(

3
3

2
2

1
1 tb

dt

tda
tb

dt

tda
tb

dt

tda
  (3.5) 

You have studied 

integration in school 

and you know that 

integration is the 

reverse process of 

differentiation. This is 

also true for the 

integration of vector 

functions relative to a 

scalar.  
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1. For a vector function in three dimensions defined as 

kjib ˆ)(ˆ)(ˆ)()( 321 tbtbtbt 


  where )()(),( 321 tbandtbtb   are 

continuous over the interval  21, tt , the indefinite integral of )(tb


with 

respect to t is given by: 

   dttbdttbdttbdtt )(ˆ)(ˆ)(ˆ)( 321 kjib


      (3.4) 

The definite integral of )(tb


over the interval  21, tt  is: 

                           

2

1

2

1

2

1

2

1

)(ˆ)(ˆ)(ˆ)( 321

t

t

t

t

t

t

t

t

dttbdttbdttbdtt kjib


  (3.7) 

2.  For a vector function in two dimensions, jib ˆ)(ˆ)()( 21 tbtbt 


 where 

)(and)( 21 tbtb  are continuous over the interval  21, tt , the indefinite 

integral of )(tb


 with respect to t is given by 

   dttbdttbdtt )(ˆ)(ˆ)( 21 jib


                     (3.8) 

The definite integral of )(tb


with respect to t over the interval  21, tt  

is  

  

2

1

2

1

)(ˆ)(ˆ)( 21

t

t

t

t

dttbdttbdtt jib


                          (3.9) 

 

 

 

INTEGRAL OF A VECTOR FUNCTION 
 

From our knowledge of calculus, using Eq. (3.2), we can also write,  

      333222111 )()(and,)()(,)()( ctadttbctadttbctadttb (3.6) 

where 21, cc  and 3c  are the constants of integration. 

So to evaluate  ,)( dttb


 we only need to integrate the scalar functions 

)(),( 21 tbtb  and )(3 tb  with respect to the scalar t, as in ordinary calculus. Note 

that, we leave the unit vectors kji ˆandˆ,̂  outside the integrals as these are 

constant and do not depend on t. In the same way, we can write the 

expression for the definite integral of a vector function in the interval  21, tt  

as follows: 

    

2

1

2

1

2

1

2

1

)(ˆ)(ˆ)(ˆ)( 321

t

t

t

t

t

t

t

t

dttbdttbdttbdtt kjib


 (3.7) 

The integration of the two-dimensional vector function with respect to scalar is 

also carried out in the same way. So, let us now write down the formal 

definitions of the integral of a vector function )(tb


 in two and three-

dimensions:  
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1.  For a vector function )(tf


 and a constant :  

    dttdtt )()( ff


       (3.10) 

2.  For any two vector functions )(and)( tt gf


and constants  and : 

     dttdttdttt )()()]()([ gfgf


      (3.11) 

3.  For a vector function )(tf


and a constant vector a


:  

    dttdtt )(.)(. fafa


        (3.12) 

4.  For a vector function )(tf


and a constant vector a


:  

  dttdtt )()( fafa


         (3.13) 

 

 

 

 

 

 

 

 

PROPERTIES OF INTEGRALS OF VECTOR 
FUNCTIONS 

 

We now write down a few properties of the integrals of vector functions.  

  

 

 

 

  

 

 

 

 

 

 

 

 

Let us now work out a simple example on integration of vector functions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Determine the position vector of a particle )(tr


 given that its velocity 

function is: 

kjiv ˆˆcosˆsin)( 2tttt 


         

and the initial position of the particle (position vector of the particle at )0t  

is kjir ˆˆˆ)0( t


   

SOLUTION   Using the definition of velocity, we can write the position 

vector of the particle as the integral of its velocity as follows:  

 dttt
dt

td
t )()(

)(
)( vr

r
v





       (3.14) 

We write the integral in terms of the components of the vector function 

)(tv


, as defined in Eq. (3.4):  

dttdttdttt   2ˆcosˆsinˆ)( kjir


         

       Ckji


 ˆ
3

ˆsinˆcos
3t

tt        (i) 

where C


 is an arbitrary constant vector.  

To determine C


 we use the given initial condition. Substituting 0t  in   

Eq. (i) we get   

kjiCir ˆˆˆˆ)0( 


t      (ii) 

 

 

 

 

XAMPLE 3.1:  POSITION VECTOR 
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From this we get: kjiC ˆˆˆ2 


     (iii) 

Substituting for C


  in Eq. (i), we can now write the position vector as a 

function of time as:  

kjikjir ˆˆˆ2ˆ
3

ˆsinˆcos)(
3


t

ttt


 

      kji ˆ)
3

1(ˆ)sin1(ˆ)cos2(
3t

tt           (iv)    

 

 

 

 

 

 

Before we go further, let us summarize what you have studied so far:  

 

 

 

 

 

You may now like to work out an SAQ on what you have studied so far.  

SAQ 1  -  Integrating a vector function 

a) Evaluate dt
t

t

t
 





























ji ˆ

1

2ˆ

1

4
22

  

b) The acceleration of an object is .ˆ10ka 


  Obtain its position as a 

function of time t if its initial velocity is kiv ˆˆ)0( t


  and its initial 

position is kr ˆ2)0( t


. 

In Unit 2 of BPHCT-131, you have learnt that many physical quantities can be 

expressed as the scalar or vector products of vectors. We now study the 

integrals of scalar and vector products of vector functions. 

3.2.1    Integrals involving Scalar and Vector Products of 
Vectors  

Let )(ta


 and )(tb


 be two vector functions of a scalar t. Then for evaluating the 

integrals             , and. 21 dtttIdtttI baba


we first compute the 

scalar and vector products in the integrands. Recall from Sec. 1.4 of Unit 1, 

BPHCT-131 that 1l  will reduce to an integral of a scalar function of t with 

respect to t. Similarly, 2l  will be the integral of a vector function of t with 

respect to t. Let us take an example to discuss the evaluation of 1l . After that 

you can work out another example. 

A table of standard 

integrals is given at the 

end of this block.  

 

 

 The integral of a vector function is defined as the integral of each  

scalar component of the function.  

 This definition holds for both definite and indefinite integrals of vector 

functions. 

 

 

 

 

 

 

 

 

 

 

INTEGRATION OF A VECTOR FUNCTION 
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 cT
T

c







 22
 

 xct
c




2
cos2

 

,
2

cos2







 


 kx
T

t
 

where 





2
k  























 


 1
2

2cos
2

1
kx

T

t
 

   



T

dtxct

0

2 2
cos  

 






 




T

dtkx
T

t

0

2
4

cos
2

1
 



T

dt

0
2

1
 

T

kx
T

tT

0

2
4

sin
42

1







 



  

2

T
  

  kx
T

24sin
8




  

 
2

2sin
T

kx   

 
2

2sin2sin
8

T
kxkx

T





 

2

T
  

 
 

 

 

  

In free space a transverse electromagnetic (EM) wave propagating in the  

x-direction has an electric field   jE ˆ2
cos0 xctE 







 and a magnetic field 

  .ˆ
2

cos0 kB xctB 






Here c and  are, respectively, the velocity and the 

wavelength of the EM wave and .00 cBE   The energy flowing through a 

volume V per unit time is given by 

 ),..(
2

HBDE



V

U
 

where ED


0  and .0 HB


   

Here 0 and 0 are permittivity and the magnetic permeability, respectively, 

of free space and .1

00
c Compute the total energy flowing through V 

in one complete cycle of EM wave if its time period is T. 

SOLUTION    The energy flow during time dt is given by U dt. So the total 

energy will be the definite integral of U from 0t  to ,Tt  i.e. 

      BE

TT

II
V

dt
V

dtUU   2
..

2
00

0 HBDE   (i) 

where  

T

B

T

E dtIdtI

00

 .. and. HBDE


 

Both IE and IB are integrals of the type I1. So we shall first evaluate the 

scalar products. Given that 

   jE ˆ2
cos0 xctE 







         (ii) 

   jED ˆ)(
2

cos000 xctE 







 (iii)
 

We get  )(
2

cos. 22
00 xctE 




DE



 (iv)
 

Similarly, you can show that 

 xct
B









2
cos. 2

0

2
0HB


        (v)  

Substituting from Eq. (iv) and Eq. (v) into Eq. (i) we get 

I
B

E
V

U

















0

2
02

000
2

        (vi) 

where (see margin remark)  
2

2cos

0

2 TdtxctI

T





   

 

 

    XAMPLE  3.2: INTEGRAL OF A SCALAR PRODUCT  
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 

















0

2
02

000
4

B
E

VT
U         (vii) 

Again 

















00

2

000
2

2

02

0

1
cE

c

E
B   

 2

00
0

2

0 E
B




  

        (viii) 

Hence 
2

000
2

E
VT

U   

 

 

 

  

 

 

 

 

The method will be the same for integrating vector products expressed in their 

component form.  

You may like to solve an SAQ before studying further. 

SAQ 2  -  Integrals of scalar and vector products 

Given two vector functions kjia ˆˆ)1(ˆ)( 2tttt 


 and ,̂ˆ3)( 2 jib ttt 


 

evaluate the integrals:   

a)  
1

0

)(.)( dttt ba


        and        b)   

1

0

)()( dttt ba


 

We now discuss line integrals of scalar and vector fields. 

3.3   LINE INTEGRAL OF A VECTOR FIELD 

In Unit 2 of BPHCT-131, you have studied that for a constant force, when the 

displacement is not along the force (Fig. 3.1), the work done is the scalar 

product of force and displacement: 

 dF


.W  = dF )cos(   (3.15) 

In your school physics, you have learnt about work done by a constant force 

and variable force. You may recall that when a variable force F(x) is applied 

on an object along the x-axis, the work done in moving the object between any 

two points 1x  and 2x  is an integral given by  

  
2

1

)(

x

x

dxxFW   (3.16) 

A well-known example of this is the work done in stretching a spring by a 

length d. The spring force is a restoring force: F(x) =  kx, where k is the 

spring constant. The work done is: 

   

d

dxkxW

0

)(  (3.17) 

Let us now consider the most general case: a variable force applied on an 

object moving along an arbitrary path in space. What is the work done by the 

Fig. 3.1: Work done by a 

force when the force and 

displacement are not 

along the same 

direction. 

F


 

d


 

d.F


W  
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force? Refer to Fig. 3.2. A planet is moving around the Sun in an elliptical  

orbit under the gravitational force. How will you calculate the work done for 

such systems?  

Consider an object moving along an arbitrary path in space between the 

points P and Q. Note that the path is a curve and the force ),,( zyxFF


  is a 

variable force (Fig. 3.3a). Let us calculate the work done by the force in 

moving the object from P to Q along the path shown in Fig. 3.3a. We first 

divide the path PQ in n tiny segments as shown in Fig. 3.3b. We define the 

displacement of the object for each of these segments 

as ,,...,,.., 21 ni llll


 respectively. Let il


 be the displacement for the ith 

segment. The magnitude of the displacement for each segment of the curve  

is almost equal to its length (read the margin remark) (inset of Fig. 3.3b).  

 

 

 

 
 
 
 
 
 
 
 
 
 

Fig. 3.3: a) An object moves under a variable force along the path PQ. The force 

is different at different points along the path; b) the path is divided into 

n segments and the displacement is defined for each segment. 

Although the force is actually different at different points of the path, we 

assume that it is constant over each of these segments. 

Let the force acting on the object be 1F


for the first segment, 2F


for the second 

segment, and so on. Let us consider the ith segment. What is the work done 

by the force iF


 for the displacement il ? From Eq. (3.15), it is .Δ. iiiW lF


  

The total work done in moving the object over the entire path is the sum of the 

work done in moving the object over each segment of the path. We can write it 

as: 

  nniiW lFlFlFlF  .......... 2211






n

i

ii

1

. lF


 (3.18a) 

In the limit as n , we express the sum in Eq. (3.18a) as an integral along 

the path between P and Q: 

  
C

dW lF.


 (3.18b) 

This is an example of a line integral along a path of integration C. It is the 

path between the points P and Q along which the object moves. It should be a 

If the number of 

segments n is large, 

we can approximate 

the length of the 

curve by summing 

over the magnitude of 

the displacements.  

The displacement for 

each segment of the 

path has its tail at the 

starting point of the 

segment and its head 

at the final point of 

the segment as you 

can see in the inset of 

Fig. 3.3b.  

 

z  
 

P 

Q ),,( 222 zyxF


 

),,( 111 zyxF


 

),,( 333 zyxF


 

x  
 

y  

 

P 

Q 

3l


  

1l


  

2l


  

nl


  

il


  

 (a)  (b) 

Fig. 3.2: A planet moves 

around the Sun in an 

elliptical orbit. The force  

of gravitation on the  

planet is a variable force.  
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smooth curve. We will explain what is meant by a smooth curve in the next 

section.   

Here we have defined the line integral in order to calculate the work done by 

a force field in moving an object along an arbitrary path. We can define such a 

line integral for any arbitrary vector field A


 along a path of integration C as 


C

dlA.


. 

The line integral is a generalization of the concept of a definite integral. In a 

definite integral 
b

a

dxxf )( , we integrate a function f(x) along the x- axis 

between two points, a and b. The function is defined at every point in the 

interval [a, b]. In a line integral, we integrate along a curve C and the integrand 

( lF d.


in Eq. 3.18b) is a function defined at every point on the curve. Note that 

the path of integration can be any straight line or curve, in space or in a plane. 

We now discuss how to calculate this integral. Let us write the force field F


in 

terms of its component functions as kjiF ˆˆˆ
321 (x,y,z)F(x,y,z)F(x,y,z)F 


,  

and the displacement along the path as kjil ˆˆˆ dzdydxd 


. The line integral 

of Eq. (3.18b) is then given by: 

   

CC

dzFdyFdxFdW 321. lF


 (3.19a) 

If the force field is two-dimensional and the object is moving in the xy plane, 

we can write the line integral as: 

   

CC

dyFdxFdW 21. lF


 (3.19b) 

Note that in general, F1, F2 and F3 are functions of x, y and z. However, the 

integrals are over either x or y or z. Therefore, you must express each 

integral in terms of a single variable. This means, for example, to evaluate 

the integral ,),,(1
C

dxzyxF  we must express y and z in terms of x, so that F1 is 

a function of only x. 

This is what you will learn about in the next section. 

3.3.1    Representation of a Curve  

In a plane, a curve can be described by an equation of the form:        

 )(xfy   (3.20a) 

For example, 24xy   is the equation of a parabola and 222 ayx   is the 

equation of a circle of radius a with its origin at the centre. The coordinates of 

a point on the curve described by Eq. (3.20a) are given by (x, f(x)). 

In three-dimensional space, we may describe a curve using a set of equations 

To write the equation of 

the circle in the form of 

Eq. (3.20a), we write it 

as: 
22 xay   
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  )();( xgzxfy                                                 (3.20b) 

The coordinates of each point on the curve are ))(),(,( xgxfx . This is also 

called an explicit representation. We may also describe the curve as an 

intersection of two surfaces: 

 0),,(;0),,(  zyxGzyxF  (3.20c) 

This is called an implicit representation. Note that both 0),,( zyxF and 

0),,( zyxG  represent surfaces in space. 

In the following example, we use the definition of line integral in Eqs. (3.19b) 

and the representation of a curve in a plane given by Eq. (3.20a) to calculate 

the work done. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SAQ 3  -  Work done by a force 

Calculate the line integral of the force field  jiF ˆ1ˆ 2  xxy


 from (0,0) to (1,1) 

along  the three paths labeled I,II and III in Fig. 3.4. 

Note that each of the 

integrals in Eq. (ii) is 

over a single variable. 
 

Note that in all the 

representations of a 

curve, there is only 

one independent 

variable. This is 

important, because 

the line integral, 

unlike a double 

integral or a triple 

integral, is an 

integration over one 

variable. 
 
 

 

 
 

 

Calculate the work done by a force field jiF ˆˆ2 2yxy 


 in moving an object 

along the curve
2xy  in the xy plane from (0,0) to (2,4). 

SOLUTION   Using Eq. (3.19b) for the work done by a 2-dimensional 

force field in moving an object in the xy plane with xyF 21   and 2
2 yF   

we can write: 

  

C

dyyxydxW 22     (i) 

The equation of the curve 
2xy  tells us how x and y are related along the 

path C. Using this in Eq. (i) we get: 

  

C

dyydxxxW 22 )(2     (ii) 

Since the coordinates of the initial and final points of the path are (0,0) and 
(2,4) we can write the limits on x and y along the path as: 

40;20  yx                                        (iii) 

And the integral of Eq. (ii) reduces to: 

dyydxxW  

4

0

2
2

0

32  

These can be evaluated as ordinary integrals:  

 
3

40

34

2
4

0

3
2

0

4
































yx
W    (iv) 

 

XAMPLE 3.3:  LINE INTEGRAL OF A VECTOR FIELD IN A 

PLANE 

 

 

 

Fig. 3.4 
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)0,0(O  

 

)0,1(A  

 

)1,1(B  

 

)1,0(D  
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In the next section we discuss another representation of a curve in space 

which is useful for evaluating line integrals. 

3.3.2    Parametric Representation  

There is yet another representation of the space curve called the parametric 

representation. In a Cartesian coordinate system, we may represent a curve 

using the position vector function  tr


 and a real parameter t, as follows: 

 kjir ˆ)(ˆ)(ˆ)()( tztytxt 


 (3.21a) 

)(tr


is the position vector of a point on the curve, as you can see in Fig. 3.5. 

As the value of t changes, the head of the vector traces out a curve in space. 

A point on the curve has the coordinates [x(t), y(t), z(t)]. The coordinates are 

functions of the parameter t and for each value of t, we get a different point on 

the curve.  

Let us now learn how to evaluate line integrals using the parametric 

representation of the path of integration. Sometimes, it is convenient to use 

the parametric representation rather than Eqs. (3.19a or 3.19b) as you will see 

in Example 3.4. 

Let us first write down the path of integration in the parametric representation. 

The parametric representation of the path of integration C between two points 

P and Q (Fig. 3.6a) is, 

 21,ˆ)(ˆ)(ˆ)()( ttttztytxt  kjir


 (3.21b) 

 where 1t  and 2t  are the values of the parameter t at P and Q, respectively. 

The coordinates of P and Q are P [x(t1), y(t1), z(t1)]  and Q [x(t2), y(t2), z(t2)]. 

Remember that we have said earlier in this section that the path of integration 

in a line integral should be a smooth curve. You may now like to know: When 

can we say that C is a smooth curve? C is said to be a smooth curve if  

 )(tr


 as defined in Eq. (3.21b) has a continuous derivative 
dt

td
t

)(
)(

r
r




  

which is not equal to zero anywhere on C )( 21 ttt  , and  

 )(tr

  is directed along the tangent to the curve at every point (Fig. 3.6a).  

The unit tangent vector at each point on the curve is: 

  
)(

)(ˆ
t

t

r

r
t 






  (3.22) 

Since we are integrating from P to Q, the path of integration also has a 

specific direction (is oriented). We take the direction from P to Q as the 

positive direction along the curve (Fig. 3.6a). We mark the positive direction 

on the curve by an arrow. If the path is such that the initial and final points of 

the curve coincide, as in Fig. 3.6b,     21 tt rr


 , then the curve is a closed 

curve or closed contour. When the integration is over a closed path C, the 

symbol of integration 
C

is replaced by 
C

.  

Before you learn how to evaluate the line integral using the parametric 

representation, we illustrate the parametric representation of a few simple 

curves. 

(b) 

x 
 

P t̂  

Q )( 1tr


 

)( 2tr


 

(a) 

C 

y 
 

Fig. 3.6: a) Parametric 

representation of the 

path of integration;                   

and b) a closed path. 

 y 
 

 

))(),(),(( 000 tztytx  

 x 
 

 

 z 
 

 P 

)(tr


 

Fig. 3.5: Parametric 

representation of a 

curve. At the point P,   

the value of the 

parameter is ,0t  the 

position vector is 

 0tr


and the 

coordinates are 

)).(),(),(( 000 tztytx   
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Write down the parametric representation for the following: 

a) A straight line between the points (0,0) and (1,2). 

b) The ellipse 1
2

2

2

2


b

y

a

x
  

c) The circle 222 ayx   

d) A circular helix    

SOLUTION   In all four parts, we will express the equations of the 

curves in terms of a single parameter, say t. 

a) From school mathematics, you know that the equation of the straight 

line between any two points ),( 11 yx and ),( 22 yx  is: 

    )( 1
12

12
1 xx

xx

yy
yy 














  

 or  
12

1

12

1

xx

xx

yy

yy









     (i) 

 The LHS of Eq. (i) is a function of only y and the RHS is a function of 

only x. We can, therefore, equate this to a parameter t. Then 

    t
xx

xx

yy

yy











12

1

12

1  

 or  txxxtxtyyyty )()(and)()( 121121   (ii) 

 Eqs. (i) and (ii) are the parametric equations for x and y. Thus in 

general  

    jir ˆ])([ˆ])([)( 121121 tyyytxxxt 


  (3.23) 

 Using )0,0(),( 11 yx  and )2,1(),( 22 yx  in Eq. (ii), we get 

    ttyttx 2)(;)(       (iii) 

 To get the end points of the straight line in terms of t, we use Eq. (iii) 

as follows:  

 Let t = t1 for the point (0, 0) and t = t2 for the point (1, 2). Then since 

x(t) = t  and  y(t) = 2t, we get 

   002)(,0)( 1111111  tttyyttxx  

 and 122)(,1)( 2222222  tttyyttxx  

 Therefore, in terms of the parameter t, the initial point of the straight 

line is 01 t  and the final point is .12 t  The parametric 

representation of the straight line between (0,0) and (1,2) is: 

    10;̂2ˆ)(  tttt jir


  

b) Note that for ,1
2

2

2

2


b

y

a

x
 the values of both 

b

y

a

x
 and  should lie 

between 1 and 1. This suggests (see margin remark) that we can use 

the identity 1sincos 22  tt  to write the parametric representation: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The values of sin t 

and cos t lie between 

1 and 1. 

XAMPLE 3.4:  PARAMETRIC REPRESENTATION OF 

CURVES 

 

 



  

76  

Block 1                                                                                        Vector Analysis 

    t
b

y
t

a

x
sin;cos   

   tbytatx sinandcos)(   

 So, an ellipse with its centre at the origin and semi-major and semi-

minor axes a and b respectively, has the parametric representation           

(Fig. 3.7a): 

     20ˆsinˆcos)( ttbtat jir


  (3.24) 

 The parameter t is the angle the position vector )t(r


makes with the    

x-axis. As t changes from 0 to 2, the tip of the position vector traces 

the entire ellipse starting from the point A on the x-axis. The coordinate 

of each point on the ellipse is (a cost, b sint). 

 Note that if you want to take only a part of the ellipse, you have to 

choose the range of t accordingly. For example, for the part of ellipse 

in the first quadrant we write; 

    2/0ˆsinˆcos)(  ttbtat jir


 

c) Substituting a = b in Eq. 3.24, we get the parametric equation of a 

circle x2 + y2 = a2 (Fig. 3.7b): 

    20ˆsinˆcos)( ttatat jir


 (3.25) 

 The coordinate of each point on the circle is (a cos t, a sin t). 

d) The parametric equation for a circular helix (Fig. 3.7c) is: 

   πt, bbttatat 200 ;ˆˆsinˆcos)(  kjir


 (3.26) 

          

 

x  

 

y  
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
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
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             (a)         (b) 
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(t)r


 

a  

 

z  

 

t  

 
 

                                           (c) 

Fig. 3.7: Parametric representation of the a) ellipse; b) circle; c) right circular 

helix, in which the curve lies on the cylinder x
2 
+ y

2 
= a

2
. 
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The parametric representation of a curve has several applications. In 

Mechanics the parameter t in Eq. (3.21b) may be used to represent time and 

we can use the vector function )(tr


to determine the velocity and acceleration 

of an object moving along a curve. We now use the parametric representation 

of the path of integration to define the line integral of a vector function along 

the path as: 

 







2

1

)(
.)]([.

t

tC

dt
dt

td
tdW

r
rFlF




 (3.27) 

))(( trF


 is a vector function , )(tr


 is defined in Eq. (3.21b), t1 and t2 are the end 

points of the path. 

This is now the definite integral of a scalar function. We can write 

  kji
r ˆ)(ˆ)(ˆ)( tztytx

dt

d

dt

d




 

       kji ˆ)(ˆ)(ˆ)(

dt

tdz

dt

tdy

dt

tdx
  (3.28) 

Using kjirF ˆ)(ˆ)(ˆ)())(( 321 tFtFtFt 


 (see margin remark) and Eq. (3.27) we 

get: 

         














2

1

2

1

)(
)(

)(
)(

)(
)(. 321

t

t

t

t

dt
dt

tdz
tF

dt

tdy
tF

dt

tdx
tFdt

dt

dr
F


 (3.29a) 

For a two-dimensional force field jiF ˆ)(ˆ)( 21 tFtF 


, we can write the line 

integral as: 

         














2

1

2

1

)(
)(

)(
)(. 21

t

t

t

t

dt
dt

tdy
tF

dt

tdx
tFdt

dt

dr
F


 (3.29b) 

Note that the quantity in the bracket in Eq. (3.29b) is a scalar function of a 

single variable t. We can say that the integral is along the t-axis, in the 

direction of increasing t. It exists when C is a smooth curve or even a 

piecewise smooth curve. In Fig. 3.8 you can see an example of a curve which 

is piecewise smooth.  

Let us now write down a formal definition of the line integral of a vector field 

using the parametric representation of the path of integration. 

By replacing x,y,z in 

the vector function 

jiF ˆˆ
21 (x,y,z)F(x,y,z)F 


  

      k̂3 (x,y,z)F  

by the parametric 

functions );(txx                

),();( tzztyy   we 

can write the vector 

function as a function 

of the parameter t. 

-  Parametric representation of a parabola 

 

 

 

 

Write down the parametric representation for the parabola 2xy   between 

the points (0,0) and (2,4). 

 

 

 

 

SAQ 4 

 

 

 

 

Fig. 3.8: The curve 

between A and B is 

piecewise smooth. It is 

made up of the smooth 

curves 21,CC and .3C  

1C  

 

2C  

 

3C  

 

A 
 

 

B 
 

Usually in Physics we 

use the symbol F


to 

denote force fields and 

r


d  to indicate 

displacement. Here we 

use the l


d instead 

merely to highlight that 

we are talking about an 

infinitesimal 

displacement  

along a curve. 
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Calculate the line integral of the vector field jiF ˆˆ),( xyyx 


over the 

curve   jir ˆsinˆcos ttt 


with  t0 . 

SOLUTION   We use Eq. (3.30) to calculate the line integral. Let us 

write down the steps of this calculation.  

Step 1: Calculate .
dt

dr


    

jiji
r ˆcosˆsin]ˆsinˆ[cos tttt

dt

d

dt

d




              (i) 

Step 2: Write )]([ trF


 in terms of the parameter t. 

F


 is the vector field jiF ˆˆ),( xyyx 


. We write F


 in terms of the 

parameter t by replacing x and y in ),( yxF


by 

  .sin)(,cos ttyyttxx   

  jiF ˆcosˆsin tt 


                 (ii) 

Step 3: Determine ..
dt

dr
F


   

Using Eqs. (i) and (ii),  we can write : 

         
    1cossinˆcosˆsin.ˆcosˆsin. 22  tttttt

dt

d
jiji

r
F



     
(iii)          

Step 4: Evaluate ..
2

1

 







t

t

dt
dt

dr
F


    

The limits of integration are the limits of the parameter t for the path of 

integration. These are given as 01 t and .2 t  So using Eq. (iii), we get: 












0

2

1

. dtdt
dt

d
t

t

r
F


   

 

 

   

 

 

 

   

Remember that there can be more than one way of parametrizing a 
curve.  

For example, a circle 222 ayx   can be represented either as  

    jir ˆsinˆcos tatat 


   or     jir ˆcosˆsin tatat 


  

The value of the line integral does not depend on the chosen parametric 

representation of the path of integration.  

In the following example, we calculate the line integral for a two-dimensional 

vector field. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

LINE INTEGRAL OF A VECTOR FIELD 
 
If a vector field F


is continuous on a curve C which has a parametric 

representation  )(tr


 with 21 ttt   and )(tr


 is differentiable, we define the 

line integral of the vector field F


 along the curve C as: 

  







CC

dt
dt

td
tdW

)(
)].([.

r
FlF


           (3.30) 

 

 

XAMPLE 3.5:  LINE INTEGRAL OF A VECTOR FIELD 
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Determine the work done by the force field kjiF ˆˆˆ),,( zxyzxyzyx 


 in 

moving an object along the curve kjir ˆˆˆ)( 32 tttt 


 from (0,0,0) to (2,4,8). 

SOLUTION   We use Eq. (3.29a) to calculate the work done by the force 

field. Comparing the expression for )(tr


with Eq. (3.21b), we can write: 

 32 )(,)(,)( ttzttyttx   (i) 

Note that we have to determine the limits 21  and tt  of t for the path of 

integration as these are not given in the problem. The coordinates of the 

starting and ending points of the path are (0,0,0) and (2,4,8). Putting these 

values in the parametric expressions for the coordinates in Eq. (i) we can 

determine 21  and tt  as follows: 

  00)(,0)(,0)( 1
3

11
2

1111  tttzttyttx  (ii) 

and 

  28)(,4)(,2)( 2
3

22
2

2222  tttzttyttx  (iii) 

To calculate the work done we now have to evaluate the line integral  

 dt
dt

d
W

r
F


.

2

0

  (iv) 

following the steps outlined in Example 3.5. Here 

  kjikji
r ˆ3ˆ2ˆ]ˆˆˆ[ 232 ttttt

dt

d

dt

d




 (v) 

We next write F


terms of the parameter t by substituting x, y, z from Eq. (i) 

to get:  

 kjirF ˆˆˆ])([ 453 tttt 


          (vi) 

Using Eqs. (v) and (vi), we calculate: 

   632453 5)ˆ3ˆ2ˆ(.)ˆˆˆ(.)( ttttttt
dt

d
t  kjikji

r
rF




  (vii) 

The work done is:  

 

 
2

0

742

0

63

7
5

4
5














 

tt
dtttW     

       

units 
7

668
    

 

 

 

 

Let us now work out another example of a line integral of a vector field. We 

calculate the work done by a three-dimensional force field in moving an object 

along a given path. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

XAMPLE 3.6:  WORK DONE BY A FORCE FIELD 

 

 



  

80  

Block 1                                                                                        Vector Analysis 

 

The line integral of a vector field F


along a curve C has the following 

general properties: 

1.  For a constant , 

  

C C

dd lFlF


..       (3.31) 

2.     

CC C

ddd lGlFlGF


...      (3.32) 

 where G


is another vector field which is continuous over the curve C. 

3. If the curve C is made up of two curves C1 and C2 as shown in          
Fig. 3.9, we have: 

      

21

...

CCC

ddd lFlFlF


 (3.33)  

Note that the orientation of the curve is the same in all the three 

integrals. If the orientation of the path is reversed in any line 

integral, as in Fig. 3.10, the integral gets multiplied by a negative 

sign. 
 

 

 

 

 

 

 

 

PROPERTIES OF LINE INTEGRALS 
 

It is convenient to use the parametric representation when the path of 

integration is a circle, an ellipse, a helix or a parabola. However, it is not 

always necessary to use a parametric representation to evaluate a line 

integral. In Example 3.4 the integral was evaluated using Eq. (3.19b). In some 

questions, as in SAQ 3, the path of integration may be along the x, y or z-axes 

or a combination of all these. In that case, using Eq. (3.19a or b) to evaluate 

the line integral will be more convenient than using Eq. (3.30).   

In evaluating line integrals we can use any of the equations: 3.19a, 3.19b, 

3.29a, 3.29b or 3.30. 

SAQ 5  -  Line integral of a vector field 

Calculate the line integral of the vector field 3/ rrF


  along the curve 

kjir ˆˆˆ)( tttt 


, with 31  t . 

Before you study further, you should learn some properties of line integrals. 

   

 

 

 

  

 

  

   

 

 

 

  

 

So far we have discussed line integrals of the form 
C

dlA.


. There are other 

types of line integrals. Here we only state these forms. 

3.3.3    Other Types of Line Integrals  

There are mainly two other types of line integrals that you may need to use.  
These are: 

i) 
C

dlf  

Fig. 3.9: The curve C 

between points A and 

C is made up of the 

curves C1 between A 

and O and C2 between 

O and C. 

A 

 

1C  

 

2C  

 

B 

 

 

C 
 

Fig. 3.10: The line 

integral over the path 

C2 will be the negative 

of the line integral           

over the path C3 



32

..
C

d
C

d lFlF


 

3C  2C
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and 

ii)  

C

d lA


 

where f and A


 represent a scalar and vector field, respectively. While (i) gives 

a scalar, (ii) gives a vector. 

In the next section we discuss conservative vector fields, which are an 

important concept in physics. In your mechanics course BPHCT-131 you have 

studied about central conservative forces which are an example of a 

conservative vector field.  

3.4 CONSERVATIVE VECTOR FIELDS 

From the examples you have worked out so far, you have seen that the 

equation of the path of integration (either in a parametric form or in terms of 

the Cartesian coordinates) is used to evaluate the line integral. In general, 

then, the value of the line integral depends on the path (as in SAQ 3). 

However you will find that in some cases the value of the line integral of a 

vector field between any two points does not depend on the path of 

integration between these points. This notion of path independence of the 

line integral of a vector field is used to define a conservative vector field: 

A vector field F


, for which the line integral   lF


d.  between any two 

points P and Q, has the same value for all paths that begin at the point P 

and end at the point Q is called a conservative vector field. 

In other words, the line integral of a conservative force is path 
independent (Fig. 3.11).  

The force of gravity is an example of a conservative force field. You know that 

the work done in lifting an object of mass m to a height is the same. 

Irrespective of the path taken, the work done is ( mgh). Thus, the force of 

gravity is a conservative force. The electrostatic force field is also 

conservative, as you have also studied in Unit 10 of BPHCT-131.  

There are three different ways of saying that a vector field F


 is conservative. 

And all of these are equivalent to saying that the line integral of the 

vector field is path independent. These are as follows: 

1.  The vector field can be written as the gradient of a scalar field  : 

   


F  (3.34) 

2. The curl of the vector field is zero or the vector field is irrotational: 

 0F


  (3.35) 

3. The line integral of the vector field along a closed path is zero: 

   

C

d 0. lF


 (3.36) 

The line integral of a vector field over a closed path is also called a closed 

contour integral or a loop integral. It is denoted by a small circle 

superimposed on the sign of the integral as shown below: 

 
C

d lF


.  (3.37) 

If the line integral of 

F


depends on the 

path between the two 

points, then it is 

called a non-

conservative vector 

field. 

 

Fig. 3.11: Three different 

paths of integration 

between two points P 

and Q, C1, C2 and C3. If 

the line integral of a 

vector field F


has the 

same value for all these 

paths then F


 is a 

conservative vector 

field. 

1C  

 

   P 
 

Q  

 
2C  

 

3C  
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For any vector field F


 the closed contour integral along a curve C is also 

called the circulation of the vector F


 around the path C.  

SAQ 6  -  Circulation of a vector field 

Calculate the circulation of a vector field jiA ˆ)3(ˆ 2 yxxy 


 around the circle 

422  yx . 

 

Let us now introduce another concept which is used very often in physics, that 

of the scalar potential associated with a conservative force. 

3.4.1    Scalar Potential  

In mechanics we define the potential energy as the negative of the work done 

in a process. For example, if we lift a mass m to a height z the work done by 
the force of gravity is mgzW  . However, the potential energy of the 

mass increases, and if the potential energy on the surface of the Earth is 

taken to be zero, the increase in the potential energy V = mgz. In other words, 

the potential energy is the negative of the work done. So, 

 

C

dWV lF


.  (3.38) 

For every conservative force F


, we, therefore, define a function V which is the 

scalar potential function V  such that V


F . 

Let us now work out an example in which we determine the scalar potential for 

a vector field by evaluating the line integral. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

Note that we can add a 
constant V0 to the scalar 
potential V, to find 
another potential 
function, V + V0. This is 
because for any constant 

V0,  V0 = 0 and 

therefore we can write 

F


(V +V0). So the 

scalar potential is 
arbitrary up to an additive 
constant. 
 

 

 

Determine the scalar potential for an electric field due to a point charge q 

placed at the origin. 

SOLUTION   The electric field due to a charge q placed at the origin of 

the coordinate system at a point P (x, y, z) which is at a distance r from the 

origin is the force on the unit charge placed at that point and is given by: 

2/322232 )(

)ˆˆˆ(
ˆ

zyx

zyxq

r

q

r

q






kjir
rE



 

We can check that the electric field is conservative by calculating the curl of 

the the field. Using Eq. (2.7a) for the curl, we get: 

 
      2/32222/32222/3222

ˆˆˆ

zyx

z

zyx

y

zyx

x
zyx
















kji

F


 

XAMPLE 3.7:  SCALAR POTENTIAL FOR A 

CONSERVATIVE FORCE FIELD  

 

Note that we can add a 

constant V0 to the scalar 

potential V, to find 

another potential function, 

V + V0. This is because 

for any constant 

V0, 


V0 = 0 and 

therefore we can write 




F (V +V0). So the 

scalar potential is 

arbitrary up to an additive 

constant. 

 

 

r̂ is the unit vector along 

the position vector r


from 

the origin to the point P.  
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
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
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




2/32222/3222

ˆ

zyx

x

y
zyx

y

x
k     (i) 

Calculating the partial derivatives in the first term in Eq. (i) we get: 

  

    2/52222/3222

3

zyx

yz

zyx

z

y





















 

  

    2/52222/3222

3
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yz
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y

z



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
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
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





 

       

   
0

2/32222/3222
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
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y
zyx

z
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Similarly, the remaining two terms in Eq. (i) are also zero. 

  0E


   

To determine the scalar potential associated with the field we calculate the 

negative of the work done in bringing the unit charge from infinity to the 

point P, which is: 






rrr

dr
r

q
dr

r

q
dV

22
ˆ.ˆ. rrrE



 

    r

q

r

q
r











 

 

 

 

 

 
          

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

You have seen that when a vector field is irrotational (curl of the vector field is 

zero), it can be written as the gradient of a scalar function, which we call the 

scalar potential. What if the vector field were to be solenoidal? This brings us 

to the concept of a vector potential, which finds many applications in Physics. 

Let us now study about this. 

3.4.2    Vector Potentials  

Consider a solenoidal vector field F


. So 0.  F


. Recall that you have 

studied in Unit 2 that for any vector field A


,   0.  A


. Therefore we can 

write: 

A vector field with a zero 

divergence is called a 

solenoidal vector field. 

You will learn about 

electric potential in detail 

in Units 8 and 9. 
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  AFF


 0.  (3.39) 

A


 is called the vector potential associated with a solenoidal vector field F


. 

Just as the scalar potential for a conservative field is not unique and you can 

add an arbitrary constant to it, similarly the vector potential for a solenoidal 

field is also not unique. You can add the gradient of an arbitrary function, 

f


(x, y, z) to the vector potential, and the result would not change because 

the curl of a gradient of a scalar field is zero (   0 f


) .So: 

     FAA


 f  (3.40) 

3.5   SUMMARY 

  Concept Description 

Integral of a vector 

function  
 For a vector function in three dimensions defined as 

kjib ˆ)(ˆ)(ˆ)()( 321 tbtbtbt 


  the indefinite integral of )(tb


is given by: 

   dttbdttbdttbdtt )(ˆ)(ˆ)(ˆ)( 321 kjib


 

   The definite integral of )(tb


 over the interval  21, tt is:              

      

2

1

2

1

2

1

2

1

)(ˆ)(ˆ)(ˆ)( 321

t

t

t

t

t

t

t

t

dttbdttbdttbdtt kjib


                    

 For a vector function in two dimensions defined as jib ˆ)(ˆ)()( 21 tbtbt 


, the 

indefinite integral of )(tb


 is given by 

   dttbdttbdtt )(ˆ)(ˆ)( 21 jib


           

The definite integral of )(tb


over the interval  21, tt  is  

   

2

1

2

1

2

1

)(ˆ)(ˆ)( 21

t

t

t

t

t

t

dttbdttbdtt jib


 

Properties of integrals 

of vector functions 

 For any two vector functions )(and)( tt gf


 we can write 

     dttdttdttt )()()()( gfgf


 

 For the product of a vector function )(tf


 and a constant   we can write  

   dttdtt )()( ff


 

 For a vector function )(tf


 and a constant vector a


, we can write  

   dttdtt )( )](.[ fafa


 

   dtttdttt ))(()])(([ fafa

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Integrals of the scalar 

and vector products of 

vector functions 

 For any two vector functions of a scalar t,  )(ta


 and )(tb


, to 

evaluate the integrals             , and. 21 dtttIdtttI baba


we 

first compute the scalar and vector products in the integrands. We 

then integrate the result. 

Line integral  A line integral of a scalar or a vector field is a generalization of the 

single integral where the path of integration may be any curve in 

space. It can appear in three forms: 

  

CCC

dddlf lAlA


 and.,  

Work done by a force 

field F


 

 The work done by the force field F


 in moving an object along a 

path C  between the points P and Q is given by the line integral 

 
C

dW lF


.  

Line integral in the 

component form 

 The line integral of a three-dimensional force field 

kjiF ˆˆˆ
321 (x,y,z)F(x,y,z)F(x,y,z)F 


 along a path C in space can 

be written in terms of its component functions as: 

   

CC

dzFdyFdxFdW 321. lF


 

 The line integral of a two-dimensional force field 

jiF ˆˆ
21 (x,y)F(x,y)F 


 along a path C in the xy plane can be 

written  as: 

   

CC

dyFdxFdW 21. lF


 

Line integral of a vector 

field using the parametric 

representation of the 

path 

 The line integral of the vector field F


 along the curve C which has 

a parametric representation )(tr


 with 21 ttt   where )(tr


 is 

differentiable is: 

  







2

1

)(
.)]([.

t

tC

dt
dt

td
tdW

r
rFlF




  

Properties of the line 

integral 

 For a constant  , 

  

CC

dd lFlF


..  

    

CCC

ddd lGlFlGF


...  for two vector fields G


and F


. 

 

 

 If the path of integration  C is split into two curves C1 and C2
 

 

21

...

CCC

ddd lFlFlF


 

 If the orientation of the path of integration is reversed in any line 

integral, the integral gets multiplied by a negative sign. 

Circulation of a vector 

field 

 For any vector field F


 the closed contour integral along a curve C 


C

d lF


. is also called the circulation of the vector F


 around the path C. 
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Conservative vector fields  There are three different ways of saying that a vector field F


 is 

conservative or that the line integral of the vector field is path 

independent: 

 The vector field can be written as the gradient of a scalar field 

: 


F  

 The curl of the vector field is zero: 0F


  

 The circulation of the vector field is zero: 0. 
C

d lF


 

3.6   TERMINAL QUESTIONS 

1. Evaluate the following integrals: 

i)  dttttI 




0

ˆ)2(ˆcosˆsin4 kji  

ii)   

2

1

2 ˆlnˆˆ dtttetI t kji  

2. Obtain a function )(ta


which satisfies the relation 

  kji
a ˆ4ˆcosˆ 










t
tt

dt

(t)d


, given that kjia ˆ4ˆ3ˆ2)1( 


. 

3. Evaluate  







2

1

)(
).( dt

dt

td
t

a
a




 given that kjia ˆ4ˆ3ˆ2)2( 


 and 

 kjia ˆ5ˆˆ)1( 


. 

4. Evaluate  















1

0
2

2 )(
)( dt

dt

td
t

a
a




 given that kjia ˆˆ)1(ˆ2)( 2tttt 


. 

5. A two-dimensional force field is defined as 
 

,
ˆˆ

22 yx

yxk






ij
F


 

where k is a 

constant. Compute the work done by this  force in taking a particle from 

point P(1,0) to Q(0, 1) along a straight line. 

6. Determine the work done by a force     jiF ˆ2ˆ3 yxyx 


 in moving a 

particle along a curve in the xy plane given by 23;2 tytx   from t = 0 to  

t = 2. 

7. Calculate the line integral of the vector field   

kjiF ˆ10ˆ14ˆ)66( 22 xzyzyx 


 over the path C (PABQ) between the 

points P(0,0,0) and Q(1,1,1)  defined by three straight line segments PA, 

AB and BQ shown in Fig. 3.12. 

8. An object of mass m moves along a curve 

.10,ˆsinˆcosˆ)( 2  ttttt kjir


Calculate the total force acting on the 

object and the work done by the force. 

9. Show that the line integral of the vector field jiA ˆ)2(ˆ)12( 2 yxxy 


 

between the points (0, 0) and (2,1) is independent of the path between 

these points. 

Fig. 3.12: The path of 

integration between   

the points P and Q for                

TQ 7.  

 

x 
 2C  

z 
 

 

y 
 

 

)0,0,1(A

 

 

)0,0,0(P  

 
)0,1,1(B  

 

)1,1,1(Q  

 
3C

 

 
1C
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10. Calculate the circulation of the vector field jiF ˆˆ2 xyy 


 around the closed 

path along the parabola y = 2 x2 from (0,0) to (1,2) and back from (1, 2) to 

(0, 0) along the straight line y = 2x as shown in Fig. 3.13. 

3.7   SOLUTIONS AND ANSWERS 

Self-Assessment Questions 

1. a) dt
t

t
dt

t
I  





22 1

2ˆ
1

4ˆ  j   i   

              Cji


  ˆ1lnˆtan4 21 tt  

 b) We use Eq. (3.4) to write down the expression for the velocity of the 

object as: 

       dtdtt kav ˆ10


1
ˆ10 Ck


 t    (i) 

  To determine 1C


 (the constant vector) we use the initial condition on 

the velocity kiv ˆˆ)0( t


. Substituting t = 0 in Eq. (i) we get: 

   kv iC1
ˆˆ0 


t      (ii) 

Substituting for 1C


 from Eq. (ii) into Eq. (i) we get 

     kv i ˆ)101(ˆ tt 


              

To determine the position vector )(tr


 we use Eq. (3.4) to write: 

    dttdttt   )]ˆ)101(ˆ)()( kivr


     

                2
2 ˆt5ˆˆ Ckki


 tt     (iii) 

To evaluate 2C


 we substitute t = 0 in Eq. (iii) and using the given initial 

position vector kr ˆ2)0( t


we get:  

 kCr ˆ2)0( 2 


t        (iv) 

Substituting for 2C


 from Eq. (iv) into Eq. (iii) we get the position vector 

of the object: 

   kir ˆ)52(ˆ)( 2tttt 


 

2. a) ttttttttttttt  23322 3)1(3]ˆˆ3[.]ˆˆ)1(ˆ[)().( jikjiba


 

        









1

0

1

0

234
23

12

7

234

3
3)().(

ttt
dttttdttt

1

0

ba


 

 b)     kjijikjiba ˆ)43ˆ3ˆˆˆ3ˆˆ)1(ˆ)()( 234322 tt(ttttttttt 


  

        

1

0

2343
1

0

ˆ)43ˆ3ˆ)()( dttt(ttdttt kjiba


 

                       

1

0

3454
ˆ

3

4

4

3ˆ
5

3ˆ
4 



























 kji

tttt
  (i) 

Let 
21 tu  then  

       dtt
dt

du
2  

and  
 u

du
dt

t

t
21

2
 

       )1ln(ln 2tu   

ba


 

       

03

)1(

ˆˆˆ

2

2

tt

ttt





kji

 

Fig. 3.13: Figure for  

TQ 10.  

x  
 

y  

 

)(tr


 

)0,0(O
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  or   kjiba

1

0

ˆ
12

7ˆ
5

3ˆ
4

1
)()(  dttt


 

3. We evaluate these integrals using Eq. (3.19b) with 

1and 2

21  xFxyF

 Along the path I the integral is the sum of the integrals along the straight 

line segments OA and AB (see Fig. 3.14): 

      

AB

yx

OA

yx

ABOAl

I dyFdxFdyFdxFdddI lFlFlF


...  

               

ABOA

dyxxydxdyxxydx )1()1( 22    (i) 

 
Along OA,

  
  00;10  dyyx      (ii) 

 Along AB 

  01;10  dxxy      (iii) 

 So substituting from Eqs. (ii) and (iii) into Eq.(i) we get 

  
    22)11()1(

1

0

1
0

2   ydydyxI

AB

I  

Along the path II the integral is the sum of the integrals along the straight 

line segments OD and DB: 

     

DB

yx

OD

yx

DBODll

II dyFdxFdyFdxFdddI lFlFlF


...  

             

DBOD

dyxxydxdyxxydx )1()1( 22   (iv) 

 Along OD,
  

   00;10  dxxy      (v) 

 Along DB, 

   01;10  dyyx      (vi) 

 So substituting from Eqs. (v) and (vi) into Eq.(iv) we get 

   
 

2

3

2

1

0

2
1

0

1
0

1

0









 

x
yxdxdyxdxdyI

DBOD

II
- 

 

 Along the path III the integral is the integral along the straight line 

segment OB: 

      

OBOB

yx

OBIII

III dyxxydxdyFdxFddI )1(.. 2lFlF


 

            (vii) 

 The equation of the straight line OB is y = x. The limits on x and y are
 

  10;10  yx       (viii) 

So substituting from Eqs. (viii) and y= x  into Eq.(vii) and using the 

methods of Example 3.3 we get: 

Fig. 3.14: Path of 

integration for SAQ 3.  

)1,1(  
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   

1

0

2

1

0

22 )1()1( dyydxxdyxxydxI

OB

III
 

 On evaluating these integrals we get 

  3

5

3

4

3

1

33

1

0

3
1

0

3


















 y

yx
IIII  

As you can see, the value of the line integral along each of these paths is 

different.  

4. The parametric equation of the parabola y = x2 (Fig. 3.15) is: 

   2)(,)( ttyttx    

You can check that this satisfies the equation .2xy   To obtain the end 

points, we write 

   00)(;0)( 1
2
1111  tttyttx  

 and 

   24)(;2)( 2
2
2222  tttyttx  

  So the parametric representation is 

   20;̂ˆ)(r 2  tttt ji


 

5. We use Eq. (3.27) to evaluate the line integral with:  

      

;)()()(;ˆˆˆ)(;
)(

ˆˆˆ

2/32223
ttztytxtttt

zyx

zyx

r





 kjir

kjir
F




  

 and      3;1 21  tt  

  The derivative of r


is: 

  
  kjikji

r ˆˆˆˆˆˆ  ttt
dt

d

dt

d


                              (i) 

 In terms of t, we can write F


as: 

 

     kji
kjikji

rF ˆˆˆ
33

1

)3(

ˆˆˆ

)(

ˆˆˆ
)((

22/322/3222










tt

ttt

ttt

ttt
t



 
(ii)  

   Using the results of Eqs. (i) and (ii) in Eq. (3.27) we get: 

  

   
9

32

3

1ˆˆˆ.
33

ˆˆˆ
.

3

1
2

3

1
2

3

1


















  dt

t
dt

t
dt

dt

d
I kji

kjir
F


   

   
     

6. Using Eq. (3.25) we write the parametric equation for the circle C 

422  yx  as: 

   20,̂sin2ˆcos2)( tttt jir


     (i) 

 Writing down A


in terms of t using ttyttx sin2)(;cos2)(  we get: 

Fig. 3.15 

 

y 

),(
2

tt  
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 tr

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   jirA ˆ)sin2cos12(ˆsincos4))(( 2 ttttt 


 (ii)  

 Differentiating Eq. (i) w.r.t. t we get  

   
ji

r ˆcos2ˆsin2 tt
dt

d




   

Using Eq. (3.27), with ,AF


  we get the circulation of A


 as (read the see 

margin remark):  

 

   




2

0

2 ˆcos2ˆsin2.ˆ)sin2cos12(ˆsincos4. dtttttttd

C

jijilA


    

                     

 dtttttt




2

0

32 cossin4cos24cossin8     

                      

 dttttttt




2

0

22 cossin4cos)sin1(24cossin8    

                      

0]cos24cossin4cossin32[

2

0

2  


dtttttt

 

              0. 
C

d lA


    

 The circulation of the vector field is zero. 

 
Terminal Questions 

1. i)  dttdttdttI  



000

2ˆcosˆsin4ˆ kji  

        













0

2

00 2
2ˆsinˆcos4ˆ t
ttt kji  

       ki ˆ
2

2ˆ8
2








 
  

 ii)   dttettI t

 

2

1

2 ˆlnˆˆ kji  

              =     kji ˆlnˆˆ
3

2
1

2

1

2

1

3

tttete
t tt 














 kji ˆ12ln2ˆˆ

3

7 2  e  

2. Using Eq. (3.4) with    kjib ˆ4ˆcosˆ 









t
tt(t)


 we can write: 

  Ckjia

















  dt

t
ttt ˆ4ˆcosˆ)(  

)cosandsin

(using
0

0
0

cossin

2

2

0

2

dttdutu

duu

dttt



 




0

sincos

2

0

2

0







tdtt

     

0

2

sin
cossin

2

0

22

0








t

dttt
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 where C


 is a constant vector. Then 

Ckjia






 ˆln4ˆsinˆ

3

2
)( 2/3 t

t
tt  (i) 

 Substituting t = 1 in Eq. (i) and given that kjia ˆ4ˆ3ˆ2)1( 


 we get: 

Cia


 ˆ
3

2
)1(t  (ii) 

      kji ˆ4ˆ3ˆ2    

     kjiC ˆ4ˆ3ˆ
3

4



 (iii) 

Substituting for C


 in Eq. (i) we get: 

kjia ˆ)4ln4(ˆ3
sinˆ)2(

3

2
)( 2/3 













 t

t
tt


 

3. For any vector )(ta


we can write: 

    









dt

td
tt

dt

td

dt

td
ttt

dt

d )(
)(2)(

)()(
)()()(

a
.aa.

aa
.aa.a







    (i)  

 or   

   )().(
2

1)(
).( tt

dt

d

dt

td
t aa

a
a





         (ii) 

 Then we can write: 

              
2

1

2

1

2

1

2

1

)().(
2

1
)().(

2

1
)().(

2

1)(
).( ttttddttt

dt

d
dt

dt

td
t aaaaaa

a
a











  

 Using kjia ˆ4ˆ3ˆ2)2( 


 and ,ˆ5ˆˆ)1( kjia 


 we get: 

   1]2729[
2

1
)1()1()2()2(

2

1)(
).(

2

1









 a.aa.a

a
a





dt

dt

td
t  

4. For any vector )(ta


we can write: 

2

2

2

2 )(
)(

)(
)(

)()()(
)(

dt

td
t

dt

td
t

dt

td

dt

td

dt

td
t

dt

d a
a

a
a

aaa
a


















  (i) 

 as 0
aa 


dt

td

dt

td )()(
. So we can write: 

  









dt

td
t

dt

d

dt

td
t

)(
)(

)(
)(

2

2 a
a

a
a







                    (ii) 

 Therefore, 

 



























1

0

1

0

2

2 )(
)(

)(
)(

)(
)(

dt

td
tddt

dt

td
t

dt

d
dt

dt

td
t

a
a

a
a

a
a

1

0










   (iii) 
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 The integral is then: 

1

0
2

2 )(
)(

)(
)( 

















 dt

td
tdt

dt

td
t

a
a

a
a

1

0







 (iv) 

 Given that kjia ˆˆ)1(ˆ2)( 2tttt 


 we can write: 

kji
a ˆ2ˆˆ2

)(
t

dt

td




 

  
dt

td
t

)(
)(

a
a


     kjikjikji ˆ2ˆ2ˆ)2(ˆ2ˆˆ2ˆˆ)1(ˆ2 222  ttttttt   

   (v) 

   

1

0

1

0
2

2 )(
)(

)(
)( 























 dt

td
tdt

dt

td
t

a
a

a
a







    

                                                    ji ˆ2ˆ       

5. In order to evaluate the integral we have to express r


d  and F


 as a 

function of  the same parameter, say t. The equation of PQ (Fig. 3.16)as 

explained in Example 3.4 is: 

 xyyx  11  (i) 

This can be expressed in the parameteric form as ttyttx  1)(;)( ,  

where t goes from 1 to 0. Following the steps in Example 3.5, we first write 

the position vector: 

    jijir ˆ1ˆˆˆ ttyx 


 and   ji
r ˆˆ 

dt

d


 

 Next we write (t)FF


  

  
 
 22 1

ˆ1ˆ

tt

tt
k






ij
F


 

  
    

 22 1

ˆˆ.ˆˆ1
.

tt

ttk

dt

d






jijir
F


 

 
122122

1
22 







tt

k

tt

tt
k  

 The work done is calculated using Eq. (3.30) as: 

   


0

1

2 122 tt

dt
kW

 (ii) 

      


















0

1

2

0

1
2

4

1

2

12

2

12
t

dtk

tt

dtk

           

                      
2

)(
2




kk

    

(read the margin remark) 

 Alternative Method 

 The integral can be evaluated using Eq. (3.19b) as well, as follows: 

dt

d
t

a
a




)(  

    

t

ttt

212

12

ˆˆˆ

2





kji

 

 

Let 

 

   





























2/1

2/1
1

2

2

2tan2

4

1

4

1

2

1

2

1

2/1

2/1

0

1

u

u

du

t

dt

dtdutu

 

 

Fig. 3.16: Figure for TQ 5. 
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222221 ;

yx

x
F

yx

y
F







  

  as :  






















PQPQPQ

dy
yx

kx
dx

yx

ky
d

2222
. rF


 (iii) 

 The equation of the straight line PQ is x + y = 1 

   y = 1 x and  dy =  dx, (iv)   

x2 + y2 = x2 + (1  x)2 = 2x2 – 2x + 1    (v)                      

Substituting from Eqs. (iv) and (v) into Eq.(iii)  we get (see margin remark): 

  
 












0

1
22 122122

1
.

xPQPQ
xx

dx
k

xx

dxxxdx
drF


2




k
 (vi) 

6. We use Eq. (3.29b) to evaluate the line integral with:  

      
2;0,3)(,2)(,̂)2(ˆ)3( 21

2  ttttyttxyxyx jiF


  (i) 

  From Eq. (i) we write: 

   
ttytx 6)(,2)( 

 

 (ii) 

 In terms of t, we can write the components of F


as: 

   

2
2

2
1 34)2(,92)3( ttyxFttyxF 

 
  (iii)  

  Using the results of Eqs. (i) and (ii) in Eq. (3.29b) we get: 

   
48

2

9
22

)1824184())()((

2

0

4
32

2

0

322
2

2

0

1











 

t
tt

dtttttdttyFtxFI

 

7. We calculate the line integral of the vector field using Eq. (3.19a) with: 
22 10,14),66( xzFyzFyxF zyx  . Then 

   

   

C

dzxzdyyzdxyxI 22 10)14()66(
    

 

We use the path C between P and Q shown in Fig. 3.17. It consists of the 

straight line 1C  from )0,0,0(P  to ),0,0,1(A  then the straight line 2C from   

)0,0,1(A  to )0,1,1(B  and finally the straight line 3C  from )0,1,1(B  to 

)1,1,1(Q . Using the property of the line integral given in Eq. (3.33), we can 

write the line integral along the path C as: 

  

  

  













BQ

AB

PA

BQABPA

dzxzdyyzdxyx

dzxzdyyzdxyx

dzxzdyyzdxyx

IIII

22

22

22

10)14()66(

10)14()66(

10)14()66(

 

 Along ,PA  00,10  dzdyzyx  

The integral in Eq. (6) is 
the same as in Eq.(2) 
and is evaluated in the 
same way. 
 

(i) 

Note that the integral 

evaluated in Eq. (vi) is the 

same as the integral you 

evaluated in Eq. (ii).  
 

Fig. 3.17: The path of 

integration between the 

points P and Q for TQ 7.  

 

x  
 2C  

 

z  
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 )0,0,1(A  

 

)0,0,0(P  

 

)0,1,1(B

 

 

)1,1,1(Q  

 
3C  

 

1C
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2
3

6
6

1

0

1

0

3
2 














 

x

PA
x

dxxI     (ii) 

 Along :AB  00,1,10  dzdxzxy   

   

014

1

0






y

AB yzdyI      (iii) 

 Along 01,1,10,  dydxyxzBQ   

 And 

 
3

10

3

10
10

1

0

31

0

2 







 



z
dzxzI

z

BQ                (iv) 

 
3

16

3

10
02  I

 
8. We first derive an expression for the acceleration of the object: 

2

2

dt

d r
a





 

   
  kjikji

r ˆcosˆsinˆ2ˆsinˆcosˆ2 tttttt
dt

d

dt

d




 

   
  kjikji

r ˆsinˆcosˆ2ˆcosˆsinˆ2
2

2

ttttt
dt

d

dt

d




 

The force acting on the object is:  

 
)ˆsinˆcosˆ2( kjiaF ttmm 



    

 Using Eq. (3.30), the work done is: 

   

dt
dt

d
W  










1

0

.
r

F



 

 Using the results of  Eqs. (i) and (ii) in Eq.(iii): 

    dttttttmW  

1

0

ˆcosˆsinˆ2.ˆsinˆcosˆ2 kjikji

 

         

      mtmdttmdttttttm 224cossincossin4
1

0
2

1

0

1

0

   

9. Refer to Fig. 3.18. Let us calculate the line integral of the field A


 between 

the points A(0,0) and  B(2,1), along two different paths: One is the straight 

line AB  and the other is ACB. Let us first consider the path of integration 

AB. The equation of the straight line AB is 
2

x
y  (read the margin remark).  

We use Eq. (3.19b) for the line integral along AB with  

  yxFxyF 2;12and 2
21  AF


 (i) 

 We get the integral of A


along AB as: 

(i) 

(ii) 

(iii) 

The equation of a straight 

line between two points 

(x1,y1) and (x2,y2) in the xy 

plane is: 

 1
12

12
1 xx

xx

yy
yy 



















 

For the line AB, we get     

xy
2

1
  

)1,2,0,0( 2211  yxyx
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 

ABABAB

AB dyyxdxxydI )2()12(. 2lA


             (ii) 

 The limits on x and y are as follows: 

  10;20  yx   (iii) 

To evaluate the line integral over AB, we need to write each one of the 

integrals in Eq. (ii) as an integral over one variable. So we write (read the 

margin remark): 

  

5
3

4

3

)24()1(

)2()12(

1

0

2
3

2

0

3

2

0

1

0

22

2

0

1

0

2




































 

 

y
y

x
x

dyyydxx

dyyxdxxyIAB

                          

(iv)  

Next we evaluate the integral along ACB, which is the sum of the line 

integrals over AC and CB. 

               

 

CBACACB

ACB dddI lAlAlA


...              (v) 

 Along AC, the value of y is a constant (y = 0) and therefore dy = 0. 

  

  2)1)0(2()12(.
2
0

1

0

2

0

  xdxxdxxyd

AC

lA


   (vi) 

 Along CB, the value of x is constant (x = 2), so dx = 0. 

    34)24()2(.
1
0

2

1

0

1

0

2   yydyydyyxd

CB

lA


   (vii) 

 Substituting from Eq. (vi) and (vii) into Eq. (v), we get: 

  .532 ACBI    (viii) 

Since the value of the integral is same for two different paths AB and ACB, 
we can say that the line integral is path independent. 

10. The closed path of integration C is made up of the curves 21 and CC  
between the points O(0,0)and A (1,2) (see Fig. 3.14 reproduced here as 

Fig. 3.19). 1C  is described by the parabola 22xy  between the  points O 

and A. 2C  is the straight line xy 2 from A to O, so the circulation of 

F


is: 

 
 

21

...

CCC

dddI lFlFlF


  

We parameterize the parabola 22xy  as : 

Note that the integration 

is along the line AB given 

by 
2

x
y  and not along 

the x or y axes. 

Therefore, when we 

evaluate Eq. (ii), to 

integrate over x, we must 

write y in terms of x (i.e 

2

x
y  ) in the  integrand. 

Similarly, when we 

integrate over y, we write 

x in terms of y (i.e., 

yx 2 ). 

 

 

Fig. 3.18: Paths of 

integration for TQ 9.  
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)1,2(
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C
 

 

Fig. 3.19: Figure for TQ 10. 

x  
 

y  

 

(t)r


 
)2,( 2tt  

2C  

 

)0,0(O  

 

)2,1(A  

 

1C  

 



  

96  

Block 1                                                                                        Vector Analysis 

  10;2)(;)(;ˆ2ˆ)( 22  tttyttxttt jir


    

Therefore    jijiFji
r ˆ2ˆ4ˆˆ,̂4ˆˆ

342 ttxyyt
dt

d



      (i) 

Using Eq. (3.30) we then get: 

      







1

1

0

44

1

0

34
1 84ˆ4ˆ.ˆ2ˆ4.

C

dtttdttttdt
dt

d
I jiji

r
F


 

           
5

12

5

12
12

1

0

51

0

4 







 

t
dtt    

We next calculate ..

2

2 

C

dI lF


The parametric representation for the 

straight line C2 is 

  01,2)(,)(;ˆ2ˆ)(  tttyttxttt jir


 

Then, 
 

jijiFji
r ˆ2ˆ4ˆˆ,̂2ˆ 222 ttxyy

dt

d




   (ii) 

Using Eq. (3.30) we get: 

        







2

0

1

22

1

1

22
2 44ˆ2ˆ.ˆ2ˆ4.

C

dtttdtttdt
dt

d
I jiji

r
F


 

      

 
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 Finally, adding I1 and I2   we get: 
15

4

3

8

5

12
21  III     

Here we have used the 

parametric representation to 

evaluate the integral along 

AO. Alternatively we can 

write, using Eq. (3.19b) and  

y = 2x: 
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                       UNIT 4 

SURFACE AND 
VOLUME INTEGRALS 

Structure 
 

4.1 Introduction 

Expected Learning Outcomes 

4.2 Applications of Double Integrals 

4.3 Surface Integrals 

Flux of a Vector Field 

Flux of a Vector Field as a Surface Integral 

Surface of Integration 

Evaluation of Surface Integrals 

Solid Angle 

4.4 Stokes’ Theorem 

Applications of Stokes’ Theorem 

STUDY GUIDE           

 

 

4.5 Volume Integrals 

Volume Integral of the Function f (x, y, z)   

4.6 Volume Integral of a Vector Field 

4.7 The Divergence Theorem 

Application of the Divergence Theorem 

4.8 Summary 

4.9 Terminal Questions 

4.10 Solutions and Answers 

 

In this unit, you will study surface integrals and volume integrals. You should study 

Appendix A2 of this block thoroughly before you start studying this unit so that you 

understand the methods of evaluating double integrals. Surface integrals are evaluated 

by reducing them to double integrals. Volume integrals are integrations over three 

variables. Line integrals are used in this unit in the applications of Stokes’ theorem. 

Therefore, revise how to evaluate line integrals from Unit 3. 

 

“Everyone now agrees that a physics lacking all connection 

with mathematics .... would only be an historical amusement, 

fitter for entertaining the idle, than occupying the mind of a 

philosopher.”  

Franz Karl 
Achard  

 

 

How do we calculate the electric field 

of a spherical charge distribution? We 

need to solve a volume integral for 

this.  

+ 
+ 

+ 
+ 

+ 
+ 

+ + 
+ + 

+ 

+ 

+ 

 

+ 

+ 
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4.1   INTRODUCTION 

The real world is three-dimensional and as such, most physical functions 

depend on all the three spatial variables (x,y,z), as you have seen in Units 1 

and 2. You have already studied how to integrate vector functions and fields 

with respect to one variable in Unit 3. However, in physics you often have to 

integrate functions of two and three variables, over planes and arbitrary 

surfaces and volumes in space. Such integrals are called multiple integrals. In 

this unit you will study multiple integrals and their applications in physics. You 

will also study two important theorems of vector integral calculus, namely, 

Stokes’ theorem and Gauss’s divergence theorem. 

In Appendix A2 of this block, you have learnt how to evaluate double integrals 

which are integration of functions of two variables and the regions of 

integration are on the coordinate planes. At the beginning of this unit in            

Sec. 4.2, we discuss some applications of double integrals in physics, like 

determining the volume of objects and their centre of mass, etc.  

In Unit 3, you have studied line integrals. Recall that in a line integral, the 

integration is over a single independent variable but the path may be an 

arbitrary curve in space. In Sec. 4.3 of this unit, you will study the surface 

integral of a vector field, in which the integration is over a two-dimensional 

surface in space. Surface integrals are a generalisation of double integrals. 

You will learn how to evaluate a special type of surface integral which is the 

flux of a vector field across a surface. This is used extensively in physics, 

e.g., in electromagnetic theory. You will learn about some other types of 

surface integrals as well. In Sec. 4.4, you will study Stokes’ theorem and its 

applications. Stokes’ theorem tells us how to transform a line integral into a 

surface integral and vice versa. 

In Sec. 4.5, you will learn how to evaluate a volume integral in which the 

integrand is a function of three variables. This is the same as triple integral. In 

Sec. 4.6 you will study Gauss’s divergence theorem and its application. The 

divergence theorem tells us how to transform a surface integral into a volume 

integral and vice versa.   

With this unit we will complete our study of Vector Analysis. In the remaining 

blocks of the course you will study the basic principles of electricity, 

magnetism and electromagnetic theory, where you will use the concepts and 

techniques of vector analysis covered in this block. 

Expected Learning Outcomes 
After studying this unit, you should be able to: 

 use double integrals to evaluate physical quantities;  

 calculate the flux of a vector field;  

 evaluate volume integrals of scalar and vector fields; 

 state Stokes’ theorem and Gauss’s divergence  theorem and write them 

in a mathematical form; and 

 solve problems based on these theorems and apply them to simple 

physical situations. 
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4.2   APPLICATIONS OF DOUBLE INTEGRALS 

In Appendix A2 you have studied that a double integral can be used to 

determine the area of a region and volume of a solid. In the example below, 

you will use the techniques for evaluating double integrals explained in A2.2 

and A2.3 to calculate area and volume. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note that for y we write  

,22  xyx  and not 

.2 2xyx   This is 

because in the range  

.2,,21 2  xxx

 

 

 

 

i) Determine the area of the region R on xy plane bounded by the curves 

2 xy  and 2xy   by evaluating a double integral. 

ii) Calculate the volume of the solid below the surface defined by the 

function ,coscos4),( yxyxf   above the region R on the xy plane 

(z = 0), bounded by the curves 0,,0  yxx  and y  by 

evaluating a double integral. 

SOLUTION   i)  To determine the area of the region R, we have to 

evaluate 
R

dydx  where R is the region bounded by the curves 2 xy  

and 2xy   (Eq. A2.7). To carry out the double integration we first obtain 

the limits of integration for the variables x and y in the region R.  

To obtain the bounds (limits) on x, we solve the system of equations 
2xy   and ,2 xy  to get 

  2,122  xxx  

The region of integration R is then defined by the conditions 

21,22  xxyx  (read the margin remark) and we write 

   



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
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ii) The volume of the solid bound by the surface yxyxf coscos4),(   

and the region R defined by  yx 0;0  is (Eq. A2.3) 

  dxdyyxV  
 



0 0

)coscos4(  (i) 

 Integrating (i) over y we get: 

      dxyxyy





0
0

]sincos4[ dxx





0
0

]cos4[  (ii) 

 Next, integrating over x, we get 

      



0

]sin4[ xx  24  (iii) 

 

XAMPLE 4.1 : AREA AND VOLUME USING DOUBLE 

INTEGRALS 
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SAQ 1  -  Determining area and volume using double integrals 

a) Calculate the area of the region R bounded by the curves  2xy   and 

3xy   for 0;0  yx . 

b) Find the volume of the solid that lies below the surface of the curve  
4),( xyxf   and above the region in the xy plane bounded by the curves 

2xy   and .1y  

In physics, we also use double integrals to calculate several other quantities. 

We could use the double integral to determine the mass of an object like a 

planar lamina with a density function. We can also find the centre of mass of a 

laminar object or its moment of inertia about an arbitrary axis.  

Before you solve an example on the applications of double integrals, let us 

summarize some important applications:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We study one of these applications in the following example, where we 

determine the mass of an object using double integrals. 

 

 

 

 

 Centre of mass ),( cmcm yx  of a body with a density ),( yx  over a 

region R 

m

dydxyxy

y
m

dydxyxx

x R
cm

R
cm

 







),(

;

),(

     (4.1) 

 Mass m of a body with a density (mass/area) ),( yx over a region R 

 

R

dydxyxm ),(                    (4.2) 

 Moment of inertia of a body with a density ),( yx  over a region R 

about the x-axis, Ix and the y-axis Iy 

 

R

y

R

x dydxyxxIdydxyxyI ),(;),( 22            (4.3) 

 The average value  of a continuous function f(x,y) over a closed 

region R in the xy-plane is: 

  Rdydx
dydx

dydxyxf

R
R

R nintegratioofregiontheofArea;

),(

 



 (4.4) 

 

APPLICATIONS OF DOUBLE INTEGRALS 

 

 

A rectangular plate covers the region 30;40  yx  and has the mass 

density .),( yxyx   Calculate the mass of the plate. 

  

 

XAMPLE 4.2 :  APPLICATION OF DOUBLE INTEGRAL 
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In the following example we study one more application of a double integral in 

physics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SOLUTION   We use Eq. (4.2) to determine the mass of the body with 
the density function yxyx  ),( . R is defined by the equations 

,30;40  yx . So the mass 
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The temperature distribution at a point on a flat rectangular metal plate is 
22420),( yxyxT  ˚C. Calculate the average temperature on the 

plate, if the dimensions of the plate are described by 10;20  yx . 

SOLUTION  Using Eq. (4.4) we can write the average temperature on the 

plate as: 

 :;

),(

R
dydx

dydxyxT

T

R

R
avg




   10;20  yx        (i) 

Note that .units2platerrectangulatheofArea 
R

dydx  To evaluate 

the integral in the numerator of Eq. (i), we write: 

        
 


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x yR

dxdyyxdydxyxT                  (ii) 
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(iii) 

Using Eqs. (i) and (iii), the average temperature is:  

            C
3

43
avgT  

XAMPLE 4.3 : AVERAGE VALUE USING DOUBLE 

INTEGRALS 
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In the next section, you will study surface integrals of vector fields. Just as line 

integrals are integrals along a curve, for surface integrals the region of 

integration is a surface. Surface integrals have several applications in physics. 

4.3   SURFACE INTEGRALS 

In physics, we come across many types of surface integrals. The commonest 

example of a surface integral is that of flux. You may recall the concept of 

electromagnetic induction from school physics. If we move a bar magnet M 

towards a circular coil C (Fig. 4.1), we know that an electromotive force is 

induced in the coil. This happens because the magnetic flux linked with the 

coil changes with time. The question is: How do we calculate the magnetic flux 

linked with the coil at a particular position? 
 
 
 
 
 
 
 

Fig. 4.1: Magnetic flux. 

To determine the magnetic flux, we have to integrate the magnetic field 

vector over the area enclosed by the coil. It is given by 

  

s

B dSB


.  (4.5) 

Here B


 is the magnetic field due to the magnet at the position of the element 

of area S


d  of the coil. Here S is the area of the coil (the shaded region in         

Fig. 4.1). 

This type of integral is called a surface integral. This involves the integral of a 

vector field over a surface. This is one type of surface integral. You will come 

across different types of surface integrals in physics as given below. 

 

 

 

 

 

 

 

 

Type (ii) is the most common form of surface integrals in physics. In this unit, 

we focus on this type of surface integral. It is the flux of vector field A


 through 

surface S.  

Types of Surface Integrals 

Analogous to line integrals, surface integrals may appear in the following 

different  forms: 

 i)  
s

dS


 (4.6a) 

 ii) 
S

dSA


.  (4.6b) 

 iii)  

S

dSA


 (4.6c) 

where  is a scalar field and A


, a vector field. 

Magnet 
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4.3.1 Flux of a Vector Field 

Let us consider a region of space in which we have a constant vector field 

iA ˆ),,( 0Azyx 


. Recall what you have studied about flux in Unit 1 of    

BPHCT-131. You saw that the flux of rainwater can be expressed as a scalar 

product of the vector field representing the flow of rain and an area vector 

representing the top surface of the bucket. 

Let us now learn how, in general, the flux of any vector field can be written as 

a surface integral. Suppose that A


 is a vector field associated with fluid 

flowing through any region. Let the magnitude 0A  of the vector field be the 

amount of fluid that crosses unit area in unit time. Then by definition, the flux 

of the field A


 through any area is the amount of fluid that flows through 

that area in unit time.  
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.2: Flux of a vector field A


 )ˆ( ixA  through a surface a) SI perpendicular 

to A


; b) SII parallel to it. 

Thus, the flux of A


 through an imaginary square loop of area )( 2aS   placed 

in the yz plane (Fig. 4.2a) is defined as  

 2
0I aA  (4.7) 

The flux of A


 through the same area element placed in the xy plane              

(Fig. 4.2b) is 

 0II   (4.8) 

What happens if this imaginary loop is placed at an arbitrary angle to A


          

(Fig. 4.3a)? That is, it is neither parallel nor perpendicular to the flow.  
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.3: Flux of a vector field A


 through a surface S. The normal to the surface 

makes an angle  with the vector field. 

Since the loop (in yz 

plane) in Fig. 4.2a is 

perpendicular to fluid 

flow (along x-axis), fluid 

flows through it. Since 

the loop in Fig. 4.2b is 

parallel to the fluid flow, 

no fluid flows through it. 

 

The word flux is 

derived from the Latin 

word “fluxus” which 

means flow. The 

concept of flux is 

easier to understand in 

the context of fluid 

flow. You can of 

course determine the 

flux of any vector field. 
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Let   be the angle between the normal n̂  to the area element and the vector 

field A


 (Fig. 4.3b). We can resolve the vector field A


 into two components,  

 one perpendicular to S: )cos( 0 A  and  

 one parallel to it: ).sin( 0 A   

The only contribution to the flux is from the component of the field which is 

perpendicular to S, i.e. .cos0 A  So the flux is  

 cos0
2AaIII   

In vector notation, we can write this flux as the following scalar product: 

 S)ˆ.( nA


   (4.9) 

where n̂  is the unit normal to the surface S (Fig. 4.3b).  

We can write the area itself in terms of the normal vector n̂ as nS ˆS


. Then, 

the flux  of the vector field A


is: 

 SA


.   (4.10) 

Here both the vector field A


 and the unit normal are constant over the entire 

area element )(S


 over which we are defining the flux of the vector field. In 

general, the vector field may be a function of position (x, y, z). Also the surface 

itself may not be a plane, so the unit normal would point in different directions 

at different points on the surface. For example consider a part of the surface 

of a sphere (Fig. 4.4). In Fig. 4.4, we show the normal to this surface at 

different points. Note that their directions are different. How do we determine 

the flux in such cases? 

This is where we need the concept of a surface integral.  

4.3.2 Flux of a Vector Field as a Surface Integral 

Let us determine the flux of a vector field A


(x, y, z) over the surface S shown 

in Fig. 4.5.  

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.5: A surface S divided into n tiny area elements. The area of the i 

th
 element 

is ,iS it has a unit normal  in̂  and the vector field over this area 

element is a constant equal to iA


. 

The angle between 

n̂ and A


is . So     

n.A ˆ


 = ,cos0 A using 

the definition of the 

scalar product. Note 

that if we draw unit 

normal vectors to the 

surfaces SI and SII as 

well and use the 

expression   2ˆ anA.


we 

can get back Eqs. (4.7 

and 4.8) because 

0 for SI  and 

2/ for SII. 

iS  

 
in̂  

 
iA


 

 

Fig. 4.4: The unit 

normals to the three 

surface elements, 

S1, S2 and S3 are 

., ˆˆˆ 321 nandnn  

3n̂  

 
1n̂  

 

1S  

 

2n̂  

 

2S  

 
3S  
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We carry out the following steps: 

1.  We divide the surface into n tiny elements of area. The ith area element is 

ii nS ˆ
iS


 where in̂  is the unit normal to the surface for the area 

element iS  (Fig 4.5). 

2.  Assume that the vector field over each such area element is a constant 

iA


. 

3.  The flux through each element of area is .. iii SA


  

4.  The flux through the entire surface is then the sum of the flux through 

each of these elements of area. It is 

  



n

i

iinn

1

2211 ....... SASASASA


 (4.11) 

5.  In the limit as ,n we can write flux as an integral over the surface S: 

  





S

n

i

iin dSASA


..lim

1

  (4.12) 

where nS ˆdSd 


is the infinitesimal element of area on this surface.  

If the surface is a closed surface (like that of a sphere), we put a small circle 

on the sign of the integral and write flux of A


 as 

 

S

dSA


.  (4.13) 

There are several physical situations in which we need to calculate the flux of 

a vector field. One of these is the magnetic flux through the coil given by  

..

S

B dSB


  (4.14a) 

The current i flowing through a wire is the flux of the current density ( J


) (see 

margin remark) vector across a cross-section of the wire, i.e., 



S

di SJ


.

 

(4.14b) 

where S


d  is an area element of the cross-section of the wire.  

The mass (m) of fluid flowing out of a volume V is the flux of the vector v


 

across the closed surface S enclosing V. Here  is the density of the fluid and 

v


 its average flow velocity.  

  

S

dm Sv


.  (4.15) 

Before we actually evaluate surface integrals, we need to know the 

convention used for choosing the direction of .n̂  We discuss this point and 

define the area elements for integration in the following section. 

4.3.3 Surface of Integration 

In Fig. 4.6 you see an arbitrary surface of integration with a unit normal n̂ . 

Note that we could have chosen the unit normal to be pointing downwards 

from the surface instead of in the upward direction, as shown by nˆ  in           

.vJ


ne  

where n is the number 

of electrons per unit 

volume, e is the charge 

on an electron and v


 

is the average drift 

velocity of an electron. 

Fig. 4.6: The unit normal 

to the surface of 

integration may point 

outward from the surface 

like n̂  or in the opposite 

direction as nˆ . 

n̂  
 

nn ˆˆ   
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Fig. 4.6. Obviously this would change the sign of the scalar product between 

the vector field and the unit normal in the expression for the surface integral in 

Eq. (4.12). How then do we decide in which direction to choose the unit 

normal for each area? 

Consider a surface S enclosed by a closed curve C (Fig. 4.7) in a plane. It is 

an open surface lying on that plane. The direction of the normal depends on 

the sense in which the perimeter of this surface is traversed. If the right hand 

fingers are placed in the sense of travel around the perimeter, the positive 

normal points in the direction indicated by the thumb of the right hand             

(Fig. 4.7). Suppose the surface shown traversed in the sense, 
xyxyx  . The positive normal to the surface will be parallel 

to the positive z-axis.  

If a volume is enclosed by a curved surface, it is called a closed surface        

(Fig. 4.8). The shell of a whole egg is an example of a closed surface. For 

such a surface the direction of the normal varies from point to point. However, 

at any point, the convention is to take the normal to the surface pointing 

outwards.  

We may sometimes come across curved open surfaces. Examples of such 

surfaces are the shell of a cracked egg or a bowl (Fig. 4.9). In this case one 

side of the surface is chosen arbitrarily as outside and at any point the 

direction of the normal is outward. So we come to the general convention that: 

The vector n̂  for any curved surface always points outwards from the 

surface.   

In this unit we will study the surface integral over plane surfaces like the 

surface of a cube or cuboid. Surface integrals over curved surfaces are 

usually evaluated using non-Cartesian coordinates and this is beyond the 

scope of this syllabus. 

Let us now describe the area element nS ˆdSd 


 for the surface of a cube or 

cuboid. 

Area elements on the surface of a cube or cuboid 

In Fig. 4.10 we show some typical area elements on the different faces of a 

cube/cuboid. For example, for an area element on face S1, the outward 

normal is along the negative z-axis, so the area element is .k̂dxdy  

 

 

 

 

 

 

 

 

 

 

 

 

                                 Fig. 4.10: Surface area elements on a cube. 

The integral over a 

closed surface like the 

surface of a sphere, is 

indicated by 
S

.  

 

Fig. 4.7: Direction of 

the normal vector for 

a plane surface. 

y  

 

x  
 

C  

 

n̂

 

 
S  

 

z  
 

Fig. 4.9: We choose the 

outer surface of the 

shell to be the outside 

and draw the outward 

normal. 

n̂  
 

5S


d  

 

k̂dxdy  

 

2S


d  

 

6S


d  

 

4S


d  

 

3S


d  

 

4S


d  

 y  

 

x  
 

k̂dxdy

 

 

1S


d  

 

ĵdxdz  

 ĵdxdz

 

 

îdydz  

 

dx  

 

dy

 

 1S


d

 

 

z  
 

Fig. 4.8: Outward 

drawn normal to a 

closed surface. 

n̂  
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The LHS of Eq. (i) is 

an integral over the 

entire surface 

whereas each 

integral on the RHS 

is on a plane, a face 

of the cube. 

NOTE  

You may note that the area element for the face 6S is îdydz . You may like to 

write the area elements for the remaining faces. Try the following SAQ: 

SAQ  2  -  Area elements on the surface of a cube/cuboid 

Write down the area element for the faces 432 ,, SSS  and 5S  of the cuboid in 

Fig. 4.10. 

4.3.4 Evaluation of Surface Integrals 

A surface integral is evaluated as a double integral, over two variables. This 

means that we must describe both the vector field and the surface in terms of 

the same variables and then evaluate the double integral. In many problems 

on surface integrals, the choice of variables can be made by looking at the 

symmetry of the surface of integration.  

Let us understand this by working out a few examples. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Calculate the surface integral of a vector field kjiA ˆˆ2ˆ2 yzxzxz 


 over the 

surface of a unit cube occupying the space 0  x  1; 0 y  1; 0  z  1. 

SOLUTION   You have learnt about the area elements for each face of a 

cube in Sec. 4.3.3. Integrating A


 over the surface of the cube means that we 

have to integrate over each face of the cube. So 

 

654321

654321 .......

SSSSSSS

ddddddd SASASASASASASA


  (i) 

Now let us integrate A


 over the surface 1S  which is on the plane z = 0         

(Fig. 4.11):  

)0(0[.2ˆ2[.

111

]ˆ]ˆˆ
11    zyzdxdydxdyxzxzdI

SSS

yz 


kkjiSA   (ii) 

We next integrate A


 over the surface 2S  which is on the plane z = 1:   

   

)1(

.2ˆ2.

2 222

ˆˆˆ
22



   

z

ydxdyyzdxdydxdyxzxzdI

S SSS

yz




kkjiSA

 

(iii) 

We can evaluate this as a double integral on a rectangular region 2S using 

Eq. (4.7) with the following limits on x and y to define the region 2S : 

 10;10  yx                                                     (iv) 

                 
2

1

2
][

1

0

2
1
0

1

0

1

0

2

2






































 

y
xydydxydxdyI

S

    (v)                

(v) 

 

 

XAMPLE 4.4 : SURFACE INTEGRAL OF A VECTOR FIELD 

OVER A CUBE 

 

 

In many problems of 

surface integration, 

non-Cartesian 

coordinates are used 

for convenience. The 

choice of coordinate 

system is decided by 

the symmetry of the 

physical system. 

x  
 

Fig. 4.11: Unit cube of 

Example 10.1 with the 

surfaces 321 ,, SSS and 

4S  marked. These 

correspond to the 

planes z = 0, z = 1, y = 0 

and y = 1 respectively. 

3S

 

 

y  

 

1S  

 

z  
 

2S  

 
4S  

 

1 
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O 

B 

A 

 

s 

r 

Fig. 4.12: Angle  
in a plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SAQ 3  -  Surface integral 

a) Calculate the integrals 54,II and 6I from Example 4.4. 

b) Calculate the surface integral 
S

dSr


.  where kjir ˆˆˆ zyx 


 and S is the 

surface of a disc of radius 2 units, lying in the plane z = 5, defined by 

   5;422  zyx  

4.3.5 Solid Angle 

We now explain the concept of a solid angle which will be used in the next 

block. You are familiar with an angle in a plane. You know that in two-

dimensions, it is the angle between two straight lines, say AO and BO, that 

intersect at a point O (Fig. 4.12). It is measured in the plane of the same lines 

and defined as 

  
r

s
    (in rad) 

where s is the arc length of a circle of radius r passing through A and B. A 

solid angle is a three-dimensional analogue of the two-dimensional angle. Let 

us define it.  

Similarly, for the surface 3S )10;10(  zx is on the plane y = 0, we 

have   

   

      

333

2ˆ.2ˆ2. ˆˆ
33

SSS

xzdxdzdxdzxzxzdI yz jiSA kj


    

(vi) 

Evaluating this as a double integral we can write: 

     
2

1

2
222

1

0

2
1

0

21

0

1

0

3

3














































 

z

x

x
zdzxdxxzdxdzI

S

 (vii) 

You may like to work out for yourself the values of the integral of A over the 

faces S4, S5 and S6 of the cube (SAQ 3a). You will see that 

   
2

1
.

4

44  
S

dI SA


         

(viii) 

   

0.

5

55  
S

dI SA


         

(ix) 

and 

   

1.

6

66  
S

dI SA


         

(x) 

The total flux of A


through the surface of the cube is found by substituting 

the surface integral corresponding to each surface in Eq. (i) from 

Eqs.(iii),(v),(vii), (viii),(ix) and (x) to get: 

 
2

1
10

2

1

2

1

2

1
0. 

S

dSA

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Fig. 4.13: The solid 

angle d subtended 

by an area element 

S


d at a point O. 

P 

A 
d 

S


d  

r̂  

Consider an arbitrary differential area element S


d  of a surface at a distance r 

from a point P to the surface element. Let r̂ denote the unit vector from the 

point P to the area element (Fig. 4.13). Then, by definition, the solid angle d 

subtended by the surface area element S


d  at the point P is given by 

  
22

cosˆ

r

dS

r

d
d




r.S


 (4.16) 

where  is the angle between the normal to the surface element and .r̂ The 

unit of solid angle is the steradian which is dimensionless.  

The net solid angle subtended by the entire surface S is given by the surface 

integral: 

   

SS
r

d
d

2

ˆ S.r


 (4.17) 

The solid angle of a closed surface is an important special case that we will 

use in Unit 6 of Block 2. 

The net solid angle subtended by a closed surface S surrounding a point is 

given by 

    4
.ˆ

2
S

r

dSr


 (4.18) 

Note that for a closed surface, the vector S


d  is always taken as the normal to 

the surface pointing outwards. The proof of Eq. (4.18) is beyond the scope of 

this course.  

So, the net solid angle subtended by a closed surface of any shape, on a point 

enclosed by it, is 4 steradians. 

You may now work out the following SAQ. 

SAQ 4  -  Surface integral on the surface of a sphere  

Evaluate (i) 
S

dSr


.ˆ  and (ii) 
S

r

d

2

.ˆ Sr


 where S is a sphere of radius R. 

Integral theorems allow you to transform one type of integral into another. We 

now study the Stokes theorem which allows us to transform surface integrals 

into line integrals, and conversely, line integrals into surface integrals. 

4.4 STOKES’ THEOREM 

Stokes’ theorem states that: ‘The integral of the curl of a vector field over a 

surface S is equal to the line inetgral of the vector field over the closed 

path  C bounding S. It is expressed mathematically as 
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Fig. 4.14 shows some examples of surfaces bounded by closed paths. 
 

 

 

 

  

                      Fig. 4.14: Surfaces bounded by closed paths. 

Let us now use Stokes’ theorem to evaluate an integral.  

 

 

 

S  

 

C  

 

C  

 

S  

 S  

 

Fig. 4.15: The contour C 

and surface S for 

Example 4.5. 

t  
O  

 
 

x  

A  
 

2radius  

 

y  

 

)(tr


 

 

z  
 

B  
 

   

C S

dd SAlA


. .  (4.19) 

 

 

 

Verify Stokes’ theorem for the vector field kjiF ˆˆˆ xzy 


over the closed 

contour C enclosing the plane surface S shown in the Fig. 4.15. Here AB is 

the arc of the circle of radius 2 with its centre at the origin. 

SOLUTION   To verify Stokes’ theorem we must show: 

    

C S

dxzydxzy Skjilkji


.)ˆˆˆ().ˆˆˆ(   (i) 

C is the closed contour OAB which encloses the quarter circle in the yz 

plane. The radius of the circle is 2 units. Let us first integrate the line integral 

on the LHS of Eq. (i). The contour C is made up of 21,CC and 13,CC  is the 

straight line OA along the y-axis, 2C  is the arc AB of the circle and 3C is the 

straight line BO along the z-axis. Then 

      
 

321

.)ˆˆˆ(.)ˆˆˆ(.)ˆˆˆ(1

CCC

dxzydxzydxzyI lkjilkjilkji


     

(ii) 

We first evaluate the first and third integrals on the RHS of Eq. (ii). Using      

Eq. (3.19a), we can write 

  )along0(.)ˆˆˆ(

1 1

2

0

OAdzdxzdyxdzzdyydxdxzy

C C

  

lkji

 

                                                    ) along 0(0 OAz     (iii) 

 

 

 

 

XAMPLE 4.5 : EVALUATION OF LINE INTEGRAL USING 

THE STOKES’ THEOREM 
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and 

  

  )along0(.)ˆˆˆ(

0

233

BOdydxxdzxdzzdyydxdxzy

CC

  

lkji

 

               ) along 0(0 BOx    (iv) 

To evaluate the line integral along ,2C  we parametrize the curve AB as 

follows: 

2/0;sin2)(,cos2)(0)( ;ˆsin2ˆcos2)(  t ttztty,txttt kjr


  

 (v) 

jikjiF ˆsin2ˆcos2ˆˆˆ ttxzy 


;  kj
r ˆcos2ˆsin2

)(
tt

dt

td




 (vi) 

Using Eq. (vi) in Eq. (3.28) for the line integral we get (see also margin 

remark): 

 






2/

0

)ˆcos2ˆsin2(.)ˆsin2ˆcos2(.)ˆˆˆ(

2 tC

dtttttdxzy kjjilkji


 

                        




2/

0

2 )sin4(

t

dtt  (vii) 

Adding up the contributions from each segment, the line integral over OAB 

is found by substituting the results of Eqs. (iii), (iv) and (vii) in Eq. (ii): 

  

 001I  (viii) 

We next evaluate the surface integral in the RHS of Eq. (i). We first 

calculate the curl of the vector field (see margin remark): 

 

  kjiF ˆˆˆ 


 (ix) 

Note that the surface S is a plane surface on the yz plane. If we curl the 

fingers of our right hand around the contour in the direction of the contour, 

the normal to the surface is along the positive x-direction. We can consider 

the element of area on the yz plane to be: 

 iS ˆdydzd 


 (x) 

Then 

  

SSS

dydzdydzdxzyI  )ˆ(.)ˆˆˆ( .)ˆˆˆ( curl2 ikjiSkji


 (xi) 

Using the area property of the double integral we can see that: 

   )2radiusofcircleof(Area
4

1
ofArea Sdydz

S

 

Therefore, the integral of Eq. (xi) is just 

   2I  (xii) 

The  line integral of Eq. (viii) and the surface integral of Eq. (xii) both give 

us the same result, thereby, verifying Stokes’ theorem.

 

   

4/

)2sin
2

1

2

1
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2

1
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1

2

)2cos1(
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2/
0

2/
0

2/

0 0

2/

0

2/

0

2/

























 







tt

dttdt

dt
t

dtt

 

   

kji

kji

F

ˆˆˆ

ˆˆˆ
















xzy

zyx


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You may now like to work out an SAQ on solving integrals using Stokes’ 

theorem. 

 

SAQ 5  -  Evaluation of line integral using Stokes’ theorem 

Using Stokes’ theorem, evaluate 
C

d lA


.  around the closed curve C shown in 

Fig. 4.16 given that: 

  jiA ˆˆ( y)(xy)x 


 

4.4.1 Applications of Stokes’ Theorem 

We shall now discuss an application of this theorem. The direct evaluation of 

B




 

where B


 is magnetic field due to a current carrying conductor is quite 

tedious. To obtain ,B


  we shall use Stokes’ theorem and the circuital form 

of Ampere’s law, 

  




C

id 0l.


B  (4.20) 

where C is any closed path that is linked with the current i (Fig. 4.17). For a 

path like C, which is not linked with the current, we have 

   

C

d 0. lB


 

Now, our task is to calculate .B


  From Stokes’ theorem we get: 

    

SC

dd SBlB


 ..   (4.21) 

where S is enclosed by C. 

Recall that in Eq. (4.14b) we have defined current in terms of the current 

density J


 as: 

  

S

dI SJ


.   (4.22) 

Hence, from Eqs. (4.20), (4.21) and (4.22), we get 

     

SS

dd SJSB


.  . 0   (4.23) 

or 

   

  

S

d 0.0 SJB




 

(4.24) 

Since d S


 is arbitrary, the integrand must be zero. Therefore, 

   JB


0  (4.25) 

Thus we see that B


 has a non-vanishing curl.  

You have learnt in your Mechanics Course (BPHCT-131) that the curl of a 

conservative force field is zero. We can prove the same result using Stokes’ 

theorem. You can work this out yourself in the following SAQ. 

Fig. 4.16: Figure for 

SAQ 5. 

O 

y 

x 

 
2

xy   

C 

2
yx   

S
 

Fig. 4.17 

C  

i  

C  
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SAQ 6  -  Application of Stokes’ theorem 

Using Stokes’ theorem, prove that curl of a conservative force field is zero 
everywhere. 

So far you have learnt how to evaluate double integrals and surface integrals, 

which involve successive integrations over two variables. Next we study 

volume integrals (also called triple integrals) which involve successive 

integrations over three variables. 

4.5 VOLUME INTEGRALS 

Let us first define volume (also known as triple integrals) integrals, where we 

integrate a function of three variables, ),,( zyxf  over a closed volume   in 

the Cartesian coordinate system. The method we follow is similar as for 

defining a double integral.  

4.5.1 Volume Integral of the Function f (x, y, z)  

Like the double integral, the triple or volume integral is also defined as the limit 

of a sum. Let us see how this is done.  

1. We first partition the three dimensional volume    into n parts by drawing 

planes parallel to the three coordinate planes. As a result, the volume   

is filled with boxes, which we now number from 1 to n. Each box has a 

volume .iiii zyxV   

2. We choose a point ),( , iii zyx in each of these boxes and define a sum of 

the form: 

  



n

i

iiiin VzyxfS

1

),,(     (4.26) 

3. As n increases, the volume of the boxes becomes smaller and smaller. 

The volume integral of the function ),,( zyxf  over the region   is defined 

as the limit of the sum Sn in the limit n .   

The volume integral of a function ),,( zyxf  over a closed bounded region 

  is defined by the expression: 

  
 

  dxdydzzyxfdVzyxfVzyxf i

n

i

iiin ),,(),,(),,(lim

1

 (4.27) 

You have seen before that the integral of the function of a single variable 

with respect to that variable represents an area, and a double integral of a 

function of two variables represents the volume under a surface. What, 

then, is a volume integral? We can say that it represents a summation in a 

hypothetical 4th dimension.  

Let us try to understand this point with an example. Imagine a balloon that 

is being inflated. We define the surface of the balloon with the help of an 

equation ).,( yxfz   However since the size of the balloon is changing 

with time, each of these variables is also a function of time t.  If we 

integrate with respect to x and y, we get the volume of the balloon as a 

function of t. If we put in a value of t we will get the value of the volume of 

the balloon at that instant of time. However, now we can perform the 

integration over t to sum up the volume over the entire process of inflation 

that would be the volume integral.  
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We now write down the properties of the volume integral, which are quite 

similar to the properties of a double integral. 

4.5.2 Properties of the Volume Integral  

For any two functions ),,( zyxf  and ),,( zyxg  defined over the three 

dimensional region , the volume integral has the following properties:  

Linearity:  

     dxdydzzyxfdxdydzzyxfdxdydzzyxgzyxf 


 ),,(),,(),,(),,(  

         (4.28)    

where  and  are  constants. 

Additivity: 

If the region   can be broken up into several non-overlapping regions 

,,...,, 21 n  we can write: 

dxdydzzyxf


),,(      

      dxdydzzyxfdxdydzzyxfdxdydzzyxf

n




 ),,(....),,(),,(

21

 

 (4.29)  

Volume Property:  

If the function ,1),,( zyxf then the volume integral over the region   gives 

the volume of  : 

  


dxdydz1 Volume of the region      (4.30) 

Let us now see how a volume integral may be evaluated by iterated 

integration.  

4.5.3 Evaluation of a Volume Integral  

In evaluating the volume integrals we will once again perform iterated 

integration. In evaluating a double integral, where we integrate with respect 

to two variables, we perform a two-fold iterated integration. This, as you have 

seen in Sec. A2.2 of Appendix A2, can be carried out in two different ways 

depending on the order in which the integration over the two variables is 

carried out. Here we have three variables, so we carry out three-fold iterated 

integrations. However, in this case there are six possible ways of carrying out 

the repeated integral. If ),,( zyxf  is continuous, all the six iterated integrals are 

equal.  

Let us consider the solid region   bounded below by the surface ),,(1 yxvz   

and above by the surface ),,(2 yxvz   as shown in Fig. 4.18. The projection 

of the solid onto the xy plane is the region A (Fig. 4.18). We assume that the 

functions ),(1 yxv and ),(2 yxv are continuous in the region A. Then, for a 

function ),,( zyxf  continuous in the solid region ,  we can write. 

Fig. 4.18: Limits of 

integration on the 

variable z in the 

region .  

),(2 yxv  

 

y  

 

A  
 

z  
 

x  
 

),(1 yxv  
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dydxdzzyxfdxdydzzyxf

A

yxv

yxvz

 




















),(

),(

2

1

),,(),,(   (4.31) 

Once we calculate the integral within the bracket, we are left with (in general) 

a double integral of a function of two variables x and y to be integrated with 

respect to x and y. And we can use Eqs. (A.2.9) or (A.2.11) to evaluate this 

double integral. So if A is a region in the xy plane defined by: 

)()(; 21 xuyxubxa          (4.32) 

the volume integral reduces to: 

dxdydzzyxfdxdydzzyxf

b

ax

xu

xuy

yxv

yxvz

  
   


































)(

)(

),(

),(

2

1

2

1

),,(),,(     (4.33) 

As for double integrals, remember that iterated integral for the volume integral 

can be performed in any order of variables. Here we have chosen to integrate 

over z first, then over y, and finally over x. The choice of the order of the 

variables of integration is to be made according to our convenience. In 

Example 4.6, we integrate over y first, then over z and finally over x. Volume 

integrals are used to evaluate several quantities of interest to physicists, such 

as the volume and mass of an object of arbitrary shape, its centre of mass and 

its moment of inertia. We summarize these applications below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Volume V of a region : 

  


 dydzdxV       (4.34) 

 Mass m of a body with a density ),,( zyx  over a region : 

  


 dydzdxzyxm ),,(        (4.35) 

 Centre of mass of a body ),,( cmcmcm zyx  with a density ),,( zyx  

over a region : 

       

m

dydzdxzyxz

z

m

dydzdxzyxy

y
m

dydzdxzyxx

x

cm

cmcm





















),,(

;

),,(

;

),,(

(4.36) 

 Moment of inertia of a body with a density ),,( zyx  over a region   

about the x-axis ),( xI  about the y-axis )( yI and about the z-axis :)( zI  

  


 dydzdxzyxzyIx ),,()( 22    (4.37a) 

  ;),,()( 22



 dydzdxzyxzxIy        (4.37b) 

 


 dydzdxzyxyxIz ),,()( 22    (4.37c) 

APPLICATIONS OF VOLUME INTEGRALS 
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In the following example, we determine the moment of inertia of a cube by 

carrying out a volume integral. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

You may now like to evaluate a few integrals by this method. 

 

SAQ 7  -  Evaluating volume integrals  

a) Evaluate the volume integral of the function  yzxzyxf sin),,(  for 

.,,0  zyx  

b) Determine the mass of a unit cube of density  (x, y, z) = x + 2y + 3z. 

 

 

Consider a cube with uniform density  and side a. The cube is placed such 

that its edges lie along the x, y and z axes as shown in Fig. 4.19. Determine 

the moment of inertia about an edge of the cube. 

SOLUTION   To evaluate the moment of inertia about the x-axis, we use 

Eq. (4.37a). The limits of integration on the three variables are (Fig. 4.19): 

 azayax  0;0;0  

We write the moment of inertia as:  

   dxdydzzyI

a

x

a

y

a

z

x   
  



0 0 0

22  

      dxdy
z

zy

aa

x

a

y 00 0

3
2

3 
  













 (integrating over z first) 

      dxdy
a

ay

a

x

a

y

 
  















0 0

3
2

3
 

      dx
yaay

aa

x 00

33

33
 













  (integrating over y) 

     dxa

a

 









0

4

3

2
 5

0

4

3

2

3

2
axa

a









   (i) 

The mass of the cube is .(volume)density)( 3aM   Substituting for  in 

Eq. (i) we get: 

 2

3

2
MaIx   

 

 

 

 

 

XAMPLE 4.6 : DETERMINING MOMENT OF INERTIA 

USING THE VOLUME INTEGRAL 

Fig. 4.19: A cube of  

side a. 

z  
 

x  
 

y  

 
a  

 

a  

 

a  
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4.6 VOLUME INTEGRAL OF A VECTOR FIELD 

So far in this unit we have discussed the volume integrals of a scalar field. 

Sometimes, however, you may have to evaluate the volume integral of a 

vector field. The volume integral of a vector field is written as: 

 
V

dVA


 (4.38) 

where V is the volume over which the integration is to carried out. The volume 

element dV is a scalar and so we can write the volume integral of the vector 

field ,ˆˆˆ
321 kjiA AAA 


as: 

   

V VVV

dVAdVAdVAdV 321
ˆˆˆA kji


 (4.39) 

The integral of Eq. (4.39) reduces to a combination of integrals of scalar 

functions. The result of the integration is a vector quantity.  

We now discuss another integral theorem. This theorem tells us how to 

convert a surface integral into a volume integral and vice versa. 

4.7 THE DIVERGENCE THEOREM 

The divergence theorem states that ‘the integral of the divergence of a 

vector field over a volume V is equal to the surface integral of the vector 

over the closed surface bounding V.’ 

The divergence theorem is sometimes also referred to as the Gauss’s 

divergence theorem, Gauss’s theorem or the divergence theorem of Gauss. It 

is expressed mathematically as 

    

VS

dVd ASA


..  (4.40) 

where V is enclosed by S (Fig. 4.20). 

Let us now work out an example to understand how to apply the divergence 

theorem. 

 

 

 

 

 

 

 

 

 

 

 

 

i) Use the divergence theorem to obtain the flux of a vector field 

kjiA ˆ2ˆˆ3 zyx 


 over a cube of side 2a. The vertices of the cube are at 

),,( aaa  as shown in Fig. 4.21. 

ii) Use the divergence theorem to evaluate the flux of the vector field 

kjiF ˆˆˆ zyx 


over the sphere 
2222 azyx  . 

SOLUTION  i) Recall from Eq. (4.6b) that the flux of the vector field is 

defined as 
S

dSA


. . Here S is the surface of the cube shown in Fig. 4.21. 

Using the divergence theorem, we evaluate  
V

dVA


. , where V is the  

 

XAMPLE 4.7 :  DIVERGENCE THEOREM 

 

 

Fig. 4.20: A closed 

surface S enclosing a 

volume V. 

V  
 

S  

 

y  

 

z  
 V  

 

x  
 

2
a

 

Fig. 4.21: Cube with 

side 2a. The cube is 

bounded  by the planes 

x = ± a, y = ± a, z = ± a . 
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You may now like to work out the following SAQ. 

 

SAQ 8  -  Evaluating surface integral using the divergence  

         theorem 

Evaluate , ˆ. SnV


d

S

 where kjiV ˆsinˆˆcos 22 yzxzyx 


 and S is the 

surface of a sphere with its centre at the origin and radius 3 units. 

 

Let us now consider an application of the divergence theorem. 

4.7.1 Application of the Divergence Theorem 

You have studied in your school physics courses that the electric field due to a 

point charge q, at a point whose position vector with respect to the location of 

q is r


, is given by 

  
rE


3r

kq
      (r  0) (4.41)  

where k is a constant dependent on the nature of the medium. 

Let us now determine  the flux of E


 through a sphere of radius a (Fig. 4.22) 

whose centre is at the position of the charge q. 

The required surface integral is 
S

d ,. SE


 where S is the surface of a sphere of 

radius a. Here 

 region enclosed by the surface of the cube. The region V is defined by 

the limits: 

  azaayaaxa  ;;   (i) 

 Let us first evaluate A


.  : 

  4
)2()()3(

. 















z

z

y

y

x

x
A


  (ii) 

Using the result of Eq. (ii) in the divergence theorem we can write the flux 

of the vector field A


as (read the margin remark): 

  33 32)2(44.S. aadVdVd

VVS

  AA


  

ii) Using the divergence theorem for the vector field kjiF ˆˆˆ zyx 


 we can 

write for the flux, 

  

    

VSS

dVzyxdzyxd  ˆˆˆ..ˆˆˆ. kjiSkjiSF 


  (i) 

where V is the volume enclosed by the sphere enclosed by surface S 

given by 2222 azyx  . We evaluate the integral on the RHS of   

Eq. (i)  

       
  

































VV V

aadVdV
z

z

y

y

x

x
dV 33 4

3

4
33.F



 

(ii) 

 

 

 

In writing the final 

result we have used 

the volume property of 

the triple integral to 

write 
V

dV as the 

volume of the region V, 

which is just the 

volume of the cube of 

side 2a that is 8a
3
. 

 

a  

 

q  

 

Fig. 4.22: Electric 

flux due to a point 

charge q through a 

sphere of radius a. 

Using the volume 

property of the triple 

integral we can see 

that 
V

dV  is just the 

volume of the sphere 

of radius a which is 

3

3

4
a . 
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  rrrE ˆˆ
233 r

kq
r

r

kq

r

kq



 (4.42) 

where r̂ is the unit vector along the position vector r


.Contribution to a surface 

integral comes from the surface only. So we have to know E


 on the surface of 

the sphere, which is r̂
2a

kq
. Again, we know at every point on the sphere 

rS ˆdSd 


where dS is the surface element on the surface of a sphere. 

Hence, the required flux = 
S

dS
a

kq
rr ˆ.ˆ

2 

S

dS
a

kq

2
      ( 1)  ˆ . ˆ rr  

                         

S

dS
a

kq

2
 (4.43) 

because  dS is the surface area of the sphere of radius a which is 4a2, we 

can write 

   kqd

S

 4. SE


  (4.44) 

where S is the surface of a sphere that encloses charge q. It can be shown 

that the above result is true for any charge distribution. Suppose that a closed 

surface enclosing a volume V has a continuous distribution of charge. If the 

charge per unit volume is , then  

V

dVq .  

An example of such a distribution is a charged sphere. For this distribution, we 

have 

    

VS

dVkd  4. SE


  (4.45) 

But using Eq. (4.40), we have 

   

VS

dVd  E .SE


.  (4.46) 

From Eqs. (4.40) and (4.44),, we get 

   

VV

dVkdV 4  . E


 

or    0 4 .  dVk

V

E


 (4.47) 

Since dV is an arbitrary infinitesimal volume element, the integrand in             

Eq. (4.47) must be zero: 

   kk 4 .04 . EE


 (4.48) 

Eq. (4.48) tells us that the divergence of the electric field vector due to a 

continuous distribution of charge is independent of the extent of distribution. It 

depends only on the charge per unit volume. In charge-free space,  = 0, so 

that 

  0 E .


 (4.49) 

The advantage of the divergence theorem is that it enables us to convert a 

volume integral to a surface integral and vice versa. In applications of the 

divergence theorem, the strategy for problem solving should be to evaluate 

the simpler of the two integrals. 

You may now like to solve an SAQ to apply the divergence theorem. 
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SAQ 9  -  The divergence theorem 

a) Show that for any closed surface S the surface integral 

   

S

Vd 3Sr


 

 where V is the volume of the region enclosed by the surface. 

b) Show that for a vector AB


  

   

S

d 0SB


 

4.8   SUMMARY 

Concept Description 

Applications of double 

integrals 

 Double integrals are used in physics to evaluate the following quantities: 

 Area  A of a region R 

  

R

dydxA  

 Mass m of a body with a density ),( yx  over a region R 

  

R

dydxyxm ),(                    

 Centre of mass (xcm,ycm) of a body with a density ),( yx  over a region 

R 

  
m

dydxyxy

y
m

dydxyxx

x R
cm

R
cm

 







),(

;

),(

     

 The average value  of a continuous function f(x,y) over a closed 

region R in the xy plane is: 

 Rdydx
dydx

dydxyxf

R
R

R nintegratioofregiontheofArea;

),(

 



 

Surface integral  The surface integral of a scalar or a vector field is the generalisation of the 

double integral where the region of integration may be any surface.  

Surface integrals can occur in any of the following three forms: 

   

SSS

ddd SASAS


 and.,  

The element of area is nS ˆdSd 


. 
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Flux of a vector field  The flux of  a vector field A


 over a surface S is given by the surface integral  



S

dS.A


 

Volume/triple  integral 

of a function 

 The volume/triple integral of a function f(x,y,z) over a closed bounded region 

  is written as 


dVzyxf ),,( or 


dxdydzzyxf ),,(  and  can be defined as 

the limit of a sum as follows: 

  
 

  dxdydzzyxfdVzyxfVzyxf i

n

i

iiin ),,(),,(),,(lim

1

 

Applications of volume 

integrals 

 Volume/triple integrals are used in physics to evaluate the following 

quantities: 

 Volume V of a region  

  


 dydzdxV  

 Mass m of a body with a density ),,( zyx  over a region  

 


 dydzdxzyxm ),,(  

 Centre of mass of a body ),,( cmcmcm zyx  with a density ),,( zyx  over 

a region  

 

m

dydzdxzyxz

z

m

dydzdxzyxy

y
m

dydzdxzyxx

x

cm

cmcm





















),,(

;

),,(

;

),,(

 

 Moment of inertia of a body with density ),,( zyx  over a region   

about the x-axis, Ix, about the y-axis Iy and about the z-axis, .zI  

 



















dydzdxzyxyxI

dydzdxzyxzxI

dydzdxzyxzyI

z

y

x

),,()(

;),,()(

),,()(

22

22

22

 

Vector integral 

theorems 

 The Stokes’ theorem states that the integral of the curl of a vector field over 

a surface S is equal to the line integral of the vector field over the closed 

path bounding S and is expressed mathematically as: 

   

C S

dd SAlA


. curl.  

 The divergence theorem states that the integral of the divergence of a 

vector field over a volume V is equal to the surface integral of the vector field 

over the closed surface bounding V and is expressed mathematically as: 

  
VS

dVd AdivSA


.   
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4.9   TERMINAL QUESTIONS 

1. Use double integration to find the area of the region in the xy plane 

bounded by the curves xy  and 3xy  for x > 0. 

2. Calculate the volume V of a solid which is bound above by the plane 

yz  4  and below by the region R defined by the circle 422  yx . 

3. The product of inertia of a lamina in the xy plane about the x and y-axes is 

given by 

 

R

yxxy dydxxyII

 

where R is the region of space covered by the lamina and  is the mass 

per unit area of the lamina. Determine xyI for the lamina shown in   

Fig. 4.23. 

4. A box is bounded by the planes 2and0;1;0;1;0  zzyyxx . It 

has a density  39),,( zzyx   kg m3. Calculate the mass of the box.  

5.   Determine the flux of the vector field kjiF ˆ2ˆˆ zyx 


over the surface of 

a sphere S defined by the equation 1222  zyx . 

6. Verify Stokes’ theorem for the vector field ,ˆˆ2 kjA yzz 


where C is the 

path OPQ in the yz plane shown in Fig. 4.24. 

7.  Show that the line integral   

C

xzdzxzdyyzdx  is zero along any 

closed contour C. 

8.  Using Stoke’s Theorem evaluate 
C

d lF


.  

 kjiF ˆˆ2ˆ 22 zxx 


 

 where C is the ellipse in the xy plane defined by 

0,1
6416

22
 z

yx
 

9. Using the divergence theorem, calculate the flux of a vector field 

kjiF ˆˆ2ˆ 3xyz 


 over a sphere of radius 2 units. 

10. Evaluate the flux of the vector field )ˆ4ˆ5ˆ2( 2 kjiA zyy 


 through the 

surface of a unit cube which has one corner at the origin, one corner at   

(1, 1, 1) and all its edges are parallel to the coordinate axes. 

4.10   SOLUTIONS AND ANSWERS 

Self-Assessment Questions 

1. a) We have to evaluate 
R

dydx  where R is the region bound by 2xy   

and .3xy  Following Example 4.1, let us first determine the points of 

intersection of the two curves in the region x > 0; y > 0, for this we 

solve the equations 

Fig. 4.23: A rectangular 

lamina ,0 ax   

.0 by   

x  
 

a  

 

y  

 

b  

 

Fig. 4.24: Path OPQ for 

TQ 6. 

x  
 

z  
 

y  

 
)0,0,0(O  

 
)0,2,0(P  

 

)1,2,0(Q  
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    32 and xyxy   

    0)1(232  xxxx  

  So the points of intersection are x = 0 and x = 1 and the limits on x and 

y are 10;23  xxyx  

   
 

















1

0

2

3x

x

xy

dxdyA  

1

0

32

1

0

)()[
2

3
dxxxdxy x

x
 

       
12

1

43

1

0

43

















xx
 

 b) We use Eq. (A2.3) to evaluate the integral with .),( 4xyxf   The limits 

on y for the region of integration on the xy plane is defined by the 

equation: 

   12  yx   

  We obtain the limits on x in the region of integration by determining  

the value of x at the points at which the two curves y = x2 and y = 1 

intersect, as you see in Fig. 4.25. This is found by solving for x as 

follows:  

   1,112  xx       

  So the integral we have to evaluate is the following:  

     dxdyxI

x xy

 
 



1

1

1

4

2

  

  Integrating over y first, we get: 

        dxxxdxxyI

x






1

1

64

11

1

4

2

 

  Integrating over x, we then get: 

       
35

4

75

1

1

75



















xx
I  

2. From Fig. 4.10 we can see that 

     kS ˆ
2 dxdyd 


 

     jS ˆ
3 dxdzd 


 

     jS ˆ
4 dxdzd 


 

 and iS ˆ
5 dzdyd 


 

Note that the limits on  

y are 23 xyx   and 

not .32 xyx  This 

is because for 

.,10 23 xxx   

  

Fig. 4.25: The region of 

integration for               

SAQ 1(b). The two 

curves intersect at x = 1 

and  

x =  1 

 

1y  

2
xy   
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3. a) Using the results of SAQ 2, we can write the surface integral over the 

surface )10;10(4  zxS on the plane y = 1 as   

            

444

2ˆ.2ˆ2S. ˆˆ
44

SSS

xzdxdzdxdzxzxzdI yz jiA kj


 

   We evaluate this double integral to get: 

      
2

1
22

1

0

1

0

4

4





























  zdzxdxxzdxdzI

S

   

Similarly over the surface 5S )10;10(  zy on the plane x = 0   

(Fig. 4.10) we get   

               

5 5

ˆˆ2ˆ2. 55

S S

dydzyzxzxzdI ikjiSA


 

                   

5

)0(02

S

xxzdydz     

Over the surface )10;10(6  zyS  which is on the plane x = 1, 

we have  

          

6 6

ˆˆ2ˆ2. 66

S S

dydzyzxzxzdI ikjiSA


 

                     

6 6

)1(22

S S

xzdydzxzdydz   

    We evaluate this as a double integral: 

       1
2

222

1

0

2
1
0

1

0

1

0

6

6






































 

z
yzdzdyzdydzI

S

 

 b) Since the disc is parallel to the xy plane, we can write as explained in 
Sec. 3.3, 

      kS ˆdxdyd 


 

     

S S

dxdyzyxd kkjiSr ˆ.)ˆˆˆ(.


 

               

S

dydxz 

S

dydx5  (since the disc lies in the plane z = 5) 

                 202.5 2  ( 
S

dydx  is the area of the circle of radius 2 units) 

4. i) Refer to Fig. 4.26. r̂ is the unit vector along the position vector r


. 

Since S


d  points along the outward drawn normal, it points along r̂ at 

every point on the sphere so that rS ˆdSd 


 

     dSdSdSd  r.rrrS ˆˆˆ.ˆ.r̂


  ( r̂ . r̂  = 1) 

 Hence 
S

dS


.r̂ =  

S

SdS ,  which is the surface area of the sphere.  

Thus    

S

Rd 24.r̂ S


 

Fig. 4.26: The unit normal 

for an area element on the 

surface of a sphere.  

y  

 
r̂  
 

S


d  

 

x  
 

z  
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ii) Similarly 




4
41.ˆ

2

2

22
  R

R
dS

Rr

d

SS

Sr


 

5. To evaluate the line integral using Stoke’s theorem as given in Eq. (4.19), 

we first evaluate A


  as: 

  

k̂2)()(k̂

0)()(

k̂ĵî

A 
































 yx

y
yx

x

yxyx

zyx


     

The contour C and the region R are in the xy plane as shown in Fig. 4.27 

(Fig. 4.16 reproduced here), therefore kS ˆdydxd 


. Substituting for A


  

and S


d into Eq. (4.19) we can write the integral as: 

          

SSSC

dxdydydxddI 2ˆ.ˆ2.. kkSAlA


  

We define the region S (shown in Fig. 4.25) by the equations (see margin 

remark): 

   xyxx  2;10  

 Then 

       
 


















1

0

1

0

2

1

0

222
2

2x xx

x

x

x

xy

dxxxdxydxdyI  

         = 
3

2

3

1

3

2
2

33

2
2

1

0

3
2

3























 x
x  

6. Refer to Fig. 4.28. You have seen that for a conservative force 

    






ADBACB

dd rFrF


..  

 or 

    






ADBACB

dd 0.. rFrF


 

 

 i.e.  0. 
ACBDA

drF


 

 From Stokes’ theorem, we know that 

      

SACBDA

dd SFrF


. .  

 So, 

       0. 
S

dSF


 

But S


d  is arbitrary. Hence the integrand is zero. Moreover, since the path 

ACBDA has been chosen anywhere in the field, we can write 

Fig. 5.28: SAQ 6. 

B  
 

A  
 

C  

 
D  

 

S  

 

The limits on x are 

given by the points of 

intersection of the 

curves 2yx  and          

.2xy   By solving 

2xx  we get the 

points of intersection 

as x = 0 and x = 1.  

Fig. 4.27: Figure for SAQ 5. 

O 

y 

x 

2
xy 

  

C 

2
yx   

S
 

Fig. 4.28: Diagram for 

the solution of SAQ 6. 

B  
 

A  
 

C  

 
D  

 

S  
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     0 F 


everywhere in the field. 

7.  a) We write the volume integral as  

     I =   dxdydzzyx


sin , 

  where  is defined by the equations: 

        zyx ,,0  

    In this case, we can write the integral as: 

       I =  


































































0

2

0

2

0

000
22

cossin
zy

xdzzdyydxx  

       
2

4
  

 b) Using Eq. (4.35) with  (x, y, z) =  (x, y, z) we can write the mass of 

the cube as  


 dzdydxzyxm ),,(  where  is the volume of the 

cube. For the unit cube 

     ,10  x     10  y   and   .10  z   

          














1

0

1

0

1

0

)32( dydxdzzyxm  

       dzdy
z

yzxz  























1

0

1

0

1

0

2

2

3
2  

           dxdyyx  






















1

0

1

0
2

3
2  

            









1

0

1

0

2

2

3
dxyyxy  

           

1

0

21

0
2

5

22

3
1 

















  x

x
dxx  

           3  units 

8. Using Eq. (2.3), we first determine the divergence of the vector field, 

   )sin()()cos(. 22 yz
z

xz
y

yx
x 












 V


 

    1sincos 22  yy  (i)         

Using Eq. (4.39), we write using the result of Eq. (i) 

   


 dVdVdI

S

VSnV


. ˆ.  
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 where  is the sphere of radius 3 units with its centre at the origin.  

      36)3(
3

4 3I  

9. a) Using Eq. (4.39)  with kjirA ˆˆˆ zyx 


  we can write 

     


 dVdI

S

rSr

..      (i) 

  and 

    3)()()()ˆˆˆ(.. 













 z

z
y

y
x

x
zyx kjir


    

  Replacing 3.  r


in Eq. (i) we get: 

      














S

dVdI 3. Sr


     (ii) 

Using the volume property of a triple integral, the quantity in the 

bracket in the RHS of Eq. (ii) is just the volume of the region of 

integration which is V.   

      

S

VdI 3. Sr


 

 b) Using the divergence theorem we can write:  

    













 

VS

dVd BSB


..     (i)

 

  Given that  AB


 , we can write: 

    0)(..  AB


  

This is because the divergence of the curl of a vector field is always 

zero, as you have studied in Unit 2. 

    0. 

S

dSB


 

Terminal Questions 

1. We use the area property of the double integral given in Eq. (A.2.7) to find 

the area. Following Example 4.1, the range of x is decided by determining 

the points of intersection of the curves y = x and 3xy   (Fig. 4.29). We 

solve as follows: 

   1,00)1(23  xxxxx  

 The points of intersection are x = 0 and x = 1(Fig. 4.29). Note that in the 

range ,10  x xx 3 . Therefore, the region of integration is: 

   xyxx  3;10  

 The area A is: 

 

xy   

3xy   

Fig. 4.29: Region of 

integration is the area 

enclosed between the 

curves y = x and y = x
3
 in 

range .10  x  
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         dxxxdxydxdyA

x

x

xy

x

x    

 

1

0

3

1

0

1

03

3
1  [Integrating over y 

first] 

         .units
4

1

42

1

0

42











xx
               [Integrating over x] 

2. Using the double integral, we can define the volume under the plane         
yz  4 [see Example 4.1(ii)] as: 

   

R

dxdyyV 4       (i) 

where R is the region in the xy plane which is enclosed by the circle 

422  yx .  

The region of integration R for Eq. (i) is  

    22 44;22 xyxx               (ii) 

   























2

2

4

4

)4(

2

2x

x

xy

dxdyyV   

           




2

2

248 dxx  

(after integrating over y). 

 On integrating over x this gives us (read the margin remark): 

   



















 16
2

sin16

2

2

1 x
V    

3. Refer to Fig. 4.30, which is Fig. 4.23 repeated here for convenience. 

      
 

b a

xy dydxxy
ab

m
I

0 0

 

 where m is the mass of the rectangle. Using Eq. (A2.12) we can write: 

   



























 

ba

xy dyydxx
ab

m
I

00

 

 Evaluating both the integrals separately we get: 

 
422

0

2

0

2 mabyx

ab

m
I

ba

xy 



























  

4. We determine the mass of the box m using Eq. (4.35) with 

  33 m kg 9),,(  zzyx  and  (see Fig. 4.31) as defined by the 

equations: 









 

a

xa
dxxa

1
2

22
sin

2
 

Fig. 4.30: A rectangular 

lamina ,0 ax   

.0 by   

x  
 

a  

 

y  

 

b  

 

Fig. 4.31: Diagram for   

solution of TQ 4. 

z  
 

x  
 

y  

 

m1  

 

m1  

 

m2  
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   20;10;10  zyx            (i) 

 Then m is: 

      dzdydxzdydzdxzm

x y z

  
  



1

0

1

0

2

0

33 99  (ii)  

We can evaluate this integral as follows (read the margin remark): 

          14
4

18

2

0

4
1
0

1
0 
















z
yxm kg     

5. The flux of the vector field F


 is: 

   

  

SS

dzyxd SkjiSF


.ˆ2ˆˆ.  (i)

 

We evaluate the flux using the Divergence theorem (Eq. 4.40). 

       

vS

dVzyxdzyx  ˆ2ˆˆ..ˆ2ˆˆ kjiSkji


 (ii)

 

 We evaluate the integral on the RHS of Eq. (ii) by first calculating: 

   0)2()()()ˆ2ˆˆ(. 













 z

z
y

y
x

x
zyx kji


 (iii)  

By replacing the divergence of the vector field from Eq. (iii) into Eq. (ii) we 

get: 

   

0  

6. First we shall calculate 
C

d lA


. where C is shown in Fig. 4.32. Here

 

       kjilkjA ˆˆˆ,ˆˆ2 dzdydxdyzz 


 

    dzyzdyzd  2. lA


 

  Now   

QOPQOP

dddd lAlAlAlA

C


....  

  For the straight line OP, x = 0, 0  y  2, z = 0. Hence .0. 

OP

d lA


 

  For the straight line PQ, x = 0, y = 2, 0   z  1. Hence dy = 0 and 

       

1

0

12. dzzd

PQ

lA


 

  And for the straight line QO, x = 0, y = 2z, 1  z 0. Also dy = 2dz (see 

margin remark) and 

     
3

4
4)()2(2.

0

1

222   dzzdzzzdzzyzdzdyzd

QOQOQOQOQO

lA


 

    
3

1

3

4
10. 

C

d lA


 

  Next we evaluate the integral using Stokes’ theorem. 

Note that: 

  
  

1

0

1

0

2

0x y z

dzdydx is the 

volume of the cube. 
 

 

OQ is a straight line in 

the yz plane and its 

equation is y  2z = 0 

 

 

Fig. 4.32: Path OPQ for 

solution of TQ 6. 

x  
 

z  
 

y  

 
)0,0,0(O  

 
)0,2,0(P  

 

)1,2,0(Q  
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      i

kji

A ˆ

0

ˆˆˆ

2

z

yzz

zyx
















 

  Since the path C is traversed anticlockwise, we have iS ˆdSd 


. 

  Moreover, as S lies on the yz plane, iS ˆdydzd 


 

        zdydzdydzzd 




  iiSA ˆ.ˆ.


 

  S is defined by the equations 2/0;20 yzy   

        dydzzdzdyzd

y

SS

  














2

0

2

0

. SA


 

                                  
3

1

38

1

8

2

0

32

0

2
 

y
dy

y
 

       

CS

dd lASA


..  

  which is Stokes’ theorem. 

7. Let S be the surface bounded by the closed curve C. We first note that the 

given line integral can be written as 
C

d l.F


where 

   kjiF ˆˆˆ xyxzyz 


 

 Applying Stokes’ theorem we can write: 

        SkjiSFlF


dxyxzyzdd

SSC

  .ˆˆˆ..  

 We next find )ˆˆˆ( kji xyxzyz 


 which is: 

   

0

ˆˆˆ















xyxzyz

zyx

kji

F


 

Since 0F


 , from Stokes’ theorem we get that 0
C

d l.F


 for any closed 

contour C. 

8.   The surface of integration is the shaded region shown in Fig. 4.33 which  

is an ellipse in the xy plane defined by the equation: 

     0;1
6416

22

 z
yx

 

The parameters (semi-major and semi-minor axes) of the ellipse are a = 4 

and b = 8. C is the curve enclosing the region. According to Stokes’ 

theorem: 

     SFl.F


ddI

SC

.    (i) 

Fig. 4.33: The 

shaded region is 

the surface of 

integration S. 

x  
 

y  

 

4a  

 

8b  

 

z  
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  We first calculate: 

   

k

kji

F ˆ2

2

ˆˆˆ

22















zxx

zyx


          

  On the xy plane kS ˆdydxd 


. 

   

       

S S S

dydxdydxdI 2ˆ.ˆ2. kkSF


    

  By the area property of the double integral, the integral is just:

 

    )Ellipsetheof(Area2I     

  The area of the ellipse is ab so with a = 4 and b = 8 we get: 

       64)84(2I     

9. Using the divergence theorem, the flux of the vector field 
S

dSF


.  where S 

is the surface of the sphere of radius two units, is the volume integral 

  

V

dVF


. , where V is the volume enclosed by the sphere. We first 

evaluate F


. : 

 2
)()2()(

.
3

















z

x

y

y

x

z
F


   (i) 

Using the result of Eq. (i) and the divergence theorem we can write the flux 

of the vector field A


as (see margin remark): 

    
3

64
)2(

3

4
22.. 3 








 

VVS

dVdVd FSF


  (ii) 

10.  We have to evaluate ,.
S

dSA


 where S is the surface of the cube. Using 

the divergence theorem we can write 

          

1

0

1

0

1

0

).(. dzdydxd

S

ASA 


 

                          

1

0

1

0

1

0

1

0

1

0

1

0

410 dzdydxdzdydxy  

                         

1

0

1

0

1

0

1

0

1

0

1

0

410 dzdydxdzdyydx  

                     units. 91.4][
2

][10 1

0

1

0

2
1

0









 z

y
x  

We have used the 

volume property of the 

triple integral to write 


V

dV as the volume of 

a sphere of radius 2 

units. 
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APPENDIX A1  

BASIC CONCEPTS OF VECTOR ALGEBRA 
In this Appendix, we state the basic results of vector algebra that you need to 

know while studying this course. You have studied these concepts in Units 1 

and 2 of the course BPHCT-131 entitled Mechanics.  

Recall that in its geometric representation, the vector is described by a 

directed line segment. In its algebraic representation the vector is described 

by its components in a specific coordinate system like the Cartesian 

coordinate system. The properties of vectors do not depend on the chosen 

representation.  

A vector is represented geometrically or graphically by a directed line 

segment or an arrow, that is, a straight line with an arrowhead. The length of 

the arrow represents the magnitude of the vector quantity, which is a positive 

scalar quantity and the arrowhead points along the direction of the vector.  

In the Cartesian coordinate system, a vector a


 in two-dimensional space 

with tail at the point 1 1( , )x y  and head at the point 2 2( , )x y can be represented 

algebraically in terms of its x and y components as 

  ji ˆˆ
yx aaa   (A1.1a) 

where    

   sin,cos 1212 ayyaaxxa yx  (A1.1b) 

The magnitude of the vector is given by 22
yx aaa a


 (A1.1c)   

and its direction is given by the angle that the vector makes with the 

positive x-axis: 1θ tan
y

x

a

a

  
   

 

 (A1.1d)   

A vector a


 in three-dimensional space with tail at the point 1 1 1( , , )x y z  and 

head at the point ),,( 222 zyx  can be represented algebraically in terms of its x, 

y and z components as 

  a i j kˆ ˆ ˆ
x y za a a  


 (A1.2a) 

where    2 1 2 1 2 1, ,x y za x x a y y a z z       (A1.2b) 

The magnitude of a


 is given by 2 2 2( )x y za a a a    (A1.2c)  

The direction of the vector a


 is given by the direction cosines cos , cos  

and cos  where ,  and  are the angles that the vector a


 makes with the x, 

y and z-axes. Thus, 

 cos)ˆ.( aax ia


 (A1.2d)
 

 cos)ˆ.( aay ja


 (A1.2e) 

 cos)ˆ.( aaz ka


 (A1.2f) 

We now state the properties of vectors.  
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Equality of Vectors   

Two free vectors are equal if they have the same magnitude and direction, 

regardless of the position of the tail of the vector or their respective 

components are equal: 

 ,iff xx ba  ba


 

               ,yy ba   

               zz ba   

If a vector b


 has the same magnitude but the opposite direction as any other 

vector a,


then we can write  

      b a 
 

 

Unit Vector 

A vector of length or magnitude 1 is called a unit vector. By convention, unit 

vectors are taken to be dimensionless. A unit vector is used to denote a 

direction in space. Any vector a


can be represented as the product of its 

magnitude (a) and a unit vector along its direction denoted by â.  Then we 

have:  

 a a ˆa


       or     
a a

a
a

ˆ
a

 

 

  

Addition and Subtraction of Vectors   

Triangle Law of Vector Addition: If two vectors a


 and b


 to be added are 

represented in magnitude and direction by the two sides of a triangle taken in 

order (which means that the tail of b


is at the head of the vector a


), then their 

sum or resultant is given in magnitude and direction by the third side of the 

triangle taken in the opposite order, that is from the tail of the first vector to the 

head of the second vector (Fig. A1.1).  

Parallelogram Law of Vector Addition: If the two vectors to be added are 

represented in magnitude and direction by the adjacent sides of a 

parallelogram, then their resultant is given in magnitude and direction by the 

diagonal of the parallelogram drawn through the point of intersection of the 

two given vectors (see Fig. A1.2). 

The expressions for the magnitude and direction of the resultant c


for two 

vectors a band


having the angle  between them are given as follows: 

 22 cos2 aabbc   (A1.4a) 

 









 

cos

sin
tan 1

ab

a
 (A1.4b) 

Here a, b and c are the magnitudes of the vectors a b c, and ,
 

respectively, 

and the angle  between the vectors b cand
 

 gives the direction of the vector 

c


(see Fig. A1.2). 

(A1.3) 

a


 

b


 

c a b 
 

 

a


 

b


 

(a)  

(b)  

Fig. A1.1: The triangle 

law of vector addition. 
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 
 

 

c


b


a


O 

 

− 

 

 

 

 

 

                    Fig A1.2: The parallelogram law of vector addition. 

In terms of components in the Cartesian system, the sum  

  )ˆˆˆ( kjic zyx ccc 


 

of the vectors a


 and b


 is given as 

  k j)ibac ˆ)(ˆ(ˆ)( zzyyxx bababa 


 

It is possible to add any number of vectors by the repeated application of the 

triangle law of vector addition. We also use the polygon law of vector addition. 

Polygon Law of Vector Addition: If a number of vectors are represented in 

magnitude and direction, by the sides of a polygon, taken in order, then the 

resultant vector is represented in magnitude and direction by the closing side of 

the polygon taken in the opposite order, that is from the tail of the first vector to 

the head of the last vector (see Fig. A1.3). 

 

 

 

 

 

 

 

 

 

 

Fig. A1.3: Polygon law of vector addition applied for determining the resultant 

a b c d( )  
  

of four vectors a b c, ,
 

and d.


 

Vector addition is commutative and associative: 

         a b b a  
  

    and    a b c a b c( ) ( )    
    

  

Subtraction of a vector b


 from a vector a


 denoted by a b


is just the sum of 

the vectors a


 and  b( ):


 

          a b a b( )   
  

  

(A1.5) 

(A1.6) 

(a) 

 

 

(b) 

 

 

d


 

a


 

b


 

c


 

d


 

a


 

b


 

c


 

a b( )


 

a b c( ) 
 

 

a b c d( )  
  
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Multiplication of a vector by a scalar 

A vector a


when multiplied by a scalar quantity m, is equal to the vector a,m


 

in the same direction as a


and having the magnitude  a .m


 The following is 

true for the multiplication of a vector by a scalar: 

a a a( ) ( )m n m n mn 
  

                                        Associative Law 

a a a( )m n m n  
  

    and   a b a b( )m m m  
  

   Distributive Laws 

If 0,m  then am


 is a null or zero vector, which has zero magnitude but no 

definite direction. 

Components of a vector in a given direction 

A vector can be resolved into its component vectors along any arbitrary 

direction. The components of a vector a


 parallel and perpendicular to any 

other vector b


 which makes an angle θ with the vector a


are given as (see 

also Fig. A1.4):  

The component of  a


 parallel to  cosa
b

b.a
b





 (A1.8a) 

The component of a


 perpendicular to  sinab


 (A1.8b)  

Scalar product  

The scalar product of two vectors a


and b


 called "a dot b" and denoted by 

a.b


is a scalar quantity defined as 

  coscos abbab.a


 (A1.9a) 

In component form zzyyxx bababa b.a


 (A1.9b)  

Vector product                          

The vector product of two vectors a


and b


called "a cross b" and denoted by 

a b


 is a vector quantity defined as 

 cbac


 sinab with magnitude  sinabc  (A1.10a) 

The direction of c


is determined by the right hand rule. The vector c


is 

perpendicular to the plane containing the vectors a


and .b


 

In the component form, 

kji

kji

ba ˆ)(ˆ)(ˆ)(

ˆˆˆ

xyyxzxxzyzzy

zyx

zyx babababababa

bbb

aaa 


 

   (A1.10b) 

(A1.7a) 

(A1.7b) 

a


 

b


  

b cos  is the 
component of 

vector b


 along 

the direction                

of vector a.


  
 

a cos  is the 
component of 

vector a


 along  

the direction of 

vector b.


 

 

Fig. A1.4: Projection or 

the component of a 

vector along the 

direction of another 

vector. 

 

a cos   

b cos   
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APPENDIX A2  

DOUBLE INTEGRALS 
In Unit 3, you have learnt how to integrate vector functions of single variables. 

It is possible to extend the idea of a definite integral to calculate double and 

triple integrals which are integrals of functions of two and three variable 

respectively. Double and triple integrals have many applications in physics. 

For example, we use these integrals to determine the volume of an object 

bound by an arbitrary surface, its mass, its centre of mass or its moment of 

inertia. In this appendix, we explain in brief how to evaluate a double integral, 

which is an integral of a function of two variables.  

A2.1 DOUBLE INTEGRALS 

We first develop the geometrical concept of the double integral. Before we do 

this, however, you should revise the concept of the definite integral of a 

function.  

 

 

 

 

 

 

 

Fig. A2.1:  Definite integral of the function :)(xf















b

a

dxxf )(  as area under a curve. 

We define the definite integral of a function f (x) over the interval [a, b] on the 

x-axis, denoted by dxxf

b

a

 )(  as the limit of a sum. We start by dividing the 

interval [a, b] into n sub-intervals, the ith sub-interval having a width ,ix  as 

shown in Fig. A2.1. The sum ii xxf  )( is the total area of the n rectangles 

we see in the figure. Then the sum of the areas of the rectangles is 

approximately the area under the curve. It is also clear that if we increase the 

number of sub-intervals, i.e., increase the value of n, the rectangles become 

narrower, and the total area of the rectangles comes closer and closer to the 

area under the curve. The exact area is then given by the limit of the sum as n 

goes to infinity:  

 






ni

i

ii
n

xxfxf

1

)(lim)( curve the under Area  (A2.1a) 

The expression on the right hand side of Eq. (A2.1a) is called the definite 

integral of f(x) from a to b and denoted as follows: 

B 

A 

 
+ x 

Head 

Tail 
 

 

Fig. A1.1: Geometric 

representation 

of a vector.  A 

vector is a 

directed line 

segment 

having both 

magnitude and 

direction 

specified by the 

angle . 

b  

 

a  

 

)(xf  

 

y  

 

)( ixf  

 ix  

 

x  
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 






ni

i

ii
n

b

a

xxfdxxf

1

)(lim)(  (A2.1b) 

This definition of the definite integral holds even if f (x) has both positive and 

negative values in the interval [a, b]. The integral exists if the function f is 

continuous on [a, b] or has only a finite number of jump discontinuities. 

Let us now explain the concept of double Integral of the function f (x,y) over 

a bounded region R on the xy-plane denoted by 

 
R

dydxyxf ),(  

 

 

 

 

 

 

 

 

Fig. A2.2: Double Integral 
R

dxdyyxf ),( as the volume under a surface 

),( yxf and above the region R in the xy plane. 

The definition of the double integral is similar to that of a definite integral. We 

divide the region R in the xy plane into n tiny rectangles by drawing lines 

parallel to the x and y axes. Each rectangle has an area iA (see Fig. A2.2).  

We number the rectangles within R from i = 1 to i = n and choose a point 

),( ii yx  in each rectangle. Now consider the sum:  

  ii

n

i

iii

n

i

iin yxyxfAyxfS  


),(),(

11

  (A2.2) 

We can evaluate this sum for increasing values of n such that the maximum 

diagonal of the rectangles goes to zero as the number of rectangles goes to 

infinity. If ),( yxf  is a continuous function in R, these sums (also called the 

Reimann sums) converge to a limiting value which does not depend on either 

the values of ),( ii yx  or the choice of subdivision. This limit is the double 

integral of the function ),( yxf  over the region R. 

The double integral of a function f(x, y), which is defined for all (x, y) in a 

closed, bounded region R in the xy plane, is written as the limit of a sum as 

follows:  

   




RR

ii

n

i

i
n

dxdyyxfdAyxfAyxf ),(),(),(lim

1

 (A2.3)   

),( yxf  

 

ix  

 iy  

 

y  

 

x  
 

z  
 

x  
 

Box with base area 

iii yxA  and height 

),( ii yxf   

Projection of f in the xy 
plane 

Each rectangle has an 

area iii yxA    
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PROPERTIES OF THE DOUBLE INTEGRALS 
  
For two functions ),( yxf  and ),,( yxg which are defined and continuous in 

a region R:  

1.    

RR

dxdyyxfcdxdyyxfc ),(),(    (A2.4) 

 where c is a constant.  

2.  Linearity   

             

RRR

dxdyyxfdxdyyxfdxdyyxgyxf ),(),(),(),(  (A2.5) 

where  and   are constants.  

3.  Additivity  

If the region of integration R can be broken up into a finite number of 
non overlapping regions R1 , R2  ……..Rn, (Fig. A2.3), then we can 
write: 

     

1

),(),(

RR

dxdyyxfdxdyyxf  

nRR

dxdyyxfdxdyyxf ),(....),(

2

 

   (A2.6) 
4.  Area Property 

 If the function being integrated is f(x,y)  = 1, then 

    Area1 
R

dxdy  of the region R    (A2.7) 

 
 
 

  

 

 

 

 

 

 

 

 

 

For ,0),( yxf the double integral gives us the volume of the solid that lies 

below the surface ),( yxf  and above the region R in the xy plane (read the 

margin remark). 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

We briefly explain how to evaluate double integrals 

A2.2 EVALUATION OF DOUBLE INTEGRALS 

To evaluate a double integral 
R

dxdyyxf ),( over a region R, we have to carry 

out two successive integrations over the variables x and y. How is this done? 

You will see that there are actually two ways of doing this. Let us see what 

these are. 

First let us define the region of integration R shown in Fig. A2.4 as: 

 )()(; xpyxqbxa   (A2.8) 

As you can see from Fig. A2.4, the values of the x coordinate at the two 

extremities of the region are x = a and x = b. Now in between these two values 

of x, the region R is bound by the two curves 1C and .2C These two curves 

are given by the equations y = p(x) and y = q(x), respectively. What does this 

tell us?  

B 

A 

 
+ x 

Head 

Tail 
 

 

Fig. A1.1: Geometric 

representation 

of a vector.  A 

vector is a 

directed line 

segment 

having both 

magnitude and 

direction 

specified by the 

angle . 

Fig. A2.3: The region R 

is broken up into three 

overlapping regions 

,1R   2R and .3R  

Just as the area 

under the curve f (x) 

in Fig. A2.1b is the 

area under the curve 

above the x-axis.  

y 
 

 
1R  

 

x 
 

2R  

 

3R  

 

Fig. A2.4: Evaluating        

the double integral as 

an iterated integral                 

(Eq. A2.9). 

)( 0xq  

 

1C  

 

)( 0xp  
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It tells us that for each value of x in the interval [a, b], the value of y ranges 

between q(x) and p(x) which are the points on the lower and upper curves 

bounding the region R. So for any value of x, for example 0xx   in [a, b], the 

values of y range from )( 0xq  to ).( 0xp  Now if we were to first integrate the 

function f(x, y) over the variable y, holding x as a constant, the limits in y 

would be from y = q(x) to y = p(x). The result would be a function of only x. 

Next we integrate this function of x with respect to x from x = a to x = b. Thus, 

we cover the entire region of R while integrating over the two variables.  

Therefore:  

  
 
















b

ax

xp

xqyR

dxdyyxfdxdyyxf

)(

)(

),(),(     (A2.9) 

The quantity in the brackets, which is evaluated first is the integral of f(x, y) 

over y alone, with the limits as specified. The result of this integral is a function 

of x alone which is then integrated over x, over the limits shown.  

We could have chosen to carry out this integration in another way. Refer to 

Fig. A2.5. We can write down the limits on x and y for the same region R in a 

different way as we describe below:  

)()(; yhxygdyc      (A2.10) 

Now for any value of y in the interval [c, d] the value of x is decided by the 

function h(y) (curve )3C  and g(y) (curve ),4C  which respectively now defined 

the upper and lower boundaries of R. Now we can integrate the function f(x, y) 

over the variable x, holding y as a constant, the limits of the integral would be 

from x = g(y) to x = h(y) and the result would be a function of only y. We then 

integrate this function of y over x from y = c to y = d. So we get an alternative 

expression for the evaluation of the double integral: 

  
 
















d

cy

yh

ygxR

dydxyxfdxdyyxf

)(

)(

),(),(  (A2.11) 

As before, the integral within the brackets is carried out first. Both Eqs. (A2.9) 

and (A2.11) are equivalent methods of determining the double integral. In  

Eq. (A2.9), the integral over the variable y is carried out first. In Eq. (A2.11), 

the integral over x is carried out first. 

Suppose R cannot be represented by the inequalities shown in Eq. (A2.8) or       

Eq. (A2.10), but can be subdivided into many parts that can be represented by 

inequalities, then we evaluate the double integral over each part and sum up 

to get the result as the double integral over R. 

The integrals of the form  
 













d

cy

yh

ygx

dydxyxf

)(

)(

),(  and  
 













b

ax

xp

xqy

dxdyyxf

)(

)(

),(  are 

called iterated (repeated) integrals because they are evaluated first by 

integrating with respect to one variable, either x or y, as the case may be and 

then integrating the result with respect to the second variable. Multiple 

integrals are usually integrated as iterated integrals. We shall use the same 

technique to evaluate triple integrals as you will see in Unit 4. Let us 

summarise these results. 

Both these iterated 

integrals defined in  

Eqs. (A2.9) and (A2.11) 

are equal if p(x), q(x), 

g(y), h(y) are continuous 

functions, for the limits 

defined in Eqs. (A2.8) 

and (A2.10). This is the 

consequence of a 

theorem in multivariable 

calculus called the 

Fubini’s theorem, which 

is beyond the scope of 

this course.  

 

 

Fig. A2.5: Evaluating the 

double integral as an 

iterated integral                        

(Eq. A2.11). 
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In some textbooks that the iterated integrals are sometimes written without the 

bracket as follows: 

    












b

a

b

a

d

c

d

c

dydxyxfdxdyyxf ),(),(  (A2.12a) 

and     












d

c

d

c

b

a

b

a

dxdyyxfdydxyxf ),(),(     (A2.12b) 

Note: The order of integration in Eqs. (A2.12a and b) is different. It is as 

shown in the left hand side of each of these equations. 

In Eq. (A2.12a), we write dy dx in the integrand. This means that we first 
integrate with respect to y over the interval ],[ dc and then with respect to x 

over ],[ ba . In Eq. (A2.12b), we write dx dy in the integrand. So, the integration 

is first with respect to x and then with respect to y. 

A Special Case 

An important special case is when we evaluate double integrals for which the 

following is true: 

i) the region R is a rectangle defined by the limits, say 
dycbxa  , (Fig. A2.6). 

ii) The function f(x, y) = h(x) g(y), that is  f(x, y) is a product of two functions, 

one of which is a function of only x, h(x) and the other a function of only y, 

that is g(y). 

Then the double integral can be evaluated as:  




























 



dyygdxxhdxdyyxf

d

cy

b

axR

)()(),(  (A2.13) 

As you can see, here we can integrate with respect to each variable 

separately. We now evaluate some double integrals to illustrate these 

methods. 

 

 

Suppose that f(x, y) is a continuous function on the region R. If R is 
described by the inequalities ),()(, xpyxqbxa   then  

 
 
















b

ax

xp

xqyR

dxdyyxfdxdyyxf

)(

)(

),(),(   (A2.9) 

If R is described by the inequalities )()(, yhxygdyc  , then  

 
 
















d

cy

yh

ygxR

dydxyxfdxdyyxf

)(

)(

),(),(    (A2.11) 

 

 

 

 

 

 

 

 

 

 

 

EVALUATION OF A DOUBLE INTEGRAL 

By convention, the 

limits of integration on 

the variable over 

which the integration 

is carried out first, 

appears on the inner 

integral sign. 

Fig. A2.6: A rectangular 

region of integration  

., dycbxa    
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 x 
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Note that if the region R is rectangular, but ),( yxf  cannot be written as the 

product of two functions i.e., ),()(),( ygxhyxf   we shall have to carry out an 

iterated integral.  

Let us now work out an example of an iterated integral.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Evaluate the integral 
R

dydxyx cossin  where R is a square on the xy 

plane defined by .2/0,2/0  yx  

SOLUTION   Using (Eq. A2.13), we solve the integral as: 

      



























 









2/

0

2/

0

cossincossin

yxR

dyydxxydxdyx     1sincos 2
0

2
0





yx  

 

    

 

 

 

XAMPLE A2.1:  DOUBLE INTEGRAL OVER A 

RECTANGULAR REGION 

 

 

  

              

  

1 2   x y   

  
2 2 x y    

  

 

 

Evaluate the integral  

R

dydxyx )4( where R is the region bounded by the 

curves 22xy   and .1 2xy   

SOLUTION   In Fig. A2.7, we plot the two curves 22xy   and 12  xy  

which define R. Now, as you can see from the figure, the two curves 

intersect at the points A and B. At the points of intersection of the two 

curves, we have .12 22  xx  Solving for x we have: 

1,1112 222  xxxx  

So the points of intersection are 1x  and .1x  This marks the limits of 

x for the region of integration. As you can see, for each value of x in the 

range 11  x , the value of y will vary in the range 22 12 xyx  .  Now 

let us use Eq. (A2.9) to evaluate the integral with 22)( xxq   and 

1)( 2  xxp . Then we write:  

dxdyyxdydxyx

x

x

xyR

 




















1

1

1

2

2

2

)4()4(      (i)   

You can see that we have used .1,1  ba  Now we first carry out the 

integration within the bracket, integrating over y and taking x as a constant.              

2222221

2
2

1

2

)2(2)1(2)21(2)4(
2

2

2

2

xxxxxyxydyyx
x

x

x

xy







 






  

             432 642 xxxx            (ii) 

Substituting the quantity in the bracket in Eq. (i) by the expression in       

Eq. (ii) we get, 

XAMPLE A2.2:  DOUBLE INTEGRAL  

 

 

Fig. A2.7: Region of 

integration for Example 

A2.2. The two curves 

intersect at 1x  and  

.1x  

 

 A 

 
 B 
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 




1

1

432 642)4(

xR

dxxxxxdydxyx       

                 
15

64

5
6

43
4

2
2

1

1

5432













xxxx
x   (iii) 

 

 

 

 

 

SAQ  -  Double integrals over a rectangular region 

1. Evaluate the following integrals:  

 a)    

2

0

2

0

)( dydxxye yx    

 b)  



0

1

2

0
4

sin dxdy
x

y    

2. Evaluate ,)2( 4
 

R

dydxyx  where R is the region defined by the 

equations  11  x  and .22 xyx   

A2.3 SOLUTIONS AND ANSWERS 

Self-Assessment Questions 

1. a) Using Eq. (A2.13), we write the integral: 

   



























  

 



2

0

2

0

2

0

2

0

)( dyeydxexdxdyeyxI yx

x y

yx  

                      222
0

2
0 1 eeeyeex yyxx    

b) Using Eq. (A2.13), we write  

   





















 






















 
  

 

2

0

0

1

0

1

2

0
4

sin
4

sin dx
x

dyydydx
x

yI

y x

 

      

















 





























2

4
cos

4

2

2

0

0

1

2 xy
 

2. We use Eq. (A2.9) to write: 

       dxdyyxdydxyxI

x

x

xyR

  
  


















1

1

44

2

2

22  

Carrying out the integral over y first and applying the limits of integration, 

we get: 

   dxxdxyyxI

x

x






1

1

6

1

1

24 2

2

2

 

 We now integrate over x to get: 

      
7
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Fig. A1.1: Geometric 

representation 

of a vector.  A 

vector is a 

directed line 

segment 

having both 

magnitude and 

direction 

specified by the 

angle . 

When we integrate 
over y, x is a 
constant.  
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S. 
No. 

df/dx S. 
No. 

df/dx 

1. ( ) 0, constant
d

c c
dx

   10. 
2

1 1
, 0

d
x

dx x x

 
   

 
 

2. ( ) 1
d

x
dx

  11. 
1

( )n

n

d n
x

dx x




   

3. 1( )n nd
x nx

dx

  12.  ( ) ( ) ( ) ( )
d d d

g x h x g x h x
dx dx dx

   
     

   
 

4. (sin ) cos
d

x x
dx

  13.                ( ) ( )
d df dg

f x g x g f
dx dx dx

   
    

   
 

5. (cos ) sin
d

x x
dx

   14. 

2

( )
, 0

( )

df dg
g f

d f x dx dx g
dx g x g


 

  
 

 

6. 2(tan ) sec
d

x x
dx

  15. ( )x xd
e e

dx
  

7. 1

2

1
(sin )

1

d
x

dx x

 



 16. 
1

ln
d

x
dx x

  

8. 1

2

1
(cos )

1

d
x

dx x

  



 17. ( ) ln ,x xd
c c c c

dx
   0 

9. 1

2

1
(tan )

1

d
x

dx x

 


 18. 
1

log 1,
ln

c
d

x c c
dx x c

      0 

 

Table A1.1: Derivatives of simple functions 

TABLES OF DERIVATIVES AND INTEGRALS 
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S. 
No. 

Integral S. 
No. 

Integral 

1. , and constantsa dx ax c a c    5. sin cos , constantx dx x c c    

2. 1

, constant
1

n
n x

x dx c c
n



 
  

6. cos sin , constantx dx x c c   

3. 1
ln , constantdx x c c

x
   

7. tan ln sec , constantx dx x c c   

4. , constantx xe dx e c c   8.     , and constantsax axe dx ae c a c   

 

Table A1.2: Integrals of simple functions 
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