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BLOCK 4 QUANTITATIVE METHODS-II 

Many a times a social scientist or a policy maker is required to identify the 

factors causing variation in any social or economic issue of policy importance 

like food security, child deprivation etc. in order to take corrective policy 

measures. To handle such issues, factor analysis technique, in case of interval 

scale or ratio scale data and correspondence analysis method in nominal or 

categorized variables are used. Another Multi-Variate statistical model namely 

canonical correlation analysis is used to examine the interrelationships among 

set of multiple dependent variables and multiple independent variables. Cluster 

analysis enables us to classify the units or observations into sub-groups or 

clusters based on characteristics or information contained in the variables. 

Structural Equation Modeling (SEM) attempts to examine the causal relations 

by including directly observed variables and latent variables. Keeping in view 

the widening role of interdisciplinary nature of economics, the mixed methods 

research is gaining popularity among researchers. All these five Multi-Variate 

statistical techniques are increasingly being used in Mixed Methods Research 

and hence have been covered in this block. 

Unit 13 on ‘Multivariate Analysis: Factor Analysis’ throws light on various 

concepts used in factor analysis, algorithm involved in factor analysis and the 

process to interpret the results of factor analysis. 

Unit 14 on ‘Canonical Correlation Analysis’ deals with the procedure to 

compute the canonical correlation, its application in social sciences, interpretation 

of its results and limitation. 

Unit 15 entitled ‘Cluster Analysis’ discusses the concept and purpose of 

cluster analysis, the various steps and algorithm in computation of its results 

and the different approaches followed in it. 

Unit 16 on ‘Correspondence Analysis’ covers the concept and special 

features of correspondence analysis, its computation algorithm, interpretation 

of its results and the process of application of this technique in social sciences. 

Unit 17 entitled ‘Structural Equation Modeling (SEM)’ throws light on the 

meaning and importance of SEM, its various models, steps involved in it, its 

advantages and disadvantages.  
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UNIT 13 MULTIVARIATE ANALYSIS: 

FACTOR ANALYSIS 
 

Structure 

13.0 Objectives 

13.1 Introduction 

13.2 Factor Analysis: Concept and Meaning 

13.3 Historical Background of Factor Analysis 

13.4 The Orthogonal Factor Model 

13.4.1 Notations and Terminology 

13.4.2 The Factor Model 

13.4.3 Model Assumptions 

13.5 Communalities 

13.6 Methods of Estimation 

13.6.1 Principal Component Method 

13.6.2 Maximum Likelihood Method 

13.7 Factor Rotation 

13.8  Oblique Rotation 

13.9 Factor Scores 

13.10 Methods for Estimation of Factor Scores 

 13.10.1 Ordinary Least Square Method 

13.10.2 Weighted Least Square Method 

13.10.3 Regression Method 

13.11 Let Us Sum Up 

13.12 Key Words 

13.13 Some Useful Books 

13.14 Answers or Hints to Check Your Progress Exercises 

13.15 Exercises 

13.0 OBJECTIVES 

After going through this unit, you will be able to: 

• explain the terms used in factor analysis model like factor loadings, specific 
variances, communalities, factor rotation and oblique rotation; 

• know the various uses of factor analysis model; 

• elucidate how to apply principle component analysis and maximum 
likelihood methods for estimating the parameters of a factor model; 

• discuss methods for estimating factor score; and 

• learn how to interpret the results of factor analysis based on rotated factor 
loadings, rotated eigenvalues and scree test. 
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13.1 INTRODUCTION 

We have seen in Unit 12 that how the principal component analysis (PCA) is a 

useful technique to reduce the indicators or data for construction of composite 

index and identify the variables for policy decisions. Factor analysis is a further 

extension of principal component analysis. Many a times, a researcher in social 

sciences is confronted with entangled human behaviour, unknown 

interdependencies and masses of qualitative and quantitative variables. In such 

situations, he may intend to uncover major social, institutional and 

international pattern. Factor analysis enables him to manage over a hundred 

variables, explore a content area, structure a domain, map unknown concepts, 

classify or reduce data, illuminate causal nexus, define relationships, test 

hypotheses, formulate theories and make inferences. In short, a social scientist 

can discern the regularity and order in a phenomena under investigation by 

applying factor analysis. Factor analysis takes thousands of measurements and 

qualitative observations and resolves them into distinct patterns of occurrence. 

Factor analysis as a constituent of multi-variate analysis involves a large 

number of issues ranging from conceptual, application, modeling, inference 

and interpretation, factor rotation etc. Keeping in view, the limited scope of this 

unit, we shall confine here to explain the concepts used in factor analysis, 

methods of estimation in factor model and the techniques of extraction such as 

principal component method and maximum likelihood method. Let us begin 

with explaining the concept of factor analysis. 

13.2 FACTOR ANALYSIS: CONCEPT AND 

MEANING 

The term factor analysis refers to anyone of a number of similar but distinct 

multi-variate statistical models that model observed variables as linear 

functions of a set of latent or hypothetical variables (also known as factors) not 

directly observed. 

Factor analysis models are similar to regression models in the sense that both 

types of models possess dependent variables as linear functions of independent 

variables. However, they are distinct to each other in the sense that in factor 

analysis models, the independent variables are not observed independently of 

the observed dependent variables. 

The factor variables contained in factor analysis models may be determinate or 

indeterminate. The determinate models encompass the various component 

analysis models such as Principal Components Analysis, weighted principal 

components and Gultman’s image analysis. Indeterminate models are 

represented by the common factor model that seeks to account for co-variation 

between the observed variables and a set of common factor variables. 

Determinate factor analysis are more useful in data reduction role by finding a 

smaller number of variables that capture most of the information of variation 

and co-variation among the observed variables. In contrast, the common factors 

in the indeterminate models are indeterminate from the observed variables and 

are not linear combinations of them. In this unit, we shall confine our 

discussion to determinate factor analysis. 

Factor analysis is based on a model in which the observed vector is partitioned 

into an unobserved systematic part and an unobserved error part. The 
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-II components of the error vector are considered as uncorrelated or independent, 

while the systematic part is taken as a linear combination of a relatively small 

number of unobserved factor variables. The analysis separates the effects of the 

factors, which are of the basic interest from the errors. From another point of 

view the analysis gives a description or explanation of the interdependence of a 

set of variables in terms of the factors without regard to the observed variability. 

13.3 HISTORICAL BACKGROUND OF FACTOR 

ANALYSIS 

The early development of factor analysis was due to Charles Spearman in the 

year 1904. He published a paper that is thought to be where factor analysis 

originated. Spearman was working with examination scores of school children 

and he was able to notice certain systematic effects in the matrix of correlation 

between the scores the children made on different tests. For example, in one 

case he obtained the following matrix of correlations for school children in a 

preparatory school for their scores on tests in Classics (C), French (F), English 

(E), Mathematics (M), Discrimination of pitch (D), and Music (Mu) as follows: 

      C      F      E     M      D   Mu CFEMDMu �		
		

1.00 0.83 0.78 0.70 0.66 0.630.83 1.00 0.67 0.67 0.65 0.570.78 0.67 1.00 0.64 0.54 0.510.70 0.67 0.64 1.00 0.45 0.510.66 0.65 0.54 0.45 1.00 0.400.63 0.57 0.51 0.51 0.40 1.00���

��� 
 

It can be noted out that this matrix has the interesting property that any two 

rows are almost proportional if the diagonals are ignored. Thus for rows C and 

E there are ratios: 0.830.67 � 0.700.64 � 0.660.54 � 0.630.51 � 1.2 

 

Spearman proposed the idea that the six test scores are all of the form 

                            X� � l�F � ε� 
Where X� is the i

th
 standardized score with a mean of zero and a standard 

deviation of one, l� is a constant, F is a factor value which has mean zero and 

standard deviation one for individuals as a whole and ε� is the part of  X� that is 

specific to the i
th

 test only. On the basis of his work Spearman formulated his 

two-factor theory of mental tests i.e each test result is made up of two parts, 

one that is common to all tests is general intelligence and another that is 

specific to the test. Later on this theory was modified to allow for each test 

result to consist of a part due to several common factors plus a part specific to 

test. This gives the general factor analysis model X� � l��F� � l��F� �  � l�!F! � ε� 
13.4 THE ORTHOGONAL FACTOR MODEL 

In this section, first we will define some notations and terminology along with 

the underlying assumptions.  
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13.4.1    Notations and Terminology 

Multivariate population and sample can be defined by mean vector µ and 

covariance matrix Σ. These are defined as follows. Suppose that there are p 

variables X1, X2,……Xp then the vector of sample mean is given by 

  X �  �		
	
X�X�"X#���

��
 

This can be thought of as the centre of the sample. It is an unbiased estimate of 

the population vector of means 

  µ �  $
µ�
µ�"
µ#

% 

The matrix of the sample variance and covariances is 

  S�  �		

S�� S��  S�!S�� S��  S�!" " "S#� S#� S#!���

�
 

where S is called the sample covariance matrix or sometimes sample dispersion 

matrix. It is an unbiased estimate of the population covariance matrix Σ. 

Consider m unobserved common factors F1, F2,……Fm. The i
th

 common factor 

is Fi. Generally, m is substantially less than p. 

The common factors are also formed into a vector as 

  F�  $ F�F�"F!
 % 

13.4.2    The Factor Model 

The factor model can be observed as a series of multiple regressions, predicting 

each of the observable variable Xi from the unobservable common factors Fi. In 

general the factor analysis model is given by 

  X� � µ� � l��F� � l��F� �  l�!F! � ε� 

                        X� � µ� � l��F� � l��F� �  l�!F! � ε� 

  " 
  X# � µ# � l#�F� � l#�F� �  l#!F! � ε# 

Here, the means µ�, µ�, … . . ,µ# can be regarded as the intercept for the multiple 

regression models. The regression coefficients l�) (slopes) for all the multiple 

regressions are called factor loadings. Here, l�) is the loading of the i
th

 variable 

on the j
th

 factor. These will be shown in the matrix form as follows: 
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-II Matrix of the factor loading 

  L�  �		

l�� l��  l�!l�� l��  l�!" " "l#� l#� l#!���

�
   

and finally the errors ε� are called the specific factors. Here, ε� is the specific 

factor for variable i. The specific factors are also shown into a vector form as 

Vector of specific factors 

  ε � $ε�
ε�"
ε#

%  

In general, the basic factor analysis model is like a regression analysis model. 

Each of our response variable X is expressed as a linear function of the 

unobserved common factors F1, F2,….Fm. Therefore, here one can say that we 

have m unobserved factors that control the variation among the data. 

We will write the above factor model in matrix notation as  X � µ � L F � ε (13.1) 

In general we want m < p 

13.4.3  Model Assumptions 

Some assumptions are necessary to uniquely estimate the parameters. 

Otherwise, an infinite number of equally well fitted models with different 

values for the parameters may be obtained if these assumptions are not made. 

Therefore, the following assumptions are made about the unobserved random 

vectors F and ε and its certain covariance relationships: 

i) The specific factors or random errors all have mean zero i.e., 

 E,ε�- � 0;          i � 1, 2, … . . , p 

ii) The common factors also have mean zero i.e., 

 E1F)2 � 0;          j � 1, 2, … . . , m 

iii) The variance of specific factor i is Ψ�, where Ψ� is called the specific 

variance, and they are independent, i.e. 567 1ε�, ε�′2 � 0. for 8 9 8′. 
 Cov ,ε�- � E1ε�, ε�′2 � Ψ � �		

	
ψ� 0  00 ψ�  0" " "0 0  ψ#���
�� ;     i � 1, 2, … . . , p  

iv) The common factors F) have variance one and are uncorrelated, i.e. <1F)2 � Cov 1F), F)′2 � 0 for = 9 =′. 
Thus co-variance matrix of F is an identify matrix I, i.e. cov (F) = I 
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v) Since the common factors and specific factors are independent, then the 

specific factors are uncorrelated with the common factors i.e Cov 1ε�, F)2 � E1ε�, F)′2 � 0;     i � 1, 2, … . . , p;   j � 1, 2, … . . , m 

Now, the factor analysis model implies a covariance structure for the random 

variable X is given by equation  

 ,X > µ- ,X > µ- � ,L F � ε- ,L F � ε-            (13.1) 

      � ,L F � ε- ,,L F- � ε- 

      � L F,L F- � ε,L F- � L F ε � εε 

so that 

   Σ � Cov ,X- � E,X > μ- ,X > μ- 

     � L E,F F-L � E,ε F-L � LE,F ε- � E,εε- 

   ?        Σ � L L � Ψ     (13.2) 

This is the matrix of factor loadings, times its transpose plus a diagonal matrix 

containing the specific variances. Hence a simplified model for the covariance 

matrix is obtained which is used for estimation. 

Also, on multiplying F in equation (13.1) on both sides, we have 

  ,X > µ-F � ,L F � ε-F 

    � L F F � ε F 

so,   Cov ,X, F- � E,X > µ-F � LE,F F- � E,εF- � L 

or  Cov 1X�, F)2 � l�) 
Under this model, the variance for the i

th
 observed variable is equal to the sum 

of the squared loadings for that variables and specific variance. The variance of 

variables Xi is:  

 σ�� � ∑ l�)�!)A� � ψ�    (13.3) 

This is a derivation which is based on the previous assumptions and the 

quantity  ∑ l�)�!)A�  is called the communality for variable i. 

Important Remarks: 

1) The model X > µ � L F � ε assumes that the data is a linear function of 

the common factors. However, since the common factors are not 

observable, we cannot check the linearity of the model. 

2) The covariance matrix is a symmetric matrix, that is the variance between 

variables i and j is the same as the variance between j and i. For this 

model: 

                    Σ � L L′ � Ψ 

The covariance matrix is going to have p(p+1)/2 unique elements of Σ 

which are approximated by mp factor loadings in the matrix L and the p 

specific variances ψ�. When m= p, any covariance matrix Σ can be 

reproduced exactly as L L′, so Ψ can be the zero matrix. However, when 

m is smaller relative to p, that factor analysis is most useful. In this case, 
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-II the factor model provides a simple explanation of the covariation in X 

with fewer parameters than the p(p+1)/2 parameters in Σ.  

For example, if X contains p=12 variables and the factor model with m= 

2 is appropriate, then the p(p+1)/2= 78 elements of Σ are described in 

terms of the mp+ p= 36 parameters l�) and ψ� of the factor model. 

Unfortunately, for the factor analyst, most covariance matrices cannot be 

factored as L L′ � Ψ, where the number of factors m is much less than p. 

There are some problems, where it is not possible to get a unique 

consistent solution for the parameters l�) and ψ� from the variances and 

covariances of the observable variables. 

3) If m > 1, there is always some inherent ambiguity associated with the 

factor model. To explain that, let T be any m × m orthogonal matrix. A 

matrix is orthogonal if its inverse is equal to the transpose of the original 

matrix. TT ′ � T ′T � I 
Hence, we can write the factor model in matrix notation as: 

   X > µ � L F � ε � L T T ′F � ε � LG FG � ε 

Note that this does not change the calculations since the identity matrix 

times any matrix just gives back the original matrix. This results in an 

alternative factor model, where the relationship between the new factor 

loadings and the original factor loadings is:   

 LG � L T 

and the relationship between the new common factors and the original 

common factor is: 

  FG � T ′F 

This gives a model that fits equally well. Moreover, since there are 

infinite numbers of orthogonal matrices, then there are an infinite number 

of alternative models. This model, as it turns out, satisfied all the 

assumptions that we discussed earlier as: 

       E,FG- � E,T ′F- � T ′E,F- � 0     Cov ,FG- � Cov ,T ′F- � T ′Cov,F-T � T ′I T � T ′T � I 
and Cov ,FG, ε- � Cov ,T ′F, ε- � T ′Cov,F, ε- � T ′0 � 0 

On the basis of observations on X, it is impossible to distinguish the 

loadings L from the loadings LG. That is, the factors F and FG � T ′F have 

the same statistical properties, and even though the loadings LG are, in 

general different from the loadings L, they both have the same covariance 

matrix Σ. That is 

Σ � L L′ � Ψ � L T T ′L′ � Ψ � ,LG- ,LG-′ � Ψ                              (13.4) 

This ambiguity is going to be used to justify the factor rotation, since 

orthogonal matrices correspond to rotation of the coordinate system for 

X. We will use later to obtain more thrifty description of the data. 
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13.5 COMMUNALITIES 

The communalities are computed by taking the sum of squares of the loadings 

for the i
th
 variable on the m common factors. This can be shown as below 

Variance due to the specific factor is often called the uniqueness or specific 

variance. It is denoted by h��, we have from equation (13.2) 

                             σ�� � l��� � l��� �  � l�!� � Ψ� 
or   σ�� � h�� � Ψ� ;  i = 1, 2,…….,p           (13.5) 

here,   h�� � l��� � l��� �  � l�!�  

Now, to understand the computation of communalities in a simple way, let us 

have the table of three factor loadings. The following dataset involves the 

Places Rated Almanac (Boyer and Savageau) rates 329 communities according 

to nine criteria: 

These data are only recorded for the first three factors only. It should also note 

that these factor loadings are the correlations between the factors and the 

variables. For example, the correlation between the Arts and the first factor is 

about 86%. Similarly the correlation between climate and that factor is only 

about 28%. 

 

 

For example, to compute the communality for climate, the first variable which 

is given in the above table, we square the factor loadings for climate and then 

add the results: h�� � 0.286� � 0.076� � 0.841� � 0.795 

In the similar way we can obtain the communalities for all the 9 variables and 

the total communality is obtained as 5.617. Therefore, all the communalities 

computed are placed into a table shown below: 

 

           Factor 

Variable 1 2 3 

Climate 0.286 0.076 0.841 

Housing 0.698 0.153 0.084 

Health 0.744 -0.410 -0.020 

Crime 0.471 0.522 0.135 

Transportation 0.681 -0.156 -0.148 

Education 0.498 -0.498 -0.253 

Arts 0.861 -0.115 0.011 

Recreation 0.642 0.322 0.044 

Economics 0.298 0.595 -0.533 
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-II Variable Communality 

Climate 0.795 

Housing 0.518 

Health 0.722 

Crime 0.512 

Transportation 0.510 

Education 0.561 

Arts 0.754 

Recreation 0.517 

Economics 0.728 

Total 5.617 

These values are as similar as multiple R
2
 values for regression models 

predicting the variables of interest from the 3 factors. The communality for a 

given variable can be interpreted as the proportion of variation in that variable 

explained by the three factors. In other words, if we perform multiple 

regression of climate against the three common factors, we obtain an R
2
= 

0.795, indicating that about 79% of the variation in climate is explained by the 

factor model. The results suggest that the factor analysis does the best job of 

explaining variation in climate, the arts, economics, and health. 

One assessment of how well this model is doing can be obtained from the 

communalities. What you want to see is values that are close to one. This 

would indicate that the model explains most of the variation for those variables. 

In this case, the model does better for some variables than it does for others. 

The model explains Climate the best, and is not bad for other variables such as 

Economics, Health and the Arts. However, for other variables such as Crime, 

Recreation, Transportation and Housing the model does not do a good job, 

explaining only about half of the variation. If you take all of the communality 

values and add them up you can get a total communality value: 

J h��
#

�A� � J λ�
!

�A�  

Here, the total communality is 5.617. The proportion of the total variation 

explained by the three factors is 5.6179 � 0.624 

This gives us the percentage of variation explained in our model. This might be 

looked at as an overall assessment of the performance of the model. However, 

this percentage is the same as the proportion of variation explained by the first 

three eigenvalues, obtained earlier. The individual communalities tell how well 

the model is working for the individual variables, and the total communality 

gives an overall assessment of performance. These are two different 

assessments that can be used. 

Since the data are standardized in this case, the variance for standardized data 

is going to be equal to one. Then the specific variances can be computed by 

subtracting the communality from the variance as expressed below: 
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Ψ� � 1 > h�� 

Recall, that the data were standardized before analysis, so the variances of the 

standardized variables are all equal to one. For example, the specific variance 

for Climate is computed as follows: 

Ψ� � 1 > 0.795 � 0.205 

The specific variance for housing is Ψ� �0.482 and the other values of specific 

variances can be calculated accordingly. 

Source: http://onlinecourses.science.psu.edu 

EXAMPLE 1 Calculating Correlations from Factors 

Factor analysis aims to explain the correlations among the observed variables 

in terms of small number of factors. To estimate the success of factor solution, 

we reproduce the original correlation matrix by using the loadings on the 

common factors and see how large a discrepancy is there between the original 

matrix and reproduced correlation matrix. The greater the discrepancy, the less 

successful the factor solution in preserving the information in the original 

correlation matrix. And, lesser the discrepancy, more successful the factor 

solution in preserving the information in original correlation matrix. 

In order to calculate the correlations from the factor solution the process is 

quite simple when the factors are uncorrelated. The correlation between any 

two variables K� and K� is obtained by adding products of coefficients for these 

variables (K� and K�) across all the common factors. Let us say for the three 

factor solution L�, L� and LM the quantity would be ,N�� O N��- � ,N�� O N��- �,N�M O N�M-. This process will become clearer in the description of the 

hypothetical two-factor solution based on five observed variables as follows: 

A Hypothetical Solution 

Variables Loadings/ Correlations Communality Reproduced Correlations 

 Factor 1 Factor 2   X1 X2 X3 X4 X5 

X1 .5 .2 .29 X1      

X2 .6 .3 .45 X2 .36     

X3 .7 .4 .65 X3 .43 .54    

X4 .3 .6 .45 X4 .27 .36 .45   

X5 .4 .7 .65 X5 .34 .45 .56 .54  

          

 ∑ x� = 1.35 ∑ x� � 1.14        

The Coefficients: According to the above solution, 

X1 = 0.5F1 + 0.2F2 

X2 = 0.6F1 + 0.3F2 

 " 
X5 = 0.4F1 + 0.7F2  
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-II As well as being weights, the coefficients above show that the correlation 

between X1 and F1 is .50, and that of between X1 and F2 is .20, and so on. 

Variance Accounted For: The quantities at the bottom of each factor column 

are the sums of the squared loadings for that factor, and show how much of the 

total variance of the observed variables is accounted for by that factor. For 

Factor 1, the quantity is .5
2
 + .6

2
 + .7

2
 + .3

2
 + .4

2
 = 1.35. Because in the factor 

analyses discussed here, the total amount of variance is equal to the number of 

observed variables (the variables are standardized, so each has a variance of 

one), the total variation here is five, so that Factor 1 accounts for (1.35/5)×100 

= 27% of the variance.  

The quantities in the communality column show the proportion of the variance 

of each variable accounted for by the common factors. For X1 this quantity is 

.5
2
 + .2

2
 = 0.29, for X2 it is .6

2
 + .3

2
 = 0.45, and so on. 

Reproducing the Correlations: The correlation between variables K� and K� 

as derived from the factor solution is equal to (.7 X .8) + (.2 X .3) = 0.36, while 

the correlation between variables KM and KQ is equal to (.7 X .4) + (.4 X .7) = 

.56. These values are shown in right-hand side of the above table. 

EXAMPLE 2 To verify the relation Σ � L L′ � Ψ for two factors: 

Consider the following covariance matrix 

                                    Σ � $19 30 2 1230 57 5 232 5 38 4712 23 47 68% 

The equality equation of the model is 

$19 30 2 1230 57 5 232 5 38 4712 23 47 68% � $ 4 17 2>1 61 8% R4 7 >1 11 2 6 8S � $2 0 0 00 4 0 00 0 1 00 0 0 3% 

 

or 

 Σ � L L′ � Ψ 

may be verified by the matrix algebra. Therefore, Σ has the structure produced 

by an m= 2 orthogonal factor model. Since 

  L � $l�� l��l�� l��lM� lM�lT� lT�
% � $ 4 17 2>1 61 8% 

 

  Ψ � �		
	
ψ� 0 0 00 ψ� 0 00 0 ψM 00 0 0 ψT���

�� � $2 0 0 00 4 0 00 0 1 00 0 0 3% 

The communality of Xi can be obtained by using equation (13.5), we have 
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                                      h�� � l��� � l��� � 4� � 1� � 17 

and the variance of Xi can be decomposed as                                        σ�� � ,l��� � l��� - � ψ� � h�� � ψ� 

or 

   19  =   4
2
   +   1

2
   +   2  =  17 + 2 

i.e.    variance = communality+ specific variance 

Similarly, we can find out the results for the other variables also.  

Check Your Progress 1 

1) What do you mean by a factor in the context of factor analysis? 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

2) Show that the covariance matrix 

   Σ � U1.0 . 63 . 45. 63 1.0 . 35. 45 . 35 1.0V 

For the p=3 standardized random variables Z1, Z2 and Z3 can be generated 

by the m=1 factor model: 

    Z� � .9F� � ε�                                               Z� � .7F� � ε�                                               ZM � .5F� � εM 

 where,             Var ,F�- � 1,    Cov ,ε, F�- � 0  
       and                  Ψ � Cov ,ε- � U. 19 0 00 . 51 00 0 . 75V 

Formulate the factor model for the given problem and also calculate 

(a) Communalities h��;  i= 1, 2, 3 and interpret the result. 

(b) Cor (Zi, Fi) for i= 1, 2, 3. Which variable carry the greatest weight in 

naming the common factor? And why? 

………………………………………………………………………....... 

………………………………………………………………………....... 

………………………………………………………………………....... 

………………………………………………………………………....... 

3) Let the factor model with p=2 and m=1. Show that 

  σ�� � l��� � ψ� 

                  σ�� � σ�� � l��l�� 

                  σ�� � l��� � ψ� 
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-II for given σ��, σ�� and σ��, there is an infinite choices for L and Ψ i.e., 

the factor model need not be unique. 

………………………………………………………………………....... 

………………………………………………………………………....... 

………………………………………………………………………....... 

………………………………………………………………………....... 

………………………………………………………………………....... 

4) Consider an m=1 factor model for the population with covariance matrix 

   Σ � U 1 . 4 . 9. 4 1 . 7. 9 . 7 1 V 

Show that there is a unique choice of L and Ψ with Σ � L L′ � Ψ, but that 

ψM \ 0, so the choice is not admissible i.e., the solution is unique but 

improper. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

13.6 METHODS OF ESTIMATION 

For the observations x1, x2,……,xn on p generally correlated variable, does the 

factor model of equation (13.1) with a small number of factors, effectively 

represent the data? The solution of such kind of statistical problems may be 

tackled by using the covariance relationships. The sample covariance matrix S, 

is an unbiased estimate of the unknown population covariance matrix Σ. If Σ 

appears to deviate significantly from a diagonal matrix, then a factor model can 

be entertained, and the initial problem is one of estimating the factor loadings l�) and specific variances ψ�.  
In this section, we shall consider two of the most popular methods of parameter 

estimation, the principal component (and the related principal factor) method 

and the maximum likelihood method. The solution from either method can be 

rotated in order to simplify the interpretation of factors.  

13.6.1  Principal Component Method 

A vector of observations for the Xi variable may be defined as 

 

   X � $X�X�"X#
% 

 

The sample covariance matrix is denoted by S and is expressed as 
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                                       S � 1n > 1 J,X� > X]- ,X� > X]-′^
�A�  

We have p eigenvalues for the covariance matrix S as well as corresponding 

eigenvectors for this matrix. Let the eigenvalues of the covariance matrix S are 

λ_�, λ_�, … … . λ_# and eigenvectors of the covariance matrix S are è�, è�, … … . è#. 

The covariance matrix can be re-expressed in the following form as a function 

of the eigenvalues and the eigenvectors: 

Spectral Decomposition of a: The spectral decomposition allows us to express 

the inverse of a square matrix in terms of its eigenvalues and eigenvectors, and 

this leads to a useful square-root matrix. Let the population covariance matrix 

Σ have eigenvalues and eigenvectors pairs ,λ�, e�- with λ� c λ� c  c λ# c 0, 
then 

Σ � λ�e�e�′ � λ�e�e�′ �  � λ#e#e#′ � J λ�e�e�′
#

�A�  

                 

 � deλ�e�  "  eλ�e�  "     "  eλ#e#f 
�		
			
	
eλ�e�′  eλ�e�′  "  eλ#e#′ ���

���
��
              (13.6) 

This fits the prescribed covariance structure for the factor analysis model 

having as many factors as variables i.e., m= p and specific variances Ψ� � 0 for 

all i. The loading matrix has j
th

 column given by eλ)e). Then we can write 

                       Σ � L L � 0 � L L               (13.7) 

Apart from the scale factor eλ), the factor loadings on the j
th

 factor are the 

coefficients for the j
th
 principal component of the population. The factor 

analysis representation of  Σ in equation (13.7) is exact, it is not particularly 

useful. It employs as many common factors as there are variables and does not 

allow any variation in the specific factors ε in the main model of equation 

(13.1). But we prefer models that explain the covariance structure in terms of 

just a few common factors. One approach when the last p > m eigenvalues are 

small is to neglect the contribution of  λ!g�e!g�e!g�′ �  � λ#e#e#′  to Σ in 

eq (13.6), we obtain the approximation 

Σ � deλ�e�  "  eλ�e�  "     "  eλ!e!f 
�		
			
	
 eλ�e�′  eλ�e�′  "  eλ!e!′ ���

���
�� � L L           (13.8) 
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-II The approximation shown in eq (13.8) assumes that the specific factors ε in eq 

(13.1) are of minor importance and can also be ignored in the factoring of Σ. 

Allowing for specific factors, we find that the approximation becomes 

   Σ � L L′ � Ψ 

 

� deλ�e�  "  eλ�e�  "     "  eλ!e!f 
�		
			
	
 eλ�e�′  eλ�e�′  "  eλ!e!′ ���

���
�� � �		

	
ψ� 0  00 ψ�  0" " h "0 0  ψ#���
��
  (13.9) 

where 

 ψ� � σ�� > ∑ l�)�!)A� ;         i � 1, 2, … … . , p 

This yields the following estimator for the factor loadings 

                               li�) � è�)jλ_� 
When the units of the variables are not appropriate, it is better to use the 

standardized variables. If the standardized measurements are used, we replace 

sample correlation matrix S by R. This in turn suggests that the specific 

variances, which are the diagonal elements of the matrix Ψ, can be estimated 

by using the expression:                                 ψk� � S�� > ∑ li�)�!)A� ;         i � 1, 2, … … . , p          (13.10) 

Here, the estimated specific variances are equal to the sample variance for the 

i
th

 variable minus the sum of the squares of factor loadings (i.e the 

communality). 

The equation (13.10), when applied to the sample covariance matrix S or the 

sample correlation matrix R, is known as the principal component solution. 

13.6.2  Maximum Likelihood Method 

Maximum likelihood estimation requires that the data are sampled from a 

multivariate normal distribution. But if the data have been collected on a likert 

scale, which is most often the case in the social sciences, these kinds of data 

cannot really be normally distributed. This is the main drawback of this 

method. Therefore, using the maximum likelihood estimation method we must 

assume that the data are independently sampled from a multivariate normal 

distribution with mean vector µ and the covariance matrix Σ that takes the 

particular form 

   Σ � L L′ � Ψ 

where L is the matrix of factor loadings and Ψ is the diagonal matrix of 

specific variances. 

Again, let us assume that the p×1 vectors X1, X2,……Xn represents a random 

sample which is drawn from a multivariate normal population N#,µ, Σ-, then 

the joint probability function or the likelihood function is given by 
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l,µ,Σ- � m n 1,2π-# �⁄ |Σ|� �⁄  eq1rsqµ2′Σtu1rsqµ2 �v w^
)A�  

                   � �,�π-xy z⁄ |Σ|x z⁄  eq ∑ 1rsqµ2′Σtu1rsqµ2xs{u �v
        (13.11) 

Maximum likelihood estimation involves estimating the mean, the matrix of 

factor loadings and the specific variances. 

The maximum likelihood estimator for the mean vector µ , the factor loadings 

L and the specific variances Ψ are obtained by finding the values of µ̀, L_ and Ψ|  

that maximizes by taking logarithm of the likelihood function in equation 

(13.11) which is given by the following expression: Log l,µ, L,Ψ- � > np2 log 2π
> n2 log~LL′ � Ψ~ > 12 J1x) > µ2′,LL′ � Ψ > 1- 1x) > µ2^

)A�  

(13.12) 

The log of the likelihood function of the data is to be maximized. We want to 

find the values of the population parameters µ, L and Ψ. As mentioned earlier, 

the solution for these factor models are not unique. Equivalent models can be 

obtained by rotation. To obtain a unique solution an additional constraint to be 

imposed is that L′ Ψq� L is a diagonal matrix. 

Computationally this process is complex. In general, there is no closed- form 

solution to this maximization problem, so iterative methods must be applied. 

Source: Adapted from Applied Multivariate Statistical analysis by the Johnson R.A. and 

Wichern D.W. (2002).  

13.7 FACTOR ROTATION 

Broadly speaking, there are two kinds of rotations i.e. orthogonal rotation and 

oblique rotation. Orthogonal rotation assumes that the factors are uncorrelated. 

This is less realistic since factors generally are correlated with each other to 

some extent or the other. Two commonly used orthogonal rotation techniques 

are Quartimax and Varimax rotation. Quartimax involves the minimization of 

the number of factors needed to explain each variable whereas Varimax 

minimizes the number of variables that have high loadings on each factor and 

works to make small loadings even smaller. 

All factor loadings obtained from the initial loadings by an orthogonal 

transformation have the same ability to reproduce the covariance matrix. From 

matrix algebra, we know that an orthogonal transformation corresponds to a 

rigid rotation of the coordinate axis. For this reason, an orthogonal 

transformation of the factors is called factor rotation. 

If L_ is the p×m matrix of estimated factor loadings obtained by any one of the 

method i.e., principal component or maximum likelihood, then                           L|G � L_ T  where  TT ′ � T ′T � I          (13.13) 

is a p×m matrix of rotated loadings. Moreover, the estimated covariance matrix 

remains unchanged, since 

 L_L_′ � Ψ| � L_TT ′L_ � Ψ| � L_GL_G′ � Ψ|             (13.14) 



 

 

 

Multivariate Analysis:  

Factor Analysis 

21 

-II Equation (13.14) shows that the residual matrix, S^ > L_L_′ > Ψ| � S^ > L_GL_G′ >
Ψ| , remains unchanged. Moreover, the specific variances Ψ| � and hence the 

communalities h_ �� are unaltered. Thus from a mathematical viewpoint, it is 

immaterial whether L_ or L_G is obtained. 

The various factor rotation methods have, as a guiding principle, the simple 

structure concepts. That is to say, the results after rotation should become 

simple in their appearance. To put it another way, these simple structure 

concepts should be considered when trying to determine whether or not a given 

factor rotation has clarified the underlying structure of the data. 

Factors are rotated for better interpretation since un-rotated factors are 

ambiguous. The goal of rotation is to attain an optimal simple structure which 

attempts to have each variable load on as few factors as possible, but 

maximizes the number of high loadings on each variable. Ultimately, the 

simple structure attempts to have each factor define a distinct cluster of 

interrelated variables so that interpretation becomes easier. For example, 

variables that relate to language should load highly on language ability factors 

but should have close to zero loadings on mathematical ability.  

Varimax Rotation: Perhaps the most widely used is the varimax criterion. It 

seeks the rotated loadings that maximize the variance of the squared loadings 

for each factor; the goal is to make some of these loadings as large as possible, 

and the rest as small as possible in absolute value. The varimax method 

encourages the detection of factors each of which is related to few variables. It 

discourages the detection of factors influencing all variables. The quartimax 

criterion, on the other hand, seeks to maximize the variance of the squared 

loadings for each variable, and tends to produce factors with high loadings for 

all variables. 

Kaiser [5] has suggested an analytical measure of simple structure known as 

the varimax (normal varimax) criteria. Let us define l��)GT � li�)G h_ �⁄  to be the 

rotated coefficients scaled by the square root of the communalities. Then the 

(normal) varimax procedure selects the orthogonal transformation T that makes 

 V � �# ∑ R∑ l��)GT > 1∑ l��)G�#�A� 2� pv#�A� S!)A�             (13.15) 

as large as possible. 

Scaling the rotated coefficients li�)G  has the effect of giving variables with small 

communalities relatively more weight in the determination of simple structure. 

After the transformation T is determined, the loadings l��)G  are multiplied by h_ � so 

that the original communalities are preserved. 

In the above equation, it has a simple interpretation. In words 

V � J1variance of the squares of ,scaled-loadings for j�� factor2!
)A�  

One can maximize V that corresponds to the squares of the loadings on each 

factor as much as possible. Therefore, we hope to find groups of large and 

negligible coefficients in any column of the rotated loadings matrix L_G. 
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13.8  OBLIQUE ROTATION 

Orthogonal rotations are appropriate for a factor model in which the common 

factors are assumed to be independent. Many investigators in social sciences 

consider oblique (non-orthogonal) rotations, as well as orthogonal rotations. 

The former rotations are often suggested after one view of the estimated factor 

loadings that do not follow the assumption made in the factor model. 

Nevertheless, an oblique rotation is frequently a useful aid in factor analysis. 

In other words, oblique rotation is suitable when the factors are considered to 

be correlated. Oblique rotation is more complex than orthogonal rotation, since 

it can involve one of two coordinate systems, a system of primary axes or a 

system of reference axes. Additionally, oblique rotation produces a pattern 

matrix that contains the factor or item loadings and factor correlation matrix 

that includes the correlations between the factors. The commonly used oblique 

rotation techniques are Direct Oblimin and Promax. Direct Oblimin attempts to 

simplify the structure and the mathematics of the output of the problem under 

consideration, while Promax is used because of its speed in larger datasets. 

Promax involves raising the loadings to a power of four which ultimately 

results in greater correlations among the factors and achieves a simple 

structure. 

13.9  FACTOR SCORES 

A factor score can be considered to be a variable describing how much an 

individual would score on a factor. One of the methods to produce factor score 

is called Bartlett method (or regression approach) which produces unbiased 

scores that are correlated only with their own factor. Another method is called 

the Anderson-Rubin method which produces scores that are uncorrelated and 

standardized. In factor analysis, interest is usually centered on the parameters 

in the factor model. However the estimated value of the common factors, called 

factor scores, may also be required. These quantities are often used for 

diagnostic purposes, as well as inputs to a subsequent analysis. 

Factor scores are not estimates of unknown parameters in the usual sense. 

Rather, they are estimates of values for the unobserved random factors Fj, j = 1, 

2,……,m. We try to find out the vectors of m unobserved common factors that 

underlie our model to estimate those factors. Therefore, for the factor model 

  X > µ � L F � ε 

We may wish to estimate the vectors of the factor scores F1, F2,…….,Fm. 

13.10 METHODS FOR ESTIMATING FACTOR 

SCORE 

A number of different methods are used for estimating factor scores from the 

data. These include 

1) Ordinary Least Square Method 

2) Weighted Least Square Method 

3) Regression Method 

Now, the above methods are discussed below in brief. 
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-II 13.10.1   Ordinary Least Squares Method 

If the factor loadings are estimated by the principal component method, it is 

customary to generate factor scores using an unweighted (ordinary) least 

squares procedure. The L’s are factor loading and the f are unobserved 

common factors. The vector of common factors for subject i, is found by 

minimizing the sum of the squared residuals: 

J ε�)� � J �X�) > µ) > l)�F� > l)�F� >  > l)!F!�� � ,X > µ > L F-′#
)A�

#
)A� ,X > µ

> L F- 

This is like a least squares regression, except in this case we already have 

estimates of the parameters (the factor loadings), but we wish to estimate the 

explanatory common factors. In matrix notation the solution is expressed as:                                         F) � ,L′L-q� L′1X) > µ2                     (13.16) 

In practice, the parameters are unknown in nature so we take the estimates of 

the factor loadings as follows:                                          F_ ) � 1L_′ L_2q�L_ ′1X) > X]2 

or 

   F_ ) � 1L_�′  L_�2q�L_�′  z)           (13.17) 

 

For the standardized data, since L= Reλ_�e� "  eλ_�e� "    "  eλ_!e!S, we have 

F_ ) �
�	
		
		
	
 1eλ_�  è�′ 1X) > X]2

1eλ_�  è�′ 1X) > X]2
"1eλ_!  è!′ 1X) > X]2��

��
��
��
 

We see that the F_ ) are approximately same as that of obtained in the principal 

component method with the unrotated factor loadings. Here, we have for the 

factor scores �̂ ∑ F_ ))̂A� � 0  (sample mean) 

�^q� ∑ F_ )F_ )′)̂A� � I (sample variance) 

 

13.10.2    Weighted Least Squares Method 

The difference between weighted least square and the ordinary least square is 

that the squared residuals are being divided by the specific variances as shown 

below. Let us suppose that the mean vector µ, the factor loading L, and the 

specific variance Ψ are known for the factor model 

   X > µ � L F � ε 
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Further, regard the specific factors ε′ � dε�,  ε�, … … , ε#f as errors. Since, Var,ε�- � Ψ�;  i= 1, 2,……,p, need not be equal. Bartlett [2] has suggested that 

weighted least squares be used to estimate the common factor values. 

The sum of squares of the errors, weighted by the reciprocal of their variance is 

J ε��
Ψ� � J ε′Ψq�ε � ,X > µ > LF-′Ψq�#

)A�
#

�A� ,X > µ > LF- 

 

 

(13.18) 

The solution is given by the expression where Ψ is the diagonal matrix whose 

diagonal elements are equal to the specific variances. F_ � 1L′Ψq�L2q�L′Ψq�,X > µ- 

We take the estimates L_,Ψ| and µ̀ � X]  as the true values and obtain the factor 

scores for the j
th

 case as 

               F_ ) � �L_ ′Ψ| q�L_�q� L_ ′Ψ| q�1X) > X]2               (13.19) 

When L_ and Ψ|  are determined by the maximum likelihood method, these 

estimates must satisfy the uniqueness condition, L_ ′Ψ| q�L_ � ∆|, a diagonal 

matrix. 

13.10.3   Regression Method 

This method is used when you are calculating maximum likelihood estimates 

of factor loadings. A vector of the observed data, supplemented by the vector 

of factor loadings for the ith subject, is considered. 

In factor model X > µ � L F � ε, we initially treat the loadings matrix L and 

specific variance matrix Ψ is known. When the common factors F and specific 

factors ε are jointly distributed with means and covariances, the linear 

combination X > µ � L F � ε has an N#,0, LL′ � Ψ- distribution. Moreover, the 

joint distribution of ,X > µ- and F is N!g#,0,ΣG-, where 

 

 ΣG � U Σ � LL′ � Ψ " L… … … … … … " … …L′ " I V                                                      (13.20) 

 

and 0 is an (m×p)×1 vector of zeros. We find that the conditional distribution 

of ,F|x- is multivariate normal with 

mean = E,F|x- � L′Σq�,x > µ- � L′,LL′ � Ψ-q�,x > µ-          (13.21) 

and 

    Covariance = E,F|x- � I > L′ΣtuL � I > L′,LL′ � Ψ-q�L          (13.22) 

The quantities L′,LL′ � Ψ-q� are the coefficients in a multivariate regression of 

the factors on the variables. Estimates of these coefficients produce factor 

scores that are analogous to the estimates of the conditional mean values in 

multivariate regression analysis. Consequently, given any vector of 

observations xj, and taking the maximum likelihood estimates L_ and Ψ|  as the 

true values, we see that the j
th

 factor score vector is given by 
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-II fi) � L_′Σ|q�1x) > x�2 � L_′1L_L_′ � Ψ|2q�1x) > x�2;         j � 1,2, … … . n         (13.23) 

The calculation of fi) in equation (13.23) can be simplified by using the matrix 

identity 

 L_′1L_L_′ � Ψ|2q� � �I � L_ ′ Ψ| q� L_�q� L_′ Ψ| q�
          (13.24) 

This identity allows us to compare the factor scores in equation (13.23), 

generated by the regression argument, with those generated by the weighted 

least squares method in equation (13.19). Temporarily, If we denote the former 

by F_ jR and the latter by F_ j

LS
. Then by using equation ( ), we have 

F_ j

LS � �L|′ Ψ| q1 L|�q1  �I � L|′ Ψ| q1 L|� F_ j

R � �I � �L|′ Ψ| q1 L|�q1� F_ jR         (13.25) 

For maximum likelihood estimates �L|′ Ψ| q1 L|�q1 � ∆|q1
 and if the elements of 

this diagonal matrix are close to zero, the regression and generalized least 

squares methods will give nearly the same factor scores. 

There may be made an attempt to reduce the effect of a incorrect determination 

of the number of factors, to calculate the factor scores in equation (13.23) by 

using S (the sample covariance matrix) instead of  Σ| � L| L|′ � Ψ| . Then we have 
the following results: 

 fij � L|′
S

q11xj > x�2;         j � 1, 2, … … . n           (13.26) 

or, if a correlation matrix is factored 

 fij � L|z

′  Rq1zj;               j � 1, 2, … … . n            (13.27) 

where 

 zj � Dq1 2⁄  1xj > x�2   and    ρ̀ � L|z L|z

′ � Ψ| z 

Again, if rotated loadings L|G � L| T are used in place of the original loadings in 

eq (13.26), the subsequent factor scores fijG are related to fij by 

fijG � T′fij ;            j � 1, 2, … . . , n 

A numerical measure between the factor scores generated from two different 

calculation methods is provided by the sample correlation coefficient between 
scores on the same factor. 

Source: Adapted from Applied multivariate statistical analysis by Johnson R.A. and Wichern 

D.W. (2002) 

Check Your Progress 2 

1) The correlation matrix for chicken- bone measurements is 

�		
		

1.000. 505 1.000. 569 . 422 1.000. 602 . 467 . 926 1.000. 621 . 482 . 877 . 874 1.000. 603 . 450 . 878 . 894 . 937 1.000���

��� 

The following estimated factor loadings were extracted by the maximum 

likelihood procedure: 
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Variable Estimated 

factor loadings 

Varimax rotated 

estimated factor loadings 

 F1 F2   F1G F1
G  

Skull length .602 .200 .484 .411 

Skull breadth .467 .154 .375 .319 

Femur length .926 .143 .603 .717 

Tibia length 1.000 .000 .519 .855 

Humerus length .874 .476 .861 .499 

Ulna length .894 .327 .744 .594 

Using the unrotated estimated factor loadings, obtain the maximum 

likelihood estimates of the following: 

a) The specific variances 

b) The communalities 

c) The proportion of variance explained by each factor 

d) The residual matrix R > L|z L|z

′ > Ψ| z 

………………………………………………………………………… 

………………………………………………………………………… 

………………………………………………………………………… 

………………………………………………………………………… 

………………………………………………………………………… 

………………………………………………………………………… 

1) From the above exercise 1, Compute the value of the varimax criterion 

using both unrotated and rotated estimated factor loadings Also interpret 

the result. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

2) The following table provides data of the Students entering in a certain 

MBA program must take three required courses in Finance, Marketing and 

Business policy. Let X1, X2, and X3, respectively, represent a student's 

grades in these courses. The available data consist of the grades of five 

students (in a 10-point numerical scale above the passing mark), as shown 

in Table 13.1. Using an appropriate statistical package (SPSS, Minitab, 

SAS etc) run a factor analysis and interpret the results. 
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-II Table: 13.1: Students Grade ����� �� ,�- 

Student No.,�- 

Finance (X1) Marketing (X2) Business Policy 

(X3) 

1 3 6 5 

2 7 3 3 

3 10 9 8 

4 3 9 7 

5 10 6 5 

(Example adapted from Peter Tryfos, 1997, version printed: 14-3-2001). 

13.11 LET US SUM UP 

Factor analysis is something like an art. Factor analysis is used to study the 

patterns of relationship among many dependent variables to have an idea about 

the nature of the independent variables not measured directly. 

Factor analysis is used to identify latent constructs or factors. It is commonly 

used to reduce variables into a smaller set factors to save time and facilitate 

easier interpretations. There are many extraction techniques such as Principal 

component method and Maximum Likelihood. The factor analysis and the 

principal component analysis are among the oldest of the multivariate 

statistical methods of data reduction. Mathematically, factor analysis is 

complex and the criteria used to determine the number and significance of 

factors are vast. There are two types of rotation techniques – orthogonal 

rotation and oblique rotation. Orthogonal rotation (e.g., Varimax and 

Quartimax) involves uncorrelated factors whereas oblique rotation (e.g., Direct 

Oblimin and Promax) involves correlated factors. The interpretation of factor 

analysis is based on rotated factor loadings, rotated eigenvalues, and scree test. 

In reality, investigators often use more than one extraction and rotation 

technique based on pragmatic reasoning rather than theoretical reasoning. 

13.12 KEY WORDS 

Communality : It shows the variance of an observed variable 

accounted for by the common factors; in an 

orthogonal factor model. It is equivalent to 

the sum of the squared factor loadings. 

Common Factor : It implies the unmeasured (or hypothetical) 

underlying variable which is the source of 

variation in at least two observed variables 

under consideration. 

Confirmatory Factor 

Analysis (CFA) 

: This technique of the factor analysis attempts 

to confirm hypotheses and uses path analysis 

diagrams to represent variables and factors. 

Exploratory Factor 

Analysis (EFA) 

: The Exploratory Factor Analysis technique 

tries to uncover complex patterns by 

exploring the dataset and testing predictions. 
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Diagonal Matrix : It is a square matrix in which the entries 

outside the main diagonal are all zero. 

Eigenvalue 

(characteristic root) 

: It is a mathematical property of a matrix; used 

in relation to the decomposition of a 

covariance matrix, both as a criterion of 

determining the number of factors to extract 

and a measure of variance accounted for by a 

given dimension. 

Eigenvector : It is a vector associated with its respective 

eigenvalue; obtained in the process of initial 

factoring; when these vectors are appropriately 

standardized, they become factor loadings. 

Factor Extraction : It is the initial stage of factor analysis in 

which the covariance matrix is resolved into a 

smaller number of underlying factors or 

components. 

Factors : It implies hypothesized, unmeasured, and 

underlying variables which are presumed to 

be the sources of the observed variables; often 

divided into unique and common factors. 

Factor Loading : It is a general term referring to a coefficient in 

a factor pattern or structure matrix. 

Factor Pattern Matrix : It refers to a matrix of coefficients where the 

columns usually refer to common factors and 

the rows to the observed variables; elements 

of the matrix represent regression weights for 

the common factors where an observed 

variable is assumed to be a linear combination 

of the factors; for an orthogonal solution, the 

pattern matrix is equivalent to correlations 

between factors and variables. 

Kaiser criterion : In this criterion, first we can retain only 

factors with eigenvalues greater than 1 when 

factors are calculated from correlation matrix. 

In essence this is like saying that, unless a 

factor extracts at least as much as the 

equivalent of one original variable, we drop it. 

This criterion was proposed by Kaiser (1960), 

and is probably the one most widely used. 

Orthogonal Factors : It indicates the factors that are not correlated 

with each other; factors  obtained through 

orthogonal rotation. 

Orthogonal Rotation : It refers to the operation through which a 

simple structure is sought under the restriction 

that factors be orthogonal (or uncorrelated); 

factors obtained through this rotation are by 

definition uncorrelated. 

Principal Axis : It is a method of initial factoring in which the 
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-II Factoring adjusted correlation matrix is decomposed 

hierarchically; a principal axis factor analysis 

with iterated commonalities leads to a least 

squares solutions of initial factoring. 

Principal Components : It reflects linear combinations of observed 

variables, possessing properties such as being 

orthogonal to each other, and the first 

principal component representing the largest 

amount of variance in the data, the second 

representing the second largest and so on; 

often considered variants of common factors, 

but more accurately they are contrasted with 

common factors which are hypothetical. 

Scree Test : It is a rule of thumb criterion for determining 

the number of significant factors to retain; it 

is based on the graph of roots (eigenvalues); 

claimed to be appropriate in handling 

disturbances due to minor (unarticulated) 

factors. 

Varimax : It is a method of orthogonal rotation which 

simplifies the factor structure by maximizing 

the variance of a column of the pattern matrix. 
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13.14 ANSWERS OR HINTS TO CHECK YOUR 

PROGRESS EXERCISES 

Check Your Progress 1  

1) See Section 13.1  

2) See Section 13.4  
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3) See Section 13.4 

4) See Section 13.4  

 Check Your Progress 2  

1) See Section 13.6  

2) See Section 13.7 

3) Hints: How to run Factor Analysis in SPSS? 

After opening the SPSS windows sheet in your computer system, the 

following are the steps which can be used for performing, evaluating and 

analyzing the factor analysis solution: 

Step 1 :  Feed the entries in the SPSS work sheet. 

Step 2 :  Go to “Analyze” in the menu available at the top of the window 

screen. 

Step 3 :  Click on “Data Reduction” 

Step 4 :  Click on “Factor” 

Step 5 :  Click on “Extraction” and select “principal axis factoring” and 

press “Continue” 

 Step 6 :  Click on “OK” 

13.15 EXERCISES 

1) What do you understand by the Factor score? Describe the different 

methods for the estimation of factor score. 

2) Write a short note on Factor rotation and Oblique rotation. 

3) What do you understand by the methods of estimation? Describe in details, 

the principal component and maximum likelihood methods. 

4) With suitable example, explain communality in context to factor analysis. 

5) Define the following terms: 

a) Correlation matrix 

b) Specific variance 

c) Factor loadings 

d) Specific factors 
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UNIT 14 CANONICAL CORRELATION 

ANALYSIS 
 

Structure 

14.0 Objectives 

14.1 Introduction 

14.2 Canonical Correlation Analysis (CCA): Concept and Meaning 

14.3 Assumptions of Canonical Correlation 

14.4 Canonical Correlation Analysis as Generalization of the Multiple 

Regression Analysis 

14.5 Steps and Procedure Involved in Computation of CCA Results 

14.6 Illustration of CCA 

14.7 Interpretation of CCA Results 

14.8 Limitations of Canonical Correlation 

14.9 Let Us Sum Up 

14.10 Key Words 

14.11 Some Useful Books 

14.12 Answers or Hints to Check Your Progress 

14.13 Exercises 

14.0  OBJECTIVES 

After going through this unit, you will be able to: 

• explain the concept of canonical correlation analysis; 

• state the similarity and difference between multiple regression and canonical 
correlation; 

• discuss the steps and procedure involved in canonical correlation; 

• elucidate how to interpret the results of canonical correlation; 

• point out the limitations of canonical correlation analysis. 

14.1  INTRODUCTION 

The conventional wisdom that the economic agents are rational and are guided by self-
interest in decision making is being questioned as it ignores the psychological and 

social factors influencing decision making process. The research findings from many 

disciplines like neuroscience, cognitive science, psychology, behavioral economics, 
sociology, anthropology etc. indicate that the decisions made by the individuals in 

many aspects of development (like savings, investment, energy consumption, health 

etc.) are influenced by social contexts, local social networks, cultural factors, social 

norms and shared mental models etc. (World Development Report, 2015). Hence, 
inter-disciplinary perspective is being recognized as research approach to analyze 

human behavior so as to improve the predictive power of economics. Canonical 
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correlation analysis is a powerful analytical tool to analyze the association between 

two sets of variables belonging to different disciplines. This method measures the 
strength of association between the two sets of variables. An attempt is made in this 

method to concentrate a high-dimensional relationship between two sets of variables 

into a few pairs of canonical variables. Hence, in this unit, we shall throw light on 
various issues relating to canonical correlation like concept and meaning of canonical 

correlation, its similarity and differences with multiple regression, procedure involved 

in the analysis of canonical correlation, and its advantages and limitations. 

14.2 CANONICAL CORRELATION ANALYSIS (CCA): 

CONCEPT AND MEANING 

Canonical correlation analysis is a multivariate statistical model used to study the 
interrelationships among sets of multiple dependent variables and multiple 

independent variables. This technique is distinct from the multiple regression model in 

the sense that multiple regression predicts a single dependent variable from a set of 
multiple independent variables whereas canonical correlation simultaneously predicts 

multiple dependent variables from multiple independent variables. 

Let us understand the concept with an example. As a student of economics, you may 

like to know the association between economic inequality X�and political instability 

Y�. The economic inequality can be measured by five variables i.e. (i) the division of 

farmland �X��, (ii) the gini coefficient �X��, (iii) the percentage of tenant farmers 

�X��, (iv) the gross national product �X	�, and (v) the percentage of farmers �X
�. 
Similarly the political instability can be measured by four variables (indicators) i.e. (i) 

the instability of leadership �Y��, (ii) the level of internal group violence �Y��, (iii) the 

occurrence of internal war �Y��, (iv) stability of democracy �Y	�. These two 

theoretical concepts X� and Y� can be called two sets of variables or canonical 
variables. These can be shown in the following figure: 

 

 

  

 

 

 .  . 

 . . 

 

 

Fig. 14.1: Canonical Correlation 

Source: The sage encyclopedia of Social Sciences Research Methods vol. 1 (2004) page no. 83. 

The first canonical variable X� is measured by five variables (P = 5) and can be 

considered as a linear combination (a weighted sum) of these X variables. The second 

canonical variable Y� is a linear combination of the q = 4 indicators, Y� to Y	. The 
double side curved arrow indicates that the question of casualty remains open. 

The purpose of canonical correlation analysis is to find the correlation between a 

linear combination of the variables in one set and a linear combination of the variables 
in another set. The idea behind this approach is first to determine the pair of linear 

combinations having the largest correlation. Next, we determine the pair of linear 

combinations having the largest correlation among all pairs uncorrelated with the 
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-II initially selected pair, and so on. As stated in the above para, the pairs of linear 

combinations are called the canonical variables and their correlations are called 
canonical correlations. 

Thus, canonical correlation aims to (i) identify the dimensions among the dependent 

and independent variables, and (ii) maximize the relationship between the dimensions. 

In this manner, in canonical correlation, we can distinguish three types of correlations: 

1) Correlation between X variables, the correlation matrix is R��. 

2) Correlation between Y variables, the correlation matrix is R

. 

3) Correlation between X and Y variables, the correlation matrix is R�
 � R′
�. 

14.3 ASSUMPTIONS OF CANONICAL 

CORRELATION 

1) The correlation coefficient between any two variables is based on linear 

relationship. 

2) The canonical correlation is the linear relationship between the variates. 

3) The distribution of variables is normal. 

4) Hetro-scedasticity, to the extent it decreases the correlation between variables.  

14.4 CANONICAL CORRELATION ANALYSIS AS 

A GENERALIZATION OF MULTIPLE 

REGRESSION ANALYSIS 

Multiple regression analysis is a multivariate technique which can predict the value of 

a single dependent variable from a linear function of a set of independent variables. 

But this is not always the case. There are real life problems, however, when interest 
may not center on a single dependent variable. Rather, the researcher may be 

interested in relationships between sets of multiple dependent and multiple 

independent variables. Canonical correlation analysis is a multivariate statistical model 
that facilitates the study of interrelationships among sets of multiple dependent 

variables and multiple independent variables. Whereas multiple regression predicts a 

single dependent variable from a set of multiple independent variables, canonical 
correlation simultaneously predicts multiple dependent variables from multiple 

independent variables. Therefore, canonical correlation analysis is said to be a 

generalization of multiple correlation used in multiple regression problems.  

The coefficient of determination R
2
, in regression problems is the proportion of the 

variability in a dependent variable that is accounted for by a set of predictor variables 

and � � √�� is called the multiple correlation coefficient. The multiple correlation 
coefficient can also be interpreted as a measure of the maximum correlation that is 

attainable between the dependent variable and any linear combination of the predictor 

variable. Canonical correlation places the fewest restrictions on the types of data on 
which it operates. Because the other techniques impose more rigid restrictions, it is 

generally believed that the information obtained from them is of higher quality and 

may be presented in a more interpretable manner. For this reason, many researchers 

view canonical correlation as a last effort, to be used when all other higher-level 
techniques have been exhausted. But in situations with multiple dependent and 

independent variables, canonical correlation is the most appropriate and powerful 

multivariate technique. It has gained acceptance in many fields and represents a useful 
tool for multivariate analysis, particularly while considering multiple dependent 

variables. 
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14.5 STEPS AND PROCEDURE INVOLVED IN 

COMPUTATION OF CCA 

In 1935-36, Hotelling proposed a method, known as Canonical Correlation Analysis to 

investigate “linear” relationship between the two sets of variates. 

James Press (2005) has expressed the whole idea of this Canonical Correlation 

Analysis in the following words: 

“The Canonical correlation” model selects weighted sums of variables from each of 
the two sets to form new variables in each of the sets, so that the correlation between 

the new variables in “different sets” is maximized while the new variables within each 

set are constrained to be uncorrelated with mean zero and unit variance. 

We shall adhere to Press’s approach. 

Let  

  α: p�  �  1 

and 

  γ: p�  �  1 

be two unknown vectors to be determined such that the correlation between α′Y and 

γ′Z be as large as possible. 

So, let 

  U� � α′Y 

V� � γ′Z 

and 

��U�, V�� � Correlation coefficient between U� and V�. 

The problem of correlation coefficient now amounts to the following:  

   maximize ��U�, V��  

Subject to  

   Var �U�� � Var �V�� � 1  

and  

   E �U�� �  E�V�� � 0. 

Hotelling solved this problem using the celebrated method of Lagrange Multipliers. 
However, we shall just state the final results. Hotelling showed that this maximization 

problem is equivalent to following algorithm: 

Step 1: Solve for � the equation 

 !�Σ�� Σ��
Σ�� !�Σ��

 � 0    -----------------  (A) 

Here, Σ�� � Var �Y� 

 Σ�� � Var �Z� 

 Σ�� � Σ�� � Var �Y, Z� 

Let �� be the largest positive root of the above equation. 
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-II Step 2: Now, solve the system of equations: 

"!��Σ�� Σ��
Σ�� !��Σ��

# $%
&' � 0 

for α and γ.  

Mathematically, it is not so simple to solve the above system of linear equations. 

However, there is an equivalent formulation. To compute α and γ, we solve the pair of 

equations: 

(Σ��Σ��)�
Σ�� ! ���

Σ��*α � 0 

(Σ��Σ��)�
Σ�� ! ���

Σ��*γ � 0 

Step 3: We now call these α and γ as α� and γ� respectively; and  

U� � α�′ γ  
and 

V� � γ�
′ Z 

as First Canonical Variates.  

It will turn out that ��will be the correlation coefficient between U�and V�. We, 

therefore, write  

�� � ρ�U�, V�� 

and call this as First Canonical Correlation. 

Step 4: We now proceed to the next iteration. We now define: 

U� � α�′ γ 
V� � γ�

′ Z, 

where %� and &� are to be determined. 

maximize ��U�, V��  

subject to  

Var �U�� � Var �V�� � 1  

and  

E �U�� �  E�V�� � 0. 

We repeat the above procedure to compute α� and γ� as solution of 

"!��Σ�� Σ��
Σ�� !��Σ��

# $%�&� ' � $0
0' 

where �� is the second largest positive root of the equation (A). 

Step 5: We continue this procedure uptil the smallest positive root. 

Step 6: The result is now to be collected in a vector format:  

1

2

1

p

.

.

.

U

U

U

U

 

 

 

 

=  

 

 

 
 
 

  = (U� … ./0*′  
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and 

 

1

2

1

p

.

.

.

V

V

V

V

 

 

 

 

=  

 

 

 
 
 

 �  �V� … VP��′. 

The elements of U and V are called Canonical Variates and �2 is corresponding 

canonical correlation. 

14.6 ILLUSTRATION OF CCA 

Let us now understand the canonical correlation analysis technique with the help of an 

illustration. 

This example is based on 416 observations collected through primary survey for the 

purpose of research study entitled “Assessment of Human Well-being in Delhi: 

Multidimensional Approach”. The researcher attempted to study the relationship 
between economic well-being variables and overall life satisfaction variables. One of 

the questions raised in this study was to examine how does economic well-being 

influence the overall life satisfaction of the people or more specifically, to know 
whether economic well-being indicators are predictive of overall life satisfaction of 

people. 

The main characteristic of canonical analysis is the investigation of the relationship 

between two sets of variables. One set is the predictor set or, say, analytically, the set 
of independent variables. The second consists of the criteria or dependent variables.  

In our example, the set of economic well-being variables constitutes the set of 

independent variables. This set of economic well-being variables consist of 5 
indicators of economic  well-being: 

1) Annual Income 

2) Movable Assets 

3) Fixed Assets 

4) Employment Status 

5) Educational Attainment 

Next, the set of criteria variables constitute the overall life satisfaction indicators: 

1) My life closer to my ideal life 

2) Circumstances of my life are best to my choice 

3) I am satisfied with my life 

4) I have achieved the things in my life I aspired 

5) I would not prefer to make any drastic change in my rest of life till I survive 

The data on these two sets of variables was collected through primary survey for the 

above said study.  
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-II Let us now learn to run the Canonical Correlation Analysis for our example using 

SPSS 

Step 1: Click file, new and syntax sequence. 

 

Step 2: Then type the following syntax :  
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Note that the criterion set of variables are listed before WITH and predictor variables 

are listed afterwords 

Step 3: This command can be implemented using RUN button on toolbar menu.  

 

The results of above illustration using SPSS has been presented in this section. The 
table 1 below shows an overall multivariate test of the entire model using different 

multivariate criteria. 

Table 14.1:  Multivariate Tests of Significance 

Test Name Value Approx. F Hypoth. DF Error DF Sig. of F 

Pillais .14258 2.40693 25.00 2050.00 .000 

Hotellings .15845 2.56302 25.00 2022.00 .000 

Wilks .86055 2.49153 25.00 1509.72 .000 

Roys .11708    .000 

Table 14.2: Eigenvalues and Canonical Correlations 

Root No. Eigenvalue Pct. Cum. Pct. Canon Cor. Sq. Cor 

1 .13260 83.69055 83.69055 .34217 .11708 

2 .01720 10.85381 94.54437 .13003 .01691 

3 .00698 4.40258 98.94695 .08323 .00693 

4 .00167 1.05222 99.99917 .04080 .00166 

5 .00000 .00083 100.00000 .00115 .00000 
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-II In this example, we are not only interested to know whether there is a relationship 

between the predicator and criterion variables but also wanted to know which 
indicators of economic well-being are more or less useful in explaining the 

relationship between life satisfaction and economic well-being. This is exactly where 

CCA comes into play. The interpretation and evaluation of the results has been 
discussed in next section. 

14.7  INTERPRETATION OF CCA RESULTS 

We now come to the conclusive stages of the Canonical Correlation Analysis. 

To draw the right conclusions amounts to the correct interpretation of the 

results obtained by conducting the CCA. 

The first step is to evaluate the overall statistical significance of the full 

canonical model. This is done by testing the Null hypothesis. The Null 

hypothesis is that there is no relationship between the two set of variables. The 

alternative hypothesis is that the two sets of variables are related.  

The interpretation of CCA is now accomplished by computing the F-statistic 

value using the Wilks-� test. 

We now come to the actual interpretation of the CCA as conducted in our example. 

Here, the value of the computed value of the F-statistic is high and significant. This 

is given in table 1 as 0.860. This means that we can reject the Null hypothesis. 

That is to say that we accept the alternative hypothesis. Thus, statistically significant 
relationship exists between life satisfaction and economic well-being indicators. 

Let us recall, that the first root (function) is created in such a manner that the canonical 

correlation between the new variable is maximized and these new variables within 
each set are uncorrelated with zero mean and unit variance. 

Let us interpret only those functions which explain reasonable amount of variance 

between variable sets. In our illustrations, we interpret only the first function as it 

explains 12% variance within the function as shown in table no. 2.  All other functions 
explain less than 10% of variance in their functions, hence we can ignore them. 

So, what we have concluded so far is that there is a statically significant relationship 

between our two set of variables. Further, this relationship is largely captured by the 
first root (function) in the canonical model. Next, we want to identify those variables 

which contribute significantly to explain this relationship between economic well-

being and overall life satisfaction. 

In multiple regression analysis, we often look at Beta weights to identify the relative 
contribution of one independent variable to explain dependent variable. In CCA, we 

look at the structure coefficient to decide which variables are useful for the model. 

Therefore, we examine the standardized weights and structure coefficients to interpret 
the first root (function). Let us underline the point that we are only concerned with the 

first function and will ignore other functions as they are not significant. 

To understand the pattern among two set of variables, we have created table 3 showing 
coefficients which presents the standardized canonical function coefficients (i.e. 

weights) and structure coefficients for all variables. The squared structure coefficient 

(r32
) are also given, which represent the percentage of shared variance between 

observed variable and the new variable created from the observed variables set. 
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Table 14.3: Canonical Solution for Economic Well-being Indicator Predicting 

Overall Life Satisfaction for Function 1 

Variable Coef 45 452 
(%) 

Life closer to ideal life .221 -.502 25.20 

Circumstances of life best to my choice -.692 -.905 81.90 

Satisfied with life -.223 -.729 53.14 

Achieved things in life -.400 -.746 55.65 

Want no drastic change in life -.054 -.427 18.23 

Annual Income -.381 -.857 73.44 

Fixed Assets .029 -.256 6.55 

Movable Assets -.210 -.696 48.44 

Educational Attainment -.668 -.895 80.10 

Employment status .219 -.286 8.17 

Coef: Standized Canonical Function Coefficient, r3 = Structure Coefficient, r32 = 

Squared Structure Coefficient 

Looking at the coefficient, we find that relevant dependent variables are: the 

circumstances of life are best to my choice, I am satisfied with my life and I have 

achieved things in my life I aspired, because all these variables high squared structure 
coefficient which indicates the amount of variance the observed variable can 

contributed to new latent criterion variable. Looking at the other side of the equation 

on function 1 which involves predicator set, we find that Annual Income, Movable 
Assets and Educational Attainment variables were primary contributors. You must 

note that this process for interpretation of function is same as identifying the useful 

predictors in regression analysis with the exception that in canonical correlation 
analysis we have two set of equations for consideration.  

Check Your Progress I 

1) What do you mean by the term ‘inter-disciplinary perspective’ 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

2) How is CCA useful to address the inter-disciplinary nature of research questions? 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

3) State the steps involved in computation of CCA through SPSS software. 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

……………………………………………………………………………………… 

14.8 LIMITATIONS OF CANONICAL 

CORRELATION 

1) The canonical correlation express the variance shared by the linear composites of 

the set of variables and not the variance extracted from the variables. 
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-II 2) Canonical weights derived in computing canonical functions are subject to great 

deal of instability. 

3) The interpretation of canonical variates is different due to the efforts to maximize 

the relationship. 

4) It is difficult to identify meaningful relationship between the subset of independent 
and dependent variables because precise statistics is yet to be developed. 

14.9  LET US SUM UP 

Canonical correlation analysis is a useful and powerful technique for exploring the 

relationships among multiple dependent and independent variables. The technique is 

primarily descriptive, although it may be used for predictive purposes. In this 

technique, weighted sums of variables are selected from each of the two sets to form 
new variables in each of the sets so that the correlation between the new variables in 

different sets in maximized while the new variables within each set are constrained to 

be uncorrelated with mean zero and unit variance. Results obtained from a canonical 
analysis suggest answers to questions concerning the number of ways in which the two 

sets of multiple variables are related, the strengths of the relationships, and the nature 

of the relationships defined. Canonical analysis enables the students to combine into a 

composite measure what otherwise might be an unmanageably large number of 
bivariate correlations between sets of variables. It is useful for identifying overall 

relationships between multiple independent and dependent variables, particularly 

when we have little a priori knowledge about relationships among the data for two sets 
of variables. Essentially, we can apply canonical correlation analysis to a set of 

variables that appear to be significantly related.  

The CCA is based on two statistical assumptions. First, the correlation coefficient 
between any two variables is based on a linear relationship. Second, the parent 

population from which the sample has been drawn is normally distributed. CCA has 

several advantages and limitations. 

14.10 KEY WORDS 

Canonical correlation : Measure of the strength of the overall relationships 

between the linear composites (canonical variates) 
for the independent and dependent variables. In 

effect, it represents the bivariate correlation 

between the two canonical variates. 

Canonical correlation 

analysis 

: It is a multivariate statistical analysis that facilitates 

the study of interrelationships among  the sets of 

multiple dependent variables and multiple 

independent variables. 

Canonical cross-loadings : Correlation of each observed independent or 

dependent variable with the opposite canonical 

variate. For example, the independent variables are 
correlated with the dependent canonical variate. 

They can be interpreted like canonical loadings, 

but with the opposite canonical variate. 

Canonical function : Relationship (correlation) between two linear 

composites (canonical variates). Each canonical 

function has two canonical variates, one for the set 

of dependent variables and one for the set of 
independent variables. The strength of the 

relationship is given by the canonical correlation. 
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Canonical loadings : Measure of the simple linear correlation between 

the independent variables and their respective 
canonical variates. These can be interpreted like 

factor loadings, and are also known as canonical 

structure correlations. 

Canonical roots : Squared canonical correlations, which provide an 

estimate of the amount of shared variance between 

the respective optimally weighted canonical 

variates of dependent and independent variables. It 
is also known as eigenvalues. 

Canonical variates : Linear combinations that represent the weighted 

sum of two or more variables and can be defined 
for either dependent or independent variables. It is 

also known as linear composites, linear 

compounds, and linear combinations. 

Multiple regression 

analysis 

: Multiple regression analysis predicts a single 
dependent variable from a set of multiple 

independent variables. 
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2) Hotelling, H. (1936); Relations between two sets of variables, Biometrika 28, 321-377 

3) Johnson, R.A. & Wichern, D.W. (2002); Applied Multivariate Statistical Analysis, 

Pearson Education, Inc. 

4) Johnson, Dallas E. (1998); Applied Multivariate Methods for Data Analysis, 

International Thomson Publishing Inc. 

5) Michael S. Lewis-beck Alan Bryman Tim Futing Liao (2004); The sage 

encyclopedia of Social Sciences Research Methods vol. 1 page no. 83 
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14.12 ANSWERS OR HINTS TO CHECK YOUR 

PROGRESS 

Check Your Progress I  

1) See Section 14.1  

2) See Section 14.6  

3) See Section 14.6  

14.13   EXERCISES 

1) Under what circumstances would you select canonical correlation analysis instead 

of multiple regressions as the appropriate statistical technique? 

2) Discuss in details the procedure for computation of the canonical correlation. 

3) What are the limitations associated with canonical correlation analysis? 
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UNIT 15 CLUSTER ANALYSIS 
 

Structure 

15.0 Objectives 

15.1 Introduction 

15.2 Cluster Analysis: Concept and Meaning 

15.3 Steps and Algorithm Involved in Cluster Analysis 

15.4 Methods of Cluster Analysis 

15.5 Partitioning Cluster Methods 

15.6 Hierarchical Cluster Methods 

15.7 Other Approaches: Two-step Cluster Analysis 

15.8 Interpretation of the Results  

15.9 Let Us Sum Up 

15.10 Key Words 

15.11 Some Useful Books 

15.12 Answers or Hints to Check Your Progress Exercises 

15.13 Exercises 

15.0 OBJECTIVES 

After going through this unit, you will be able to: 

• state the concept and purpose of cluster analysis; 

• list the steps to be followed in cluster analysis; 

• explain the different approaches to cluster analysis; and 

• to learn how to apply cluster analysis in analyzing economic problems and 

interpret its results. 

15.1  INTRODUCTION 

In social sciences, data set usually take the form of observations on unit of 

analysis for a set of variables. You as a student of economics may be interested   

to identify groups of similar objects like countries, enterprises, households on 

the basis of selected variables like unemployment rate of men and women in 

different countries, deprivation indicators of households etc. Similarly you may 

need to segment customers into a small number of groups for additional 

analysis and marketing activities. Further researcher may aim to find out spatial 

or temporal pattern in human developments, educational development etc. In 

such cases, a simple classification of units into sub-groups is required for the 

purpose of analysis because classes or conceptually meaningful groups 

(clusters) share common characteristics and play an important role in analysis 

and description of the world. Cluster analysis is a useful technique in such 

situations for data analysis. For example, cities can be grouped or clustered in 
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terms of their social, economic and demographic characteristics. Similarly, 

people can be clustered in terms of their psychological profiles or other 

attributes they possess. Hence, in this unit, we shall discuss various clustering 

methods and algorithm involved in cluster analysis. Let us begin with 

explaining the concept of cluster analysis. 

15.2 CLUSTER ANALYSIS: CONCEPT AND 

MEANING 

Classes or conceptually meaningful groups of objects sharing common 

characteristics, play an important role in how people analyze and describe the 

world. The creation of groups of similar objects or variables based upon 

measured characteristics is an important method of analysis which we call 

cluster analysis. This is an important method of multi-variate analysis. After 

collecting the data, we divide the observations into groups (clustering) and 

assign the labels to these groups. Thus cluster analysis is the study of 

techniques for automatically finding classes. Cluster analysis is a strong tool of 

the multivariate exploratory data analysis. It involves a great amount of 

techniques, methods and algorithms which can be applied in various fields of 

social sciences including economics. 

Let us remember that Grouping, or clustering, is distinct from the classification 

methods. Classification pertains to known number of groups with the purpose 

to assign new observations to one of these groups. Cluster analysis is a more 

primitive technique in the sense that no assumptions are made concerning the 

number of groups or the group structure. Grouping is done on the basis of 

similarities or distances (dissimilarities). The inputs required are similarity 

measures or data from which similarities can be computed. The general 

practical application of cluster analysis is whether the investigator knows 

enough about the problem to distinguish "good" groupings from "bad" 

groupings. This can be done by enumerating all the possible groupings and 

select the "best" ones for further study. 

Cluster analysis aims to discover natural groupings of the items (or variables). 

For this, we need to first   develop a quantitative scale to measure the 

association (similarity) between objects. Since clustering involves a collection 

of data objects which are similar to one another within the cluster and 

dissimilar to objects in other clusters, a cluster of data objects can be treated as 

an implicit class. Due to this it is also sometimes referred to as ‘automatic 

classification’. In some applications, it is also known as ‘data segmentation’ 

because clustering divides large data sets into groups based on their 

similarities. Cluster analysis enables us to detect outliers. As a branch of 

statistics, cluster analysis has been extensively studied with the main focus on 

distance-based cluster analysis and has been built into statistical analysis 

software packages or systems such as SPSS, SAS and S-Plus. An illustration of 

cluster analysis using SPSS shall be discussed towards the end of the unit. It is, 

however, first important to understand the steps and algorithm involved in 

conducting cluster analysis and the main methods used under this analytic 

technique in research. 



 

 

 

Cluster Analysis 

45 

-II 15.3 STEPS AND ALGORITHIM INVOLVED IN 

CLUSTER ANALYSIS 

The following five broad steps are involved in conducting cluster analysis: 

1) Measuring the relevant variables (both quantitative and categorical) that 

can be included, 

2) Creating a (dis) similarity Matrix for an appropriate measure of (dis) similarity, 

Distances are used to measure (dis) similarity between the samples of two 

variables. To determine the extend of (dis) similarity we construct what is 

known as (dis) similarity matrix. Every entry of (dis) similarity matrix 

determine using the notion of distance, more formally metric. Various sort of 

metric can be employed each being suitable to suit the particular sort of data set.  

The metric that is usually employed is known as minskowi metric, the 

formula of which is as under: 

���, �� � �	



��

|�� � ��|��

��
 

where �� � ��
,��, ��, . . . , �
� and �� � ��
,��, ��, . . . , �
� are two n – 

dimensional data objects and k is a positive integer. 

For k = 1 and k = 2 the Minskowi metric becomes equal to Manhattan and 

Euclidean metric respectively. 

3) Creating one or more clustering’s via a clustering algorithm. An example 

for clustering algorithm: 

For the sake of convenience, we shall consider a sub matrix from the table 

of (dis) similarity matrix shown in table  1. 

Let us take 

A = 

0

1 0

0 1 0

1 2 1 0

0 1 0 1 0

16 17 16 9 16 0

 

 

 

 

 

 

 

 
 
 

 

Now, we implement the algorithm. 

Step 1: The entries in A are squared Euclidean distances. We first take their 

positive square root and call the new matrix as D1 

D1 = 

01

1 02

0 1 03

4 1 2 1 0

5 0 1 0 1 0

6 4 17 4 3 4 0

 

 

 

 

 

 

 

 

 
 
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We label rows as 1, 2, 3, 4, 5, 6. Taking the row 1 as a fixed variable, we 

now locate the variable closest to it. We observe that there are two such 

choices (1,3) & (1,5) as both have distance zero. We take (1,3) and put 1 & 

3 in the same cluster. Now we calculate the distance of (1,3) from 

remaining rows with the understanding that 

��� � ���� � ����       � �, � � 1�1�5 

��
��� � min"�
�, ���# � min"1,1# � 1 

��
��$ � min"�
$, ��$# � min"1,1# � 1 

��
��% � min"�
%, ��%# � min"0,0# � 0 

��
��' � min"�
', ��'# � min"4,4# � 4 

Hence, now D2 becomes 

D2 = 

013

1 02

4 1 2 0

5 0 1 1 0

6 4 17 3 4 0

 

 

 

 

 

 

 

 

 

We observe that because 1 & 3 were clustered together, therefore, 3
rd

 row 

so does the 3
rd

 column from D1 gets deleted. 

Step 2: We now see that taking (13) as the fixed variable, the variable 

closest to (13) in the matrix D2 is row 5 as their distance is zero. Hence, we 

cluster together (13) & 5. 

Now we calculate distance of (13)5 from the remaining variable to 

construct matrix D3. 

Hence now D3 becomes 

D3 = 

0(13)5

1 02

4 1 2 0

6 17 1 17 3 0

 

 

 

 

 

 
− 

 

We can continue like this and it is entirely up to us when to stop depending 

on how many clusters we want.This method of creating clusters is 

applicable in both hierarchical as well as non hierarchical approach to 

cluster analysis. 

4) providing some assessment of the obtained clustering(s), and 

5) Interpreting the clustering(s) in substantive terms. 

Assessment and interpretation of the obtained clustering (s) has been explained 

in section 15.8 with the help of an illustration. 



 

 

 

Cluster Analysis 

47 

-II 15.4 METHODS OF CLUSTER ANALYSIS 

Imagine you are going to undertake fieldwork in Uttar Pradesh next week and 

for doing so you wish to divide your group into 5 teams and assign 10 villages 

under one team each.  Strategically, you would like to identify those set of 10 

villages to bear somewhat similar characteristics as much possible. Suppose 

that the district information is also unavailable leaving manual grouping 

difficult. You need a clustering tool to help you in this scenario. Clustering is a 

process of grouping a set of objects into multiple groups or clusters so that 

objects having high similarity are in same cluster but having dissimilarity in 

other clusters. Similarities and dissimilarities are generally assessed based on 

attribute values describing objects and involve distance measures. 

Creation of simple group structure from a complex data set require a measure 

of “closeness” or “similarity”. Often a great deal of subjectivity is involved in 

the choice of a similarity measure. Important considerations include the nature 

of the variables (discrete, continuous, binary), scales of measurement (nominal, 

ordinal, interval, ratio), and subject matter knowledge. When items (units or 

cases) are clustered, proximity is usually indicated by some sort of distance. On 

the other hand, variables are usually grouped on the basis of correlation 

coefficients or like measures of association.  

An advantage of using Cluster analysis is to represent data in graphical way as 

it offers several possibilities to do that. Dendrogram or other graphical 

solutions can be used to visually examine linkages between observations. A 

dendrogram is a tree-like structure commonly used to represent the process of 

hierarchical clustering. It shows how objects are grouped together (in an 

agglomerative method) or partitioned (in a divisive method) on a step-by-step 

basis. 

Two types of clustering algorithms are generally reported, namely non-

hierarchical and hierarchical. Partitioning is the most extensively used non-

hierarchical method and would be discussed in detail in this unit. While 

partitioning method classifies objects into a specified number of groups (say k), 

hierarchical method does not construct a single partition with k clusters, but 

deals with all values of k in the interval [1,n] where  n is the total number of 

objects. Other types of non-hierarchical clustering methods are density-based 

and grid-based which are beyond the scope of this unit.Non-hierarchical cluster 

analysis tends to be used when large data sets are involved. It is sometimes 

preferred because it allows subjects to move from one cluster to another (this is 

not possible in hierarchical cluster analysis where a subject, once assigned, 

cannot move to a different cluster). The two major disadvantages of non-

hierarchical cluster analysis are: 

1)  It is often difficult to know how many clusters you are likely to have and 

therefore the analysis may have to be repeated several times, and  

2)  It can be very sensitive to the choice of initial cluster centres. 

15.5 PARTITIONING CLUSTERING METHODS 

As introduced earlier, a partitioning method classifies objects into say, k groups 

which together must satisfy the following criteria:  



 

 

 

Quantitative Methods-II 

48 

Each group must contain at least one object and each object must belong to one 

group. To put it simply, it implies that k should be less than or equal to n, 

where n is the total number of objects. In other words, partitioning methods 

conduct one-level partitioning on data sets. The basic partitioning methods 

typically adopt ‘exclusive cluster separation’ i.e. each object must belong to 

exactly one group. Stratified random sampling lend an interesting example of 

partitioning methods. Suppose a household sample size of  100 has to be 

collected from Delhi representing all five geographical zones of Delhi i.e. East, 

West, North, South and Central zones. In this case the five zones are the 5 

groups and are pre-specified in number. Each zone must contain at least one 

household and each household in the sample must belong to one zone. Clearly 

in this example, the number of groups k (here 5) are less than the number of 

objects n (here 100).  

In general, after initial partitioning, the ‘iterative relocation technique’ attempts 

to improve the partitioning by moving objects from one group to another. 

When it comes to judging a good partitioning, it can be inferred on the basis of 

whether objects in the same cluster are ‘close’ or related to each other whereas 

objects in different clusters are ‘far apart’.  

We shall now discuss one of the most frequently used partitioning method in 

social sciences and in statistical analysis and that is the K-means method. It is 

a Centroid based technique. K-means clustering is used to split the 

observations into K clusters/groups and test what are the main characteristics of 

these clusters/groups. To understand it in simple words, let us assume that we 

have a data set D which contains n objects in Euclidian space i.e. two 

dimensional space. Partitioning methods first distribute the objects in data set 

D into k clusters such as X1, X2,…Xk,wherein each Xi is an element of D and Xi 

∩ Xj = Ø. Thereafter an objective function is defined to assess the partitioning 

quality so that within a cluster there are similar objects while other clusters 

have dissimilar objects.  

As mentioned earlier, K-means is a centroid based method which uses the 

centroid of a cluster to represent that cluster. Conceptually, centroid is nothing 

but its center point or mean. It is, many a times, defined as the mean of the 

objects assigned to the cluster. After calculating the mean, this methods 

measures the distance of objects from the centroid in the Euclidian space. The 

quality of a cluster is measured by the within-cluster variation, which is the 

sum of squared error between all objects in Xi and the centroid ci. 

How does the k-means algorithm work? Han, Kember and Pei have explained 

the workings in a very simple manner. The k-means algorithm defines the 

centroid of a cluster as the mean value of the points within the cluster. 

a) First, it randomly selects k objects in D, each of which initially represent a 

cluster mean or center. 

b) For each of the remaining objects, an object is assigned to the cluster to 

which it is most similar, based on the Euclidian distance between the object 

and the cluster mean. 

c) K-means algorithm thereafter improves the intra-cluster variation iteratively. 

d) For each cluster, it computes the new mean using the objects assigned to 
the cluster in the previous iteration. 

e) All objects are then reassigned using updated means as the new cluster 

centers. 
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-II f) Iterations continue until the assignment is stable i.e. clusters formed in the 
current step are equal to the clusters formed in previous step. 

Check Your Progress 1 

1)  Explain the concept and intuition of Cluster analysis. What are the steps 

involved in carrying out cluster analysis? 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

2)  Which are the broad methods used in cluster-analysis? Explain the k-means 

method clearly indicating the steps involved in it. 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

……………………………………………………………………………… 

15.6 HIERARCHICAL CLUSTERING METHODS 

In some situations, you may like to partition data into groups at different levels 

as in a hierarchy. A Hierarchical clustering method works by grouping data 

objects into a hierarchy or ‘tree’ of clusters. By doing so it becomes easy to 

summarize data. This will enable you to visually interpret it. For example, the 

employees of a college may be divided on the basis of their nature of 

appointment: Permanent or Temporary and one may further partition them into 

smaller sub-groups like Professor, Associate Professor, Reader, Assistant 

Professor, etc. All these groups form a hierarchy. You can easily characterize 

or summarize the data in a hierarchy and can use it to find the average working 

experience or salaries of Professors and of Assistant Professors.  

You may use hierarchical clustering methods to analyze the hierarchical 

structure in an organization or dataset or may also use to discover an 

underlying hierarchical structure. In the study of evolution, hierarchical 

clustering has been used to group animals according to their biological features 

which has enabled scientists to discover evolutionary paths, which are a 

hierarchy of species. 

Hierarchical algorithms do not construct a single partition with k clusters, but 

they deal with all values of k in the interval [1, n]. Hierarchical clustering 

methods are of two types: Agglomerative and Divisive. Agglomerative 

hierarchical methods start with each unit in its own cluster and systematically 

merges units and clusters until all units form a single cluster. Thus, there are 

initially as many clusters as objects. The most similar objects are first grouped, 

and these initial groups are merged according to their similarities. Eventually, 

as the similarity decreases, all subgroups are fused into a single cluster. An 

agglomerative hierarchical method uses a bottom-up strategy. Han, Kamber 
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and Pei explain that it typically starts by letting each object form its own 

cluster and iteratively merges clusters into larger and larger clusters, until all 

objects are in a single cluster. The single cluster becomes the hierarchy’s root. 

For merging, it finds two clusters closest to each other and combines to form 

one cluster. It requires at most n iterations as two clusters are merged per 

iteration and each cluster contains atleast one object.  

Divisive hierarchical methods work in the reverse direction. Initially all objects 

belong to the same cluster; then, iteratively, a cluster is chosen according to a 

selection criterion and bi-partitioned such that the objects in one subgroup are 

“far from” the objects in the other. These subgroups are then further divided 

into dissimilar subgroups; the process continues until there are as many clusters 

as objects that is, until each object forms a group. Thus it employs a top-down 

approach. It starts by placing all objects in one cluster, which is the hierarchy’s 

root. It then divides the root cluster into several smaller sub-clusters and 

repeatedly partitions them into smaller clusters. 

In other words, hierarchical clustering techniques proceed by either a series of 

successive mergers or a series of successive divisions. In either agglomerative 

or divisive hierarchical clustering, a user can specify the desired number of 

clusters as a termination condition. The results of both agglomerative and 

divisive methods may be displayed in the form of a two- dimensional diagram 

known as dendrogram.  However, this graph is generally useful for relatively 

small data sets only. In case of large data sets or sample size, individual objects 

cannot be identified. As we shall see, the dendrogram illustrates the mergers or 

divisions that have been made at successive levels. 

Illustration: Suppose we take a sample of size 15 and wish to examine the inter-

relationship of employment status and educational attainment as shown in Figure 

15.1. Cluster Analysis helps in clustering objects which are similar in attributes.  

 

Fig. 15.1: Sample data for Cluster Analysis 

Source: Assessment of Human wellbeing: A Multidimensional Approach un published study 

undertaken by prof. Narayan Prasad  
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-II In Figure15.2, a dendrogram is constructed using SPSS which clusters sample 

data. A dendrogram is a branching diagram that represents the relationships of 

similarity among a group of entities. Each branch is called a clade. The 

terminal end of each clade is called a leaf. Clades can have just one leaf (these 

are called simplicifolious, a term from botany that means “single leafed”) or 

they can have more than one. Two-leaved clades are bifolious, three-leaved are 

trifolious, and so on. There is no limit to the number of leaves in a clade. The 

arrangement of the clades tells us which leaves are most similar to each other. 

The width of the branch points indicates how similar or different they are from 

each other: the greater the width, the greater the difference. In this particular 

dendrogram, we see that chunk 6, 10 and 13 are completely separate from all 

the others as they are clustered through a separate leaf of the clade. We 

interpret its placement as indicating that the distribution in that chunk is 

substantially different from the distribution in the remaining chunks. By closer 

inspection, it can be observed that these 3 individuals are post-graduates as 

well as employed on either contractual basis or unemployed i.e. it reflects that 

higher educational attainment has not improved their job status as well as job 

security. 

If we are trying to identify which individual segments are most similar to each 

other, we read the dendrogram from the left to right, identifying the first clades 

to join together as we move from left to right. By closer inspection we find 4 

clusters which have most similar objects. The first cluster is of 2 and 15 

indicating better job status after graduation, the second cluster is of 1 and 3 

(both are employers and post-graduates), the 3
rd

 cluster is of 4,8,9 and 12 

which has linked post-graduates and the regularity of their employment while 

the 4
th

 cluster is made up of 6 and 10 indicating contractual work despite being 

post-graduate. The further the clades away from the observations/objects, less 

is the similarity between them. 

Table 15.1: Similarity between level of education and level of employment  

Proximity Matrix 

Obser
vation 

 Squared Euclidean Distance  

1:A 2:B 3:C 4:D 5:E 6:F 7:G 8:H 9:I 10:J 11:K 12:L 13:M 14:N 15:O 

1:A .000 1.000 .000 1.000 .000 16.000 1.000 1.000 1.000 16.000 5.000 2.000 29.000 2.000 2.000 

2:B 1.000 .000 1.000 2.000 1.000 17.000 2.000 2.000 2.000 17.000 4.000 5.000 26.000 1.000 1.000 

3:C .000 1.000 .000 1.000 .000 16.000 1.000 1.000 1.000 16.000 5.000 2.000 29.000 2.000 2.000 

4:D 1.000 2.000 1.000 .000 1.000 9.000 .000 .000 .000 9.000 2.000 1.000 20.000 1.000 1.000 

5:E .000 1.000 .000 1.000 .000 16.000 1.000 1.000 1.000 16.000 5.000 2.000 29.000 2.000 2.000 

6:F 16.000 17.000 16.000 9.000 16.000 .000 9.000 9.000 9.000 .000 5.000 10.000 5.000 10.000 10.000 

7:G 1.000 2.000 1.000 .000 1.000 9.000 .000 .000 .000 9.000 2.000 1.000 20.000 1.000 1.000 

8:H 1.000 2.000 1.000 .000 1.000 9.000 .000 .000 .000 9.000 2.000 1.000 20.000 1.000 1.000 

9:I 1.000 2.000 1.000 .000 1.000 9.000 .000 .000 .000 9.000 2.000 1.000 20.000 1.000 1.000 

10:J 16.000 17.000 16.000 9.000 16.000 .000 9.000 9.000 9.000 .000 5.000 10.000 5.000 10.000 10.000 

11:K 5.000 4.000 5.000 2.000 5.000 5.000 2.000 2.000 2.000 5.000 .000 5.000 10.000 1.000 1.000 

12:L 2.000 5.000 2.000 1.000 2.000 10.000 1.000 1.000 1.000 10.000 5.000 .000 25.000 4.000 4.000 

13:M 29.000 26.000 29.000 20.000 29.000 5.000 20.000 20.000 20.000 5.000 10.000 25.000 .000 17.000 17.000 

14:N 2.000 1.000 2.000 1.000 2.000 10.000 1.000 1.000 1.000 10.000 1.000 4.000 17.000 .000 .000 

15:O 2.000 1.000 2.000 1.000 2.000 10.000 1.000 1.000 1.000 10.000 1.000 4.000 17.000 .000 .000 

Source: Assessment of Human Wellbeing: A Multidimensional Approach, a research study 

(unpublished) undertaken in 2015 by Prof. Narayan Prasad. 
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DENDROGRAM USING WARD METHOD 

Rescaled Distance Cluster Combine 

                      

 

               0         5        10        15        20        25 

               +---------+---------+---------+---------+---------+ 

 

  N       14   ─┐ 
  O       15   ─┼─┐ 
  B        2   ─┘ ├───┐ 
  K       11   ───┘   │ 
  C        3   ─┐     ├─────────────────────────────────────────┐ 
  E        5   ─┼─┐   │                                         │ 
  A        1   ─┘ │   │                                         │ 
  H        8   ─┐ ├───┘                                         │ 
  I        9   ─┤ │                                             │ 
  D        4   ─┤ │                                             │ 
  G        7   ─┼─┘                                             │ 
  L       12   ─┘                                               │ 
  F        6   ─┬───┐                                           │ 
  J       10   ─┘   ├───────────────────────────────────────────┘ 

  M       13   ─────┘ 
 

Fig.15.2: Dendrogram 

15.7 OTHER APPROACHES: TWO-STEP 

CLUSTER ANALYSIS 

Among the other widely used non-hierarchical approaches is the approach of 

Two-step cluster analysis. The Two Step Cluster Analysis procedure is an 

exploratory tool designed to reveal naturalgroupings (or clusters) within a data 

set that would otherwise difficult to find. The Algorithm employed by this 

procedure has several desirable features that differentiate it from traditional 

clustering techniques: 

• The ability to create clusters based on both categorical and continuous 

variables. 

• Automatic selection of the number of clusters. 

• The ability to analyze large data files efficiently. 

In order to handle categorical and continuous variables, the TwoStep Cluster 

Analysis procedure uses a likelihood distance measure which assumes that 

variables in the cluster model are independent. Further, each continuous 

variable is assumed to have a normal (Gaussian) distribution and each 

categorical variable is assumed to have a multinomial distribution.  

The two steps of the Two Step Cluster Analysis procedure's algorithm can be 

summarized as follows: 

Step 1 The procedure begins with the construction of a Cluster Features (CF) 

Tree. The tree begins by placing the first case at the root of the tree in a leaf 

node that contains variable information about that case. Each successive case is 

then added to an existing node or forms a new node, based upon its similarity 

to existing nodes and using the distance measure as the similarity criterion. A 
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-II node that contains multiple cases contains a summary of variable information 

about those cases. Thus, the CF tree provides a capsule summary of the data 

file. 

Step 2 The leaf nodes of the CF tree are then grouped using an agglomerative 

clustering algorithm. The agglomerative clustering can be used to produce a 

range of solutions. To determine which number of clusters is “best”, each of 

these cluster solutions is compared using Schwarz's Bayesian Criterion (BIC) 

or the Akaike Information Criterion (AIC) as the clustering criterion. 

15.8 INTERPRETATION OF THE RESULTS 

We shall now discuss this method with the help of an example based on  416 

observations collected through primary survey for the purpose of research 

study entitled “Assessment of Human Wellbeing in Delhi :Multidimensional 

Approach”. The researcher in this study attempted to find out the clusters on 

the basis of household level of income and their  educational status. Four 

income levels have been used to classify the sample into four categories: 

income up to 2.5 lakhs, between 2.5 and 5 lakhs, between 5-10 lakhs and above 

10 lakhs. The educational attainment has been take as : illiterate (no education), 

upto middle education level, between middle to higher secondary education, 

upto graduation, upto post-graduation and PhD and above. The hypothesis was 

that higher the level of education, higher will the level of income meaning 

thereby a positive association between level of education and the level of 

income. Let us examine this hypothesis by applying the two-step cluster 

analysis technique. 

Figure 15.3 shows results of cluster 1 wherein educational attainment of post-

graduation has been found to be inter-linked with income category of 10 lakhs 

and above. This is logically also true as higher levels of educational attainment  

are associated with higher income levels. In Figure 15.4, it can be observed 

that graduation is associated with income-levels of 5-10 lakhs and these two 

sub-groups have been clustered together. 

 

Fig.15. 3: Cluster 1 
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Fig.15.4: Cluster 2 

Figure 15.5 finds another cluster linking illiterate individuals with the lowest 

income category (i.e. less than 2.5 lakhs) while Figure 15.6 finds the fourth 

cluster consisting of middle to higher secondary education and income level 

upto 2.5 lakhs. Thus intuitively also, two-step cluster analysis has formed 

clusters of similar attributes. 

 

Fig.15.5: Cluster 3 
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Fig.15.6: Cluster 4 

Thus, by using Two step cluster analysis technique , we have  separated 416 

individuals into 4 broad clusters based on their income category  and level of 

educational attainment which, in turn , has enabled us to test the hypothesis 

whether an association exist between the level of education and level of 

income. Thus the hypothesis that higher the level of education, higher the level 

of income has been accepted by the results of the cluster analysis. 

Check Your Progress 2 

1) What are the hierarchical methods used in cluster analysis? Critically 

explain how dendrograms help in visual interpretation of clustered data. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

2) Explain the application of two-step cluster analysis in research. What are its 

advantages? 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

15.9 LET US SUM UP 

The objective of cluster analysis is to assign observations to groups (clusters)so 

that observations within each group are similar to one another with respect to 

variables or attributes of interest and the groups themselves stand apart from 



 

 

 

Quantitative Methods-II 

56 

one another. Cluster analysis embraces a variety of methods aiming to group 

observations or variables into homogeneous and distinct clusters. For 

groupings based on variables, frequently used measures of the similarity of 

observations are the Euclidean. Squared Euclidean are applied to the original, 

standardized, or weighted variables. For groupings based on attributes, a 

measure of the similarity of two observations is the ratio of the number of 

matches (identical categories) to the number of attributes.  

Hierarchical methods begin with as many clusters as there are observations and 

end with a single cluster containing all observations.  All clusters formed by 

these methods are mergers of previously formed clusters. Other types of 

clustering methods are the hierarchical divisive (beginning with a single cluster 

and ending with as many clusters as there are observations) and the non-

hierarchical methods. In recent years, some other clustering methods have also 

evolved like the two-step cluster analysis discussed above which are efficient 

in handling large data sets of continuous and categorical variables as well. 

Cluster analysis technique gives a different angle of viewing and interpreting 

data which may help the researcher to discover significant new relationships 

between the variables used in a study. 

15.10 KEY WORDS 

Cluster analysis : It is the task of grouping a set of objects in 

such a way that objects in the same group 

(called a cluster) are more similar (in some 

sense or another) to each other than to those in 

other groups (clusters). 

Agglomerative method : In which subjects start in their own separate 

cluster. The two ’closest’ (most similar) 

clusters are then combined and this is done 

repeatedly until all subjects are in one cluster. 

At the end, the optimum number of clusters is 

then chosen out of all cluster solutions. 

Divisive method : In which all subjects start in the same cluster 

and the above strategy is applied in reverse 

until every subject is in a separate cluster. 

Agglomerative methods are used more often 

than divisive methods, so this handout will 

concentrate on the former rather than the latter. 

Dendrogram : When carrying out a hierarchical cluster 

analysis, the process can be represented on a 

diagram known as a dendrogram. This diagram 

illustrates which clusters have been joined at 

each stage of the analysis and the distance 

between clusters at the time of joining. 

Centroid method : Here the centroid (mean value for each 

variable) of each cluster is calculated and the 

distance between centroids is used. Clusters 

whose centroids are closest together are 

merged. This method is also fairly robust. 
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-II Ward’s Method : In this method all possible pairs of clusters are 

combined and the sum of the squareddistances 

within each cluster is calculated. This is then 

summed over all clusters. The combination 

that gives the lowest sum of squares is chosen. 

This method tends to produce clusters of 

approximately equal size, which is not always 

desirable. It is also quite sensitive to outliers. 

Despite this, it is one of the most popular 

methods, along with the average linkage 

method. 

K-Means Clustering : The k-means algorithm was popularized and 

refined by Hartigan (1975). The basic 

operation of that algorithm is relatively simple. 

Given a fixed number of (desired or 

hypothesized) k clusters, assign observations to 

those clusters so that the means across clusters 

(for all variables) are as different from each 

other as possible. 

Euclidean Distance : The straight line distance between two points 

in a Cartesian coordinate system. The 

Euclidean distance can be determined using 

the Pythagorean Theorem. In two dimensions, 

the Euclidean distance is [(x1-x2)
2
 + (y1-y2)

2
]

0.5
. 

Usually, the points represent samples and the 

axes of the Cartesian coordinate system 

represent the abundances of species. 

Exploratory Analysis : A general term for an analysis in which the 

chief objectives is to find pattern in the data. 

Often, exploratory analysis conflicts with 

hypothesis testing. For example, stepwise 

regression is permissible in exploratory 

analysis, but can cause serious problems if you 

are interested in testing hypotheses. 

15.11 SOME USEFUL BOOKS 
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15.12 ANSWERS OR HINTS TO CHECK YOUR 

PROGRESS EXERCISES 

Check Your Progress 1 

1) See Section 15.2 and 15.3 

2) See Section 15.4 and 15.5 

Check Your Progress 2 

1) See Section 15.6 

2) See Section 15.7 

15.13 EXERCISES 

1) For what purposes and situations would you choose to undertake cluster 

analysis?  

2) Explain in your own words briefly what hierarchical cluster analysis does. 

Check your answer against the material above. 

3) Explain the difference between hierarchical methods and non-hierarchical 

methods of clustering citing their advantages and disadvantages. 

4) Is clustering same as classification? What is the essential difference 

between classification and clustering? 
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UNIT 16 CORRESPONDENCE ANALYSIS 
 

Structure 

16.0 Objectives 

16.1 Introduction 

16.2 Correspondence Analysis: Concept and Its Features 

16.3 Steps and Algorithm Involved in Correspondence Analysis Technique 

16.4 Basic Concepts and Definitions 

 16.4.1 Primitive Matrix 

 16.4.2 Profiles 

 16.4.3 Masses 

 16.4.4 Correspondence Matrix 

 16.4.5 Augmented Correspondence Matrix 

 16.4.6 Inertia 

 16.4.7 Distances 

16.5 Reduction of Dimensionality  

16.6 Biplots 

16.7 Interpretation of the Results of Correspondence Analysis 

16.8 Multiple Correspondence Analysis 

16.9 Let Us Sum Up 

16.10 Key Words 

16.11 Some Useful Books 

16.12 Answers or Hints to Check Your Progress 

16.13 Exercises 

16.0  OBJECTIVES 

After going through this unit, you will be able to: 

• state the concept of Correspondence Analysis (CA) as a special case of 

principal component analysis; 

• discuss the special features and applications of CA technique; 

• explain the computational algorithm of Correspondence Analysis; 

• elucidate the process of interpretation of Correspondence Analysis results; and 

• learn how to apply Correspondence Analysis technique in conducting 

research in social sciences. 

16.1 INTRODUCTION 

Understanding data is the ultimate problem of statistics and no one 

technique/method can satisfactorily answer all our curiosities regarding any 

particular set of data. Given a set of data, we often formulate hypothesis 

regarding it. This formulation is motivated by our information regarding the 

variables of the data. We then apply various statistical tools to test our 

hypothesis. 
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In such traditional methods of hypothesis testing, we verify a priori hypothesis, 

that is, the hypothesis pre-assumed regarding the relations between variables 

involved in the data. However, these methods naturally suffer from a 

limitation. The pre-assumed hypotheses may not be the only possibility. There 

can be other hidden relationships among the variables of the data. How do we 

find them?  

You have studied in Unit 1 and 8 that from measurement scale point of view, 

data can be of four types – nominal, ordinal, interval and ratio scale. Principal 

Component Analysis (PCA) technique is used to identify the relative 

importance of factors or components responsible for variance in the dependent 

variable. PCA, however, pre-supposes tables consisting of continuous 

measurement (i.e. interval or ordinal scale of data). If a situation arises when 

one is interested to know association between two or more categorized 

variables, search for an alternative analytic technique is needed. For example, 

you may be interested to examine how the level of education is related to the 

nature of employment (i.e. regular, casual, contract etc.). Similarly how the 

quality of employment is associated with different levels of income? In such 

situation, you need a data analytic technique which can help you in detecting 

structural relationships among the categorized variables. Correspondence 

Analysis (CA) is analytic technique which helps to examine such structural 

relationship. This technique is very useful to analyze simple two way and 

multi-way tables containing some measure of correspondence between the 

rows and columns. Hence, in this unit, we shall throw light on various concepts 

used in correspondence analysis, its pre-requisites, its computation algorithm, 

interpretation of its results, etc. Let us begin with stating the meaning of 

correspondence analysis. 

16.2 CORRESPONDENCE ANALYSIS: CONCEPT 

AND ITS  FEATURES 

Correspondence Analysis (CA) is a descriptive exploratory technique of 

multivariate statistical analysis, allowing to define the nature and structure of 

the relationship between qualitative variables measured in nominal and ordinal 

scales. CA is a way of seeing the association in a two way – cross tabulation 

rather than measuring it. In general, CA as a method is used to decomposes the 

overall chi-square statistics by defining a system with a smaller number of 

dimensions, in which the deviation from the expected values are presented. In 

brief, CA may be defined as a special case of Principal Component Analysis of 

the rows and columns of a table especially applicable to a cross tabulation. The 

primary goal of CA is to transform a table of numerical information into a 

graphical display, in which each row and each column is depicted as a point. 

The important features of correspondence analysis are: 

1) CA provides the multivariate treatment of the data through simultaneous 

consideration of multiple categorical variables. 

2) This technique can reveal relationships that would not be detected in a 

series of pair wise comparison of variable. 

3) It also provides graphical display of row and column points in biplots to 

dectect structural relationships among the variable categories and objects. 
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-II 4) Except rectangular data matrix with non-negative entries, its data requirement 

is highly flexible. 

16.3 STEPS AND ALGORITHM INVOLVED IN 

CORRESPONDENCE ANALYSIS 

TECHNIQUE 

CA technique involves the following steps and algorithm: 

1) Construction of the primitive matrix. 

2) Calculation of the row profile and the column profile. 

3) Computation of the correspondence matrix. 

4) Obtain total row mass & total column mass. 

5) Construction of the augmented correspondence matrix. Sometimes for the 

sake of simplicity, it is also named as correspondence matrix. 

6) Obtain the chi-square distance & inertia. 

7) Reduction of the dimension of the data. 

8) Obtain the biplots. 

16.4  BASIC CONCEPTS AND DEFINITIONS 

Let us understand the basic concepts and definitions of correspondence 

analysis with the help of an illustration. We are taking up a worked out 

example to understand some of the points involved in the correspondence 

analysis technique.  

Let us consider 2 qualitative variables: Educational Status and Employment 

Status. Correspondence analysis technique will help us to examine the 

association between these two qualitative variables. For the purpose of our 

analysis, we have divided employment status into six categories: Employer, 

regular, pensioner/earning income from assets, temporary, contractual/own 

account worker and unemployed. Similarly, educational attainment of the 

persons have been categorized as illiterate, upto medium education, between 

medium and higher education, upto graduation, uptopost graduation or any 

technical degree and Ph.D and above.  

Before examining the association between these two categorical variables, let 

us first understand the basic terms and definitions involved in the 

correspondence analysis technique. 

16.4.1   Primitive Matrix 

Primitive Matrix is the information which has been collected and classified in 

the tabular form. It is a cross tabulation of row and column variables. Table no. 

16.1 offers a good example of Primitive Matrix. The information about 

employment status and educational attainment with their sub categories in rows 

and columns respectively has been provided in this table. 
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Table 16.1: Correspondence Between Educational Attainment and Employment Status 

Primitive Matrix (A = aij) 

Educational Attainment 

Employment_Status 

unemployed                                                      Contractual                                                     Temporary                                                       Pensioner                                                    Regular                                                         Employer                                                        

Active 

Margin 

Illiterate                                                      22 16 1 1 0 1 41 

Upto Middle                                                     27 7 0 1 7 2 44 

Middle to Higher 

Secondary                                      
69 8 3 2 4 12 98 

Graduation                                                      51 2 4 4 22 20 103 

Post grad/Technical 

degree                                      
13 11 7 0 46 14 91 

PhD & Above                                                     1 3 4 0 28 3 39 

Active Margin 183 47 19 8 107 52 416 

Source: Assessment of Human Wellbeing: A Multidimensional Approach, a research study (unpublished) 

undertaken in 2015 by Prof. Narayan Prasad. 

16.4.2    Profiles 

Profiles display the characteristics of a particular category which is determined 

by their respective frequencies. As shown in the table no. 16.2a, row profile 

describes the educational status while the column profile displays the 

employment status.  

Row profiles give the frequency of each row point such that summation for row 

will be equal to 1. Row profile are calculated by taking individual row point 

divided by their corresponding row total (active margin). That is,  

row profile for the i
th
 row =: 

����� ����� �	 �
� ��
 ��� �	 A
��� �	 �
� ������� �	 �
� ��
 ��� �	 A 

   = 
���

∑ ������
   

Column profiles are calculated in similar manner. 

Column profile for the i
th

column =:
����� ����� �	 �
� ��
 ������ �	 A

��� �	 �
� ������� �	 �
� ��
 ������ �	 A 

 = 
���

∑ ������
 

The only difference is that in this case, each column point is divided by their 

corresponding column total (active margin) as shown in table 16.2b. 
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Table 16.2a: Correspondence Between Educational Attainment and Employment 

Status 

Row Profiles 

Educational 

Attainment 

Employment_Status 

unemployed                                                      Contractual                                                     Temporary                                                       Pensioner                                                       Regular                                                         Employer                                                        

Active 

Margin 

Illiterate                                                      .537 .390 .024 .024 .000 .024 1.000 

Upto Middle                                                     .614 .159 .000 .023 .159 .045 1.000 

Middle to 

Higher 

Secondary                                      

.704 .082 .031 .020 .041 .122 1.000 

Graduation                                                      .495 .019 .039 .039 .214 .194 1.000 

Post 

grad/Technical 

degree                                      

.143 .121 .077 .000 .505 .154 1.000 

PhD & Above                                                     .026 .077 .103 .000 .718 .077 1.000 

Mass .440 .113 .046 .019 .257 .125  

Table 16.2b: Correspondence Between Educational Attainment and Employment Status 

Column Profiles 

Educational Attainment 

Employment_Status 

unemployed                                                      Contractual                                                     Temporary                                                       Pensioner                                                       Regular                                                      Employer                                                        Mass 

Illiterate                                                      .120 .340 .053 .125 .000 .019 .099 

Upto Middle                                                     .148 .149 .000 .125 .065 .038 .106 

Middle to Higher Secondary                                      .377 .170 .158 .250 .037 .231 .236 

Graduation                                                      .279 .043 .211 .500 .206 .385 .248 

Post grad/Technical degree                                      .071 .234 .368 .000 .430 .269 .219 

PhD & Above                                                     .005 .064 .211 .000 .262 .058 .094 

Active Margin 1.000 1.000 1.000 1.000 1.000 1.000  

16.4.3   Masses 

The mass of the i
th

 row is the marginal frequency of i
th

row divided by grand 

total. Marginal frequency of the i
th

 is the sum of the entries of the i
th

 row.Mass 

for each row and column points are depicted in table no. 16.2a & 16.2b 

respectively.Grand total in this particular illustration is total sample size which 

is 416. Similarly mass for j
th
 column is marginal frequency of j

th
 column 

divided by grand total. 

16.4.4     Correspondence Matrix 

Correspondence matrix is defined as the original matrix divided by grand total. 

The correspondence matrix shows how value of mass is distributed across the 

cells. The row total and the column total of the correspondence matrix are the 

row mass and column mass respectively as shown in table 16.3. 
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Table 16.3: Correspondence Between Educational Attainment and 

Employment Status  

Correspondence  Matrix 

Educational 

Attainment 

Employment_Status 

unemployed                                                      Contractual                                                     Temporary                                                       Pensioner                                                       Regular                                                      Employer                                                         

Illiterate                                                      0.053 0.038 0.002 0.002 0.000 0.002  

Upto Middle                                                     0.065 0.017 0.000 0.002 0.017 0.005  

Middle to Higher 

Secondary                                      0.166 0.019 0.007 0.005 0.010 0.029  

Graduation                                                      0.123 0.005 0.010 0.010 0.053 0.048  

Post grad/Technical 

degree                                      0.031 0.026 0.017 0.000 0.111 0.034  

PhD & Above                                                     0.002 0.007 0.010 0.000 0.067 0.007  

16.4.5    Augmented Correspondence Matrix 

Having computed the correspondence matrix, we now append this 

correspondence matrix by adding the column of row masses and the row of 

column masses in the table 16.4a. 

Table 16.4 a: Correspondence Between Educational Attainment and 

Employment Status  

Augmented Correspondence  Matrix 

Educational 

Attainment 

Employment_Status 

unemployed                                                      Contractual                                                     Temporary                                                       Pensioner                                                       Regular                                                         Employer                                                     

Row 

Mass 

Illiterate                                                      0.053 0.038 0.002 0.002 0.000 0.002 0.099 

Upto Middle                                                     0.065 0.017 0.000 0.002 0.017 0.005 0.106 

Middle to Higher 

Secondary                                      0.166 0.019 0.007 0.005 0.010 0.029 0.236 

Graduation                                                      0.123 0.005 0.010 0.010 0.053 0.048 0.248 

Post grad/Technical 

degree                                      0.031 0.026 0.017 0.000 0.111 0.034 0.219 

PhD & Above                                                     0.002 0.007 0.010 0.000 0.067 0.007 0.094 

Column Mass 0.440 0.113 0.046 0.019 0.257 0.125 1.000 

16.4.6    Inertia 

The term inertia, in the correspondence analysis explains the degree of 

variation. The value of inertia is high when there is large deviation of row and 

column profiles from their averages. The method to compute the total inertia is 

as follows: 

Total inertia = 
( )

2

-

åå
ij i j

i j i j

p rc

rc
  

Where pij = (i, j)th entry of correspondence matrix 
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Ri = ith row profile 

Cj = jth column profile 

The inertia in table no. 16.3 gives the total variance explained by each 

dimension in the model. In this illustration value of inertia is0.480. This value 

of inertia indicates that in this model knowing something about education 

attainment explains around 48% of something about employment status and 

vice versa. This association is highly significant as indicated by chi square 

statistic. 

16.4.7 Distance 

Independence and association between the two variables is measured by chi 

square. Chi square distances are weighted Euclidean distance between the 

profile points. Weights here refers to weights of dimension and not to the 

weights of profile points. Chi square is calculated as follows: 

Formula to compute the chi-square distance: 

Suppose the correspondence matrix of the primitive matrix is mxn. Then, we 

define: 

Chi-square distance between r
th
 and s

th
 rows is:= 

 ���, � ! "∑ #
��

$�%�
�% & �'�

�' ()*+# 2
 

whereaj = marginal frequence of j
th
 column 

 = ∑ ,-*.-+#  

 ar = marginal frequenceofr
th

 column 

 = ∑ ,/*)*+#  

 as = marginal frequence of s
th

 column 

 = ∑ ,0*)*+#  

16.5  REDUCTION OF DIMENSIONALITY 

Another way of looking at correspondence analysis is to consider it as a 

method for decomposing the overall inertia by identifying a small number of 

dimensions in which the deviations from the expected values can be 

represented. This is similar to the goal of factor analysis, where the total 

variance is decomposed, so as to arrive at lower – dimensional representation 

of variables that allows one to reconstruct most of the variance/covariance 

matrix of variables. 

Notice the tables 16.4 given below. The educational attainment column shows 

only 5 categories. Also notice that employment status has been condensed into 

two categories only – employed and unemployed. This reduction of 

dimensionalities is not arbitrary. It is a result of classification of sub categories 

in distances from same point of reference. This will further help in pictorial 

presentation of correspondence between the two variables – namely education 

attainment and employment status. Correspondence analysis aims to 

decompose the overall inertia so as to arrive at a lower dimensional space. 

Only those dimensions are included in the model which can easily be 
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interpreted. That is why the value of inertia does not always add up to 1 as all 

dimensions are not included in the model. 

Table 16.4: Correspondence Between Educational Attainment and 

Employment Status 

Summary 

Dimension 
Singular 

Value Inertia 
Chi 

Square Sig. 

Proportion of Inertia 
Confidence Singular 

Value 

Accounted 
for Cumulative 

Standard 
Deviation 

Correlation 

2 

1 .594 .353   .735 .735 .035 .009 

2 .329 .108   .226 .960 .054  

3 .113 .013   .026 .987   

4 .069 .005   .010 .996   

5 .041 .002   .004 1.000   

Total  .480 199.660 .000a 1.000 1.000   

a. 25 degrees of freedom      

16.6  BIPLOTS 

The biplot is concerned with data reconstruction in a joint map of the rows and 

columns, rather than distance reconstruction. In the simple case of a two-way 

table one can think of reconstructing different variants of the table depending 

on the way we think of the table: either as a set of rows, or a set of columns, or 

just a two-way table of entries where rows and columns are symmetric entities.  

A biplot is a graphical representation of the information in an n x p data matrix. 

The bi- refers to the two kinds of information contained in a data matrix. The 

information in the rows pertains to samples or sampling units and that in the 

columns pertains to variables. When there are only two variables, scatter plots 

can represent the information on both the sampling units and the variables in a 

single diagram. This permits the visual inspection of the position of one 

sampling unit relative to another and the relative importance of each of the two 

variables to the position of any unit.  

With several variables, one can construct a matrix array of scatter plots, but 

there is no one single plot of the sampling units. On the other hand, a two-

dimensional plot of the sampling units can be obtained by graphing the first 

two principal components. The idea behind biplots is to add the information 

about the variables to the principal component graph.  

 



 

 

 

Correspondence 

Analysis 

67 

-II 

 

Fig.16.1:  Biplots showing correspondence between Educational Attainment and Employment 

Status 

Data has been graphically represented by the biplot in two dimensional space 

as shown in figure 1. However, there is one caution in this particular model that 

this model explains only 48% of employment status based on educational 

attainment. From the above biplot some general trends can be seen. Two points 

closer to each other shows greater degree of association between them as 

compared to others. This plot is offering us significant insight into direction of 

correspondence between the level of educational attainment and employment 

status. For example, we see that illiterate individuals are more likely to be 

employed on the contractual basis or they are mostly engaged in low level of 

own account work. Those individuals  who have studied upto middle school are 

mostly found to be unemployed. Those with  Ph.D and above education  has 

higher possibilities of regular employment.The status of employment can be 

seen improving for individuals who have completed graduation and post-

graduation as they are one who provides employment opportunities to others 

also.Therefore , this plot clearly reflects a greater degree of association 

between educational attainment and employment status which is also 

significant as confirmed by the value of chi-square. 

16.7 INTERPRETATION OF THE RESULTS OF 

CORRESPONDENCE ANALYSIS 

The interpretation of the results of correspondence analysis comprises the 

interpretation of numerical results and factor graphics yielded by CA. The 

former implies selection of significant axes and significant points. 
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We are taking up a worked out example for Correspondence Analysis to 

illustrate some of the points involved in the interpretation of the results of the 

correspondence analysis. Table 16.1 has information on 416 persons, their 

educational status and their employment status. The data originated from the 

study entitled ‘Assessment of Human Wellbeing: A Multidimensional 

Approach’ based on a sample survey conducted in Delhi in 2015. Through this 

technique, an attempt was made to find out correspondence between 

educational attainment and employment status among the respondents selected 

for the study. Educational status is subdivided into 6 categories, ranging from 

illiterate to Ph.D and above. The employment status varies from outright 

unemployed to contractual, temporary, regular, pensioner and also where 

respondents are employers rather than employees. 

The table 16.4 shows summary of our calculation. The first column shows the 

five dimension – notice that as we are looking at distance from some dimension 

– the number of dimension declines from 6 to 5. The singular value and inertia 

are reported in column 2 to 3 respectively. Column 6 shows proportion of 

inertia accounted for by the first dimension which is highest at 0-735 of the 

total. As we move through dimension 2 onwards, inertia falls rather sharply. 

Notice the similarity with principal components analysis – there too, the first 

component explained largest variation. The column 7 shows cumulative 

proportion of inertia accounted for. 

The table 16.5 gives an overview of row points. Column 2 shows mass & 

column 3 & 4 respectively show scores in dimension 1 & 2. Column 5 records 

inertia of respective categories in column 1. Column 6 & 7 record contribution 

of a point to inertia of dimension 1 & 2 respectively, while column 8 & 9 

describe contribution of two dimension to inertia of the point concerned last 

column show total inertia. 

Table 16.5: Correspondence Between Educational Attainment and 

Employment Status 

Overview Row Points
a
 

EducationAttainment Mass Score in 

Dimension 

Inertia Contribution 

1 2 Of Point to 
Inertia of 

Dimension 

Of Dimension to 

Inertia of Point 

1 2 1 2 Total 

illiterate 
.099 -

1.534 

.948 .179 .350 .321 .860 .137 .997 

upto middle .106 -.771 .275 .046 .095 .029 .912 .048 .960 

middle to higher 

secondary 

.236 -.458 -

.503 

.050 .074 .216 .654 .328 .982 

graduation 
.248 .108 -

.511 

.022 .004 .235 .085 .798 .883 

post graduation .219 .975 .295 .146 .313 .069 .941 .036 .977 

PhD and above .094 1.074 .619 .085 .163 .130 .840 .116 .956 

Active Total 1.000   .528 1.000 1.000    
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-II The table 16.6 sums up similar information for column points. 

Table 16.6 

Overview Column Points
a
 

EmploymentStatus Mass Score in 

Dimension 

Inertia Contribution 

1 2 Of Point to 
Inertia of 

Dimension 

Of Dimension to 

Inertia of Point 

1 2 1 2 Total 

unemployed .440 -.684 .180 .129 .346 .043 .948 .036 .984 

contractual 
.113 -.292 -

1.510 

.091 .016 .782 .063 .926 .989 

temporary .046 .766 .003 .019 .045 .000 .858 .000 .858 

pensioner .019 -.679 .529 .011 .015 .016 .472 .158 .630 

regular .257 1.151 .002 .204 .574 .000 .992 .000 .992 

employer .125 .128 .645 .026 .003 .158 .046 .658 .705 

Active Total 1.000   .480 1.000 1.000    

a. Symmetrical normalization 

The figure 16.1 presents symmetrical normalization of the row and the column 

points in form of a picture in two dimension plane. 

We must note that in our table 16.2a as we move up the educational attainment 

ladder, initially unemployment proportion is rising from 53.7% for illiterates to 

61.4% for middle school educated and then 70% for middle to higher 

secondary level of education. For graduates, the proportion of unemployed 

come down to 49.5%.For post graduates, it is merely 14.3% and for highest 

educational category, it is barely 2.6%. Even, this data alone is offering us 

significant insight into direction of correspondence between the levels of 

educational attainments and employment status. The sub-categories of 

employment – contractual, temporary, regular, employer are shown separately 

and the data further tends to support the hypothesis that higher level of 

education attainment leads to higher possibilities of regular employment. 

However, the sub-category of ‘graduates’ also performs credibly as employers, 

while Ph.D and above get more regular employment. 

Our correspondence analysis tends to provide us ‘concrete’ evidence in support 

of our tentative ‘conclusion’ from inspection of data described above. 

16.8 MULTIPLE CORRESPONDENCE ANALYSIS 

In a two-way contingency table, simple correspondence analysis provides 

association between two categorical variables. On the other hand, multiple 

correspondence analysis, an extension of the simple correspondence analysis, 

tackles the more general problem of associations among a set of more than two 

categorical variables. Generalization to more than two variables is neither 

obvious nor well-defined. In other areas of multivariate analysis, such as 

regression and log linear modelling, the situation is less complicated: for 

example, the transition from the regression of a response variable on a single 

predictor variable to the case of several predictors is quite straightforward.  
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The main problem is that the notion of association between two categorical 

variables is already a complex concept and there are several ways to generalize 

this concept to more than two variables. 

Many different approaches exist in literature to define multiple correspondence 

analysis. Important among them are two main approaches: first, the correlation 

between sets of variables, known as canonical correlation, and second, the 

geometric approach, which is directly linked to data visualization, and which 

has many similarities to Pearson-style principal component analysis. In the 

explanation of each approach, one can consider the case of two variables only 

and then describe possible generalizations to more than two variables. 

Check Your Progress 1 

1) What is correspondence matrix? 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

………………………………………………………………………………. 

2) A sample of n= 416 people is given in the following table showing the 

annual income and level of education: 

Table:Income level and level of educational attainment 

Educational 

Attainment 

Annual Income 

Upto 

2.50 

Lakh 

2.50 lakh 
to 5.00 

lakh 

5.00 lakh to 

10.00 lakh 

10.00 lakh 
to 20.00 

lakh 

Above 

20.00 lakh 

Illiterate 

 

40 1 0 0 0 

Up to Middle 28 3 8 3 2 

Middle to 
higher 

secondary 

44 18 23 11 2 

Graduation 

 

26 18 25 27 7 

Post 

Graduation 

 

2 6 25 31 27 

Ph.D& Above 1 2 6 18 12 

Compute the value of chi-square statistics and inertia from the above table. 

Also interpret the results. 

………………………………………………………………………………….. 

………………………………………………………………………………….. 

………………………………………………………………………………….. 

………………………………………………………………………………….. 

………………………………………………………………………………….. 



 

 

 

Correspondence 

Analysis 

71 

-II 16.9 LET US SUM UP 

Correspondence analysis is a data analytic technique that helps to detect 

structural relationships among the categorized variables. It allows to define the 

nature and structure of the relationship between qualitative variables measured 

in nominal and ordinal scales. This technique can be considered a special case 

of principal component analysis of the rows and columns of a table especially 

applicable to a cross tabulation. Determination of the correspondence matrix, 

row and column profiles and masses, calculation of the distances between the 

rows and columns, presentation of row and column profiles, determination of 

the average row and column profiles, reducing the dimension of spaces, and 

plotting the correspondence map in terms of biplots are the various steps 

involved in correspondence analysis technique. 

Correspondence analysis facilitates the visualization of the associations 

between the rows and columns of a contingency table. This technique can be 

applied across the desciplines ranging from social sciences (including 

economics, psychology etc.) to health sciences, biometry etc. It is a versatile 

method of data analysis in the situations where exploratory or more indepth 

data analysis of categorical data is required. 

By virtue of being primarily a graphical technique designed to represent 

associations in a low-dimensional space, correspondence analysis can be 

regarded as a scaling method.This technique is also viewed as a complement to 

other methods such as biplots and multidimensional scaling. Correspondence 

analysis also has links to principal component analysis and canonical 

correlation analysis.  

16.10 KEY WORDS 

Correspondence 

Analysis 

: It is a multivariate statistical technique by Hirschfeld and 

later developed by Jean-Paul Benzecri. It is conceptually 

similar to principal component analysis, but applies to 

categorical rather than continuous data. In a similar 

manner to principal component analysis, it provides a 

means of displaying or summarizing a set of data in 

two-dimensional graphical form. 

Inertia : The inertia of the whole table is a function of the Chi-

square statistic (12 .  

If  12 ! ∑ ∑ 34��56��78

6��*-  

where 9-*is the count of row iand column j of the 

contingency table, :-* is the expected value  under the 

assumption of row-by-column independence, and N is 

the total table count, then the total inertia of the table is 

given by 

Total Inertia = 
;8
)  

The inertia value reported is the proportion of the total 

inertia that is due to this profile. Another way to 

interpret the inertia is that it is the weighted average of 
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the Chi-square distances between the row profiles and 

their average profile. 

Centroid : The (weighted) mean of a multivariate data set which 

can be represented by a vector. For many ordination 

techniques, the centroid is a vector of zeros (that is, the 

scores are centered and standardized). In a direct 

gradient analysis, a categorical variable is often best 

represented by a centroid in the ordination diagram. 

Categorical 

Variable 

: A variable that is represented by several different types; 

for example: lake/river/stream, farm/pasture/ unmanaged, 

pitfall trap/fence trap/direct sighting. For most multivariate 

analyses, categorical variables must be converted to k-1 

dummy variables (where k = the number of categories). 

Classification : The act of putting things in groups. Most commonly in 

community ecology, the “things” are samples or 

communities. Classification can be completely subjective, 

or it can be objective and computer-assisted (even if 

arbitrary). 

Correlation : A method which determines the strength of the 

relationship between variables, and/or a means to test 

whether the relationship is stronger than expected due to 

the null hypothesis. Usually, we are interested in the 

relationship between two variables, x and y. The 

coefficient of correlation r is one measure of the 

strength of the relationship. 

Correlation 

Coefficient 

: Usually abbreviated by r, and a number which reflects 

the strength of the relationship between two variables. It 

varies between -1 (for a perfect negative relationship) to 

+1 (for a perfect positive relationship). If variables are 

standardized to have zero mean and a unit standard 

deviation, then r will also be the slope of the relationship. 

The value r
2
 is known as the coefficient of determination; 

it varies between 0 and 1. The coefficient of determination 

is loosely interpreted as “the proportion of variance 

in y which can be explained by x”. 

Multiple 

Correspondence 

Analysis(MCA) 

: Multiple correspondence analysis applied to the general 

problem of associations among a set of more than two 

categorical variables. We shall see that the generalization 

to more than two variables is neither obvious nor well-

defined. In other areas of multivariate analysis, such as 

regression and log linear modelling, the situation is less 

complicated. The main problem is that the notion of 

association between two categorical variables is already a 

complex concept and there are several ways to generalize 

this concept to more than two variables. 

Singular Value 

Decomposition 

: The Singular Value Decomposition is the fundamental 

mathematical result for Correspondence Analysis, as it is 

for other dimension reduction techniques such as principal 

component analysis, canonical correlation analysis etc. 

This matrix decomposition expresses any rectangular 
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-II matrix as a product of three matrices of simple structure, 

i.e. D�5# 2⁄ PD�5# 2⁄
. The columns of the matrices D�5# 2⁄

and 

D�5# 2⁄
are the left and right singular vectors respectively, 

and the positive values of the diagonal of P, in descending 

order are the singular values. The SVD is related to the 

more well-known eigenvalue- eigenvector decomposition 

of a square symmetric matrix. If a generalized form of the 

SVD were defined, where the singular vectors are 

normalized with weighting by the masses, then the CA 

solution can also be easily obtained. 

16.11 SOME USEFUL BOOKS 

1) Greenacre, M. J. (1984); Theory and applications of Correspondence 

analysis, London Academic Press. 

2) Gifi, A. (1990). Nonlinear Multivariate Analysis. Chichester, UK: Wiley. 

3) Johnson R.A., &WichernD. W. (2002); Applied Multivariate Statistical 

Analysis, Pearson Education, Inc. 

4) Manly, B.F.J. (2005), Multivariate Statistical Methods: A Primer, Third 

edition, Chapman and Hall. 

5) Rencher, A.C. (2002), Methods of Multivariate Analysis, Second edition, 

Wiley. 

6) https://onlinecourses.science.psu.edu 

7) https://en.wikipedia.org/wiki/Factor_Analysis 

8) Young, F.W, and R.M Hamer (1987); Multidimensional scaling: History, 

Theory and Applications, Lawrence Associates Publishers. 

9) http://www.unesco.org/webworld/idams/advguide/Chapt6_5.htm 

10) Laura Doey and Jessica Kurta (2011); Correspondence Analysis applied to 

psychological research, Tutorials in Quantitative Methods for Psychology, 

2011, Vol. 7(1), Page 5-14. 

11) Michael S. Lewis-Beck Alan Bryman Tim Futing Liao (Ed.) (2004); The Sage 

Encyclopedia of Social Science Research Methods Vol. 1, Page 203-205. 

16.12 ANSWERS OR HINTS TO CHECK YOUR 

PROGRESS 

Check Your Progress 1 

1) See Section 16.4.6 

2) The value of chi square is 219.816 and the value of inertia 0.528. 

16.13 EXERCISES 

1) What is Correspondence Analysis? Why do we use Correspondence Analysis? 

2) What do you understand by multidimensional scaling? How it differ from 
correspondence analysis. 
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3) A sample of 901 individuals was cross classified according to three 

categories of income and four categories of job satisfaction. The results are 

given in the following table: 

Table: Income and Job Satisfaction 

Income Job Satisfaction 

Very               Somewhat           Moderately          Very  

Dissatisfied       Dissatisfied      Satisfied              Satisfied 

< $ 25,000 

< $ 25,000 - $ 50,000 

>$ 50,000 

42                      62                          184                   207 

13                      28                          81                     113 

7                        18                          54                      92 

Perform a correspondence analysis of these data. Also interpret the results. 
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-II 

UNIT 17 STRUCTURAL EQUATION 

MODELING 
 

Structure 

17.0 Objectives 

17.1 Introduction 

17.2  History of  Structural Equation Modelling (SEM) 

17.3 Why do we Conduct Structural Equation Modelling? 

17.4 Assumptions of SEM 

17.5 Similarities between Traditional Statistical Methods and SEM 

17.6 Differences between Traditional Statistical Methods and SEM 

17.7 Concepts and Terminology used in SEM 

  17.7.1 Path Diagrams 

  17.7.2 Classical SEM Notations 

17.8 SEM Models Spepecification 

  17.8.1 Based on Reflective Indicators 

  17.8.2 Based on Formative Indicators 

  17.8.3 Based on on both Reflective and Formative Indicators 

17.9 Issues in SEM Tecnique 

 17.10.1 Sample Size and Power  

 17.10.2 Missing Data  

 17.10.3 Multivariate Normality and Outliers 

17.10 Steps in SEM 

 17.10.1 Initial Model Conceptualization  

 17.10.2 Model Estimation  

 17.10.3 Model Evaluation  

 17.10.4 Model Modification 

 17.10.5 Reporting the Results 

17.11 An Example of SEM 

17.12 Software Programs for SEM 

 17.12.1 LISREL   

 17.12.2 EQS   

 17.12.3 Mplus 

 17.12.4 Amos 

 17.12.5 Mx 

 17.12.6 Others 

17.13 Advantages and Disadvantages of SEM 

 17.13.1 Advantages of SEM 

 17.13.2 Disadvantages of SEM 

17.14 Let Us Sum Up 

17.15 Key Words 

17.16 References 

17.0  OBJECTIVES 

After going through the unit, you will be able to: 

• State the meaning and importance of Structural Equation Modeling (SEM); 

• Describe the basic concepts and terminology of SEM; 

• Explain why do we conduct the SEM; 
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• Discuss the various models of SEM; 

• Learn the steps involved in  SEM; 

• Know the different softwares used in SEM; and 

• Discuss the advantages and disadvantages of SEM. 

17.1 INTRODUCTION 

SEM techniques are considered today to be a major component of applied 

multivariate statistical analysis and are used by education researchers, 

economists, marketing researchers, medical researchers, and variety of other 

social and behavioural scientists.  Although the statistical theory that underlies 

the techniques appeared decades ago, a considerable number of years passed 

before SEM received widespread attention it hold today. There are two reasons 

for the recent attention: (1) the availability of specialized SEM programme and 

(2) publication of several introductory and advanced text books on SEM.  

Structural equation modelling (SEM) does not designate a single statistical 

technique but instead refers to a family of related procedures. SEM is a 

collection of statistical techniques that allow a set of relations between one or 

more independent variables (IVs), either continuous or discrete, and one or 

more dependent variables (DVs), either continuous or discrete, to be examined. 

Both IVs and DVs can be either measured variables (directly observed), or 

latent variables (unobserved, not directly observed).  

 

SEM is an attempt to model causal relations between variables by including all 

variables that are known to have some involvement in the process of interest. It 

can be viewed as a combination of factor analysis and regression or path 
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-II analysis. The interest in SEM is often on theoretical construct, which are 

represented by the latent factors. The relationship between theoretical construct 

are represented by regression or path coefficients between the factors. 

The SEM implies a structure for the covariance between the observed variables 

which provides the alternative names like Covariance structural model. SEM 

provides a very general and convenient framework for statistical analysis that 

includes several traditional multivariate procedure for example, factor analysis, 

regression analysis, and canonical correlation as special case. Structural 

Equation Models are often visualized by a graphical path diagram. The 

statistical model is usually represented in a set of matrix equations. 

Structural equation models, also called simultaneous equation models, refers to 

multi equation systems that include continuous latent variables each 

representing a concept or construct, multiple indicators of a concept or 

construct that may be continuous, ordinal, dichotomous or censored, errors of 

measurement and errors in equations. One may also view it as an interrelated 

system of regression equations where some of the variables (latent or 

observable) have multiple indicators and where measurement error is taken into 

account when estimating relationships. From a different point of view, these 

are factor analysis models in which factor loadings are restricted to zero or 

some other constants, and the researcher allows factors to influence each other, 

directly and indirectly. The most general form of the structural equation model 

includes Analysis of Variance, Analysis of Covariance, Multiple Linear 

Regression, Multivariate Multiple Regression, Recursive and Non-recursive 

Simultaneous Equations, Path Analysis, Confirmatory Factor Analysis and 

many other procedures as special cases.  

Structural equation modeling (SEM) uses various types of models to depict 

relationships among observed variables, with the same basic goal of providing 

a quantitative test of a theoretical model hypothesized by the researcher. More 

specifically, various theoretical models can be tested in SEM that hypothesize 

how sets of variables define constructs and how these constructs are related to 

each other. For example, an educational researcher might hypothesize that a 

student’s home environment influences her later achievement in school. A 

marketing researcher may hypothesize that consumer trust in a corporation 

leads to increased product sales for that corporation. A health care professional 

might believe that a good diet and regular exercise reduce the risk of a heart 

attack. 

In each example, the researcher believes, based on theory and empirical 

research, sets of variables define the constructs that are hypothesized to be 

related in a certain way. The goal of SEM analysis is to determine the extent to 

which the theoretical model is supported by sample data. If the sample data 

support the theoretical model, then more complex theoretical models can be 

hypothesized. If the sample data do not support the theoretical model, then 

either the original model can be modified and tested, or other theoretical 

models need to be developed and tested. Consequently, SEM tests theoretical 

models using the scientific method of hypothesis testing to advance our 

understanding of the complex relationships among constructs. 

SEM has been defined by different researchers in different ways. 

According to Holey (1995) it is a comprehensive statistical approach to testing 

hypotheses about relations among observed and latent variables. 
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Rigdon, (1998): SEM is a methodology for representing, estimating, and 

testing a theoretical network of (mostly) linear relations between variables. 

MacCallum & Austin (2000): it tests hypothesized patterns of directional and 

non directional relationships among a set of observed (measured) and 

unobserved (latent) variables.  

So, the term “Structural Equation Model” (SEM) refers to a comprehensive 

statistical methodology for testing and estimating causal relations using a 

combination of cross-sectional statistical data and qualitative causal 

assumptions. Unlike the usual multivariate linear regression model, the 

response variable in one regression equation in a structural equation model may 

appear as a predictor in another equation. Indeed, variables in a structural 

equation model may influence one-another reciprocally, either directly or 

through other variables. 

Two goals in SEM are: 

1)  to understand the patterns of correlation/covariance among a set of 

variables and 

2)  to explain as much of their variance as possible with the model specified 

(Kline, 1998). 

This is the family tree of SEM 
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-II 17.2 HISTORY OF STRUCTURAL EQUATION 

MODELLING (SEM) 

To discuss the history of structural equation modelling, it is better to explain 

the chronological order of following four models: regression, path, 

confirmatory factor, and structural equation models. 

The first model involves linear regression models that use a correlation 

coefficient and the least squares criterion to compute regression weights. 

Regression models were made possible because Karl Pearson created a formula 

for the correlation coefficient in 1896 that provides an index for the 

relationship between two variables (Pearson, 1938). The regression model 

permits the prediction of dependent observed variable scores (Y scores), given 

a linear weighting of a set of independent observed scores (X scores) that 

minimizes the sum of squared residual error values. Regression analysis 

provides a test of a theoretical model that may be useful for prediction.  

Some years later, Charles Spearman (1904, 1927) used the correlation 

coefficient to determine which items correlated or went together to create the 

factor model. His basic idea was that if a set of items correlated or went 

together, individual responses to the set of items could be summed to yield a 

score that would measure, define, or infer a construct. Spearman was the first 

to use the term factor analysis in defining a two-factor construct for a theory of 

intelligence. D.N. Lawley and L.L. Thurstone in 1940 further developed 

applications of factor models, and proposed instruments (sets of items) that 

yielded observed scores from which constructs could be inferred. The term 

confirmatory factor analysis (CFA) is used today based in part on earlier work 

by Howe (1955), Anderson and Rubin (1956), and Lawley (1958). The CFA 

method was more fully developed by Karl Jöreskog in the 1960s to test 

whether a set of items defined a construct. 

Factor analysis has been used for over 100 years to create measurement 

instruments in many academic disciplines, while today CFA is used to test the 

existence of these theoretical constructs.  

Sewell Wright (1918, 1921, 1934), a biologist, developed the third type of 

model, a path model. Path models use correlation coefficients and regression 

analysis to model more complex relationships among observed variables. The 

first applications of path analysis dealt with models of animal behavior. 

Unfortunately, path analysis was largely overlooked until econometricians 

reconsidered it in the 1950s as a form of simultaneous equation modeling (e.g., 

H. Wold) and sociologists rediscovered it in the 1960s (e.g., O. D. Duncan and 

H. M. Blalock). In many respects, path analysis involves solving a set of 

simultaneous regression equations that theoretically establish the relationship 

among the observed variables in the path model.  

The final model type is structural equation modeling (SEM). SEM models 

essentially combine path models and confirmatory factor models, that is, SEM 

models incorporate both latent and observed variables. The early development 

of SEM models was due to Karl Jöreskog (1969, 1973), Ward Keesling (1972), 

and David Wiley (1973). This approach was initially known as the JKW 

model, but became known as the linear structural relations model (LISREL) 

with the development of the first software program, LISREL, in 1973. Since 

then, many SEM articles have been published; for example, Shumow and 
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Lomax (2002) tested a theoretical model of parental efficacy for adolescent 

students. For the overall sample, neighbourhood quality predicted parental 

efficacy, which predicted parental involvement and monitoring, both of which 

predicted academic and social-emotional adjustment. 

Jöreskog and van Thillo originally developed the LISREL software program at 

the Educational Testing Service (ETS). The first publicly available version, 

LISREL III, was released in 1976. Later in 1993, LISREL8 was released; it 

introduced the SIMPLIS (SIMPLE LISREL) command language in which 

equations are written using variable names. In 1999, the first interactive version 

of LISREL was released. LISREL8 introduced the dialog box interface using 

pull-down menus and point-and-click features to develop models, and the path 

diagram mode, a drawing program to develop models.. The field of structural 

equation modelling across all disciplines has expanded since 1994.  

17.3 WHY DO WE CONDUCT STRUCTURAL 

EQUATION MODELLING? 

Why is structural equation modelling popular? There are at least four major 

reasons for the popularity of SEM.  

The first reason suggests that researchers are becoming more aware of the 

need to use multiple observed variables to better understand their area of 

scientific inquiry. Basic statistical methods only utilize a limited number of 

variables, which are not capable of dealing with the sophisticated theories 

being developed. The use of a small number of variables to understand 

complex phenomena is limiting. In contrast, structural equation modelling 

permits complex phenomena to be statistically modelled and tested.  

The second reason involves the greater recognition given to the validity and 

reliability of observed scores from measurement instruments. Specifically, 

measurement error has become a major issue in many disciplines, but 

measurement error and statistical analysis of data have been treated separately. 

Structural equation modelling techniques explicitly take measurement error 

into account when statistically analyzing data.  

The third reason pertains the ability to analyze more advanced theoretical 

SEM models. For example, group differences in theoretical models can be 

assessed through multiple-group SEM models. In addition, analyzing educational 

data collected at more than one level—for example, school districts, schools, and 

teachers with student data—is now possible using multilevel SEM modelling. 

These advanced SEM models and techniques have provided many researchers 

with an increased capability to analyze sophisticated theoretical models of 

complex phenomena, thus requiring less reliance on basic statistical methods. 

Finally, SEM software programs have become increasingly user friendly. For 

example, until 1993 LISREL users had to input the program syntax for their 

models using Greek and matrix notation. Today, most SEM software programs 

are Windows-based therefore, the SEM software programs are now easier to 

use and contain features similar to other Windows-based software packages.  

17.4 ASSUMPTIONS OF SEM 

Four basic  assumptions must be met for SEM to be appropriate. These are: 
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-II 1) The relationship between the coefficients and the error term must be linear. 

2) The residuals must have a mean zero, be independent, be normally 

distributed, and have variances that are uniform across the variable. 

3) Variables in SEM should be continuous, interval level data. This means 

SEM is not appropriate for censored data. 

4) No specification error. If necessary variables are omitted or unnecessary 

variables are included in the model, there will be measurement error and 

the measurement model will not be accurate. Variables included in the 

model must have acceptable level of kurtosis. 

17.5 SIMILARITIES BETWEEN TRADITIONAL 

STATISTICAL METHODS AND SEM 

SEM is similar to traditional methods like correlation, regression and analysis 

of variance in many ways. First, both traditional methods and SEM are based 

on linear statistical models. Second, statistical tests associated with both 

methods are valid if certain assumptions are met. Traditional methods assume a 

normal distribution and SEM assumes multivariate normality. Third, neither 

approach offers a test of causality. 

17.6 DIFFERENCES BETWEEN TRADITIONAL 

METHODS AND SEM  

Traditional approaches differ from the SEM approach in several areas. First, 

SEM is a highly flexible and comprehensive methodology. This methodology 

is appropriate for investigating achievement, economic trends, health issues, 

family and peer dynamics, self-concept, exercise, self-efficacy, depression, 

psychotherapy, and other phenomenon. 

Second, traditional methods specify a default model whereas SEM requires 

formal specification of a model to be estimated and tested. SEM offers no 

default model and places few limitations on what types of relations can be 

specified. SEM model specification requires researchers to support hypothesis 

with theory or research and specify relations a priori. 

Third, SEM is a multivariate technique incorporating observed (measured) and 

unobserved variables (latent constructs) while traditional techniques analyze 

only measured variables. Multiple, related equations are solved simultaneously 

to determine parameter estimates with SEM methodology. 

Fourth, SEM allows researchers to recognize the imperfect nature of their 

measures. SEM explicitly specifies error while traditional methods assume that 

measurement occurs without error. 

Fifth, traditional analysis provides straightforward significance tests to 

determine group differences, relationships between variables, or the amount of 

variance explained. SEM provides no straightforward tests to determine model 

fit. Instead, the best strategy for evaluating model fit is to examine multiple 

tests (e.g., chi-square, Comparative Fit Index (CFI), Bentler-Bonett Non-

normed Fit Index (NNFI), Root Mean Squared Error of Approximation 

(RMSEA)). 
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Sixth, SEM resolves problems of multicollinearity. Multiple measures are 

required to describe a latent construct (unobserved variable). Multicollinearity 

cannot occur because unobserved variables represent distinct latent constructs.  

Finally, a graphical language provides a convenient and powerful way to 

present complex relationships in SEM. Model specification involves 

formulating statements about a set of variables. A diagram, a pictorial 

representation of a model, is transformed into a set of equations. The set of 

equations are solved simultaneously to test model fit and estimate parameters. 

17.7 CONCEPTS AND TERMINOLOGY USED IN 

SEM 

The key elements of essentially all structural equation models are their 

parameters (often referred to as model parameters or unknown parameters). 

Model parameters reflect those aspects of a model that are typically unknown 

to the researcher, at least at the beginning of the analyses, yet are of potential 

interest to him or her.  

Parameter is a generic term referring to a characteristic of a population, such 

as mean or variance on a given variable, which is of relevance in a particular 

study. 

A model is a statistical statement about the relations among variables. 

A path diagram is a pictorial representation of a model. 

A measured variable (MV) is a variables that is directly measured whereas a 

latent variable (LV) is a construct that is not directly or exactly measured. 

A latent variable (LV) could be defined as whatever its multiple indicators 

have in common with each other. LVs defined in this way are equivalent to 

common factors in factor analysis and can be viewed as being free from error 

of measurement. 

Direct effect is a directional relation between two variables, e.g., independent 

and dependent variables. 

Indirect effect is the effect of an independent variable on a dependent variable 

through one or more intervening or mediating variables. 

Specification is formulating a statement about a set of parameters and stating a 

model. 

Fit indices indicate the degree to which a pattern of fixed and free parameters 

specified in the model is consistent with the pattern of variances and 

covariances from a set of observed data. Examples of fit indices are chi-square, 

CFI, NNFI, and RMSEA. 

Components of a general structural equation model are the measurement model 

and the structural model.  

The measurement model prescribes latent variables, e.g., confirmatory factor 

analysis. The structural model prescribes relations between latent variables 

and observed variables that are not indicators of latent variables. 

Identification involves the study of conditions to obtain a single, unique 

solution for each and every free parameter specified in the model from the 

observed data.  
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-II The purpose of estimation is to obtain numerical values for the unknown (free) 

parameters. 

Exogenous variable—Independent variables not presumed to be caused by 

variables in the model. 

Endogenous variables— variables presumed to be caused by other variables in 

the model. 

Recursive models assume that all causal effects are represented as 

unidirectional and no disturbance correlations among endogenous variables 

with direct effects between them. 

Non-recursive models are those with feedback loops Model Specification—

Formally stating a model via statements about a set of parameters. 

Model Identification—Can a single unique value for each and every free 

parameter be obtained from the observed data. 

Evaluation of Fit—Assessment of the extent to which the overall model fits or 

provides a reasonable estimate of the observed data. 

Model Modification—adjusting a specified and estimated model by freeing or 

fixing new parameters. 

17.7.1 Path Diagrams 

One of the easiest ways to communicate a structural equation model is to draw 

a diagram of it, referred to as path diagram, using special graphical notation. A 

path diagram is a form of graphical representation of a model under 

consideration. Such a diagram is equivalent to a set of equations defining a 

model (in addition to distributional and related assumptions), and is typically 

used as an alternative way of presenting a model pictorially. Path diagrams not 

only enhance the understanding of structural equation models and their 

communication among researchers with various backgrounds, but also 

substantially contribute to the creation of correct command files to fit and test 

models with specialized programs.  

For constructing the path diagrams, widely accepted set of conventions for the 

graphical display of structural equation models can be used. According to these 

conventions, unobserved variables, also known as latent variables or constructs 

are represented as circles or ovals and measured variables also known as 

observed variables, indicators or manifest variables are represented by squares 

or rectangles. Lines indicate relations between variables; lack of a line 

connecting variables implies that no direct relationship has been hypothesized. 

Lines have either one or two arrows. A line with one arrow represents a 

hypothesized direct relationship between two variables. The variable with the 

arrow pointing to it is the DV. A line with an arrow at both ends indicates a 

covariance between the two variables with no implied direction of effect. 

Latent variables in SEM generally correspond to hypothetical constructs or 

factors, which are explanatory variables, supposed to reflect a range that is not 

directly observable. An example is the construct of intelligence. There is no 

single, definitive measure of intelligence. Instead, researchers use different 

types of observed variables, such as tasks of verbal reasoning or memory 

capacity, to assess various facets of intelligence. Latent variables in SEM can 

represent a wide range of phenomena. For example, constructs about attributes 

of people (e.g., intelligence, neuroticism), higher-level units of analysis (e.g., 
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groups, geographic regions), or measures, such as method effects (e.g., self-

report, observational), can all be represented as latent variables in SEM. An 

observed variable used as an indirect measure of a construct is referred to as an 

indicator. The explicit distinction between factors and indicators in SEM 

allows one to test a wide variety of hypotheses about measurement. 

 

 

1.7.2  Classical SEM Notations 

These are the c “classical” SEM notation that needs some consideration. ξ (ksi) 

represents a latent construct associated with observed xi indicators, η (eta) 

stands for a latent construct associated with observed yi indicators, the error 

terms δ (delta) and ε (epsilon) are associated with observed xi and yi indicators, 

respectively. ζ (zeta) is the error term associated with the formative construct. 

λij represents factor loading in the i-th observed indicator that is explained by 
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-II the j-th latent construct. γij represents weight in the i-th observed indicator that 

is explained by the j-th latent construct. 

Table 17.1: Summary of abbreviations and descriptions used in the SEM study 

Symbol Name Description 

ξ ksi  A latent construct associated with observed xi indicators 

η eta A latent construct associated with observed yi indicators 

δi delta The error term associated with observed xi indicators 

εi epsilon The error term associated with observed yi indicators 

ζ zeta The error term associated with formative construct 

λij lambda Factor loading in the i-th observed indicator that is explained by the  

j-th latent construct 

γij gamma Weight in the i-th observed indicator that is explained by the j-th latent 

construct 

xi  An indicator associated with exogenous construct, i.e. vector of 

observed exogenous variable 

yi  An indicator associated with endogenous construct, i.e. vector of 

observed endogenous variable. 

17.8  SEM MODELS SPEPECIFICATION 

There are three diffeerent SEM models based on different specifications. 

17.8.1   Based on Reflective Indicators 

The following figure depicts the “classical” SEM case where the model is 

specified in the reflective mode known as Type A model specification. The 

case illustrates a path diagram between the two latent constructs (ξ – 

exogenous and η – endogenous), with three indicators per construct (xi and yi). 

This case can be represented by equations 1 and 2:  

1)  xi = λijξ + δi 

2)  yi = λijη + εi 

 

This specification assumes that the error term is unrelated to the latent variable 

COV(η, εi) = 0, and independent COV(εi, εj) = 0, for i ≠ j and expected. 

 

Reflective indicators 

17.8.2   Based on Formative Indicators 

Type B model specification, is known as a formative (Fornell&Bookstein 

1982; cf. Edwards 2001) or causal indicator (Bollen and Lennox 1991), 
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because the direction of causality goes from the indicators (measures) to the 

construct and the error term is estimated  at the construct level. This type of 

model specification can be represented by equations 3 and 4:  

3)  ξ = γijxi + ζ   

4)  η = γijyi + ζ  

 

 

 

Formative Indicators 

This specification assumes that the indicators and error term are not related, i.e. 

COV(yi, ζ) = 0, and E(ζ) = 0 . Formative indicators were introduced for the 

first time by Curtis and Jackson (1962) and extended by Blalock (1964). This 

type of model specification assumes that the indicators have an influence on (or 

that they cause) a latent construct. In other words, the indicators as a group 

“jointly determine the conceptual and empirical meaning of the construct.  

The type B model specification would give better explanatory power, in 

comparison to the type A model specification, if the goal is the explanation of 

unobserved variance in the constructs. A model is identified if model parameters 

have only one group of values that create the covariance matrix. In order to resolve 

the problem of indeterminacy that is related to the construct-level error term, the 

formative-indicator construct must be associated with unrelated reflective 

constructs. This can be achieved if the formative construct emits paths to: 

i) at least two unrelated reflective indicators; 

ii) at least two unrelated reflective constructs; and 

iii) one reflective indicator that is associated with a formative construct and 
one reflective construct. 

From an empirical point of view, the latent construct captures  

i) the common variance among indicators in the type A model specification; and  

ii) the total variance among its indicators in the type B model specification, 

covering the whole conceptual domain as an entity (cf. Cenfetelli & 
Bassellier 2009; MacKenzie et al. 2005). 

Reflective indicators are expected to be interchangeable and have a common 

theme. Interchangeability, in the reflective context, means that omission of an 

indicator will not alter the meaning of the construct. In other words, reflective 

measures should be unidimensional and they should represent the common theme 

of the construct. Formative indicators are not expected to be interchangeable, 

because each measure describes a different aspect of the construct’s common 

theme and dropping an indicator will influence the essence of the latent 

   x1                         x2                      x3    y1                         y2                      y3 
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-II variable. The behavior of measures of the construct with regards to the same 

antecedents and consequences is an important criterion for the assessment of 

the construct-indicator relationship. Reflective indicators are interchangeable, 

which means that measures are affected by the construct, and they must have 

the same antecedents and consequences. The formative constructs are affected by 

the measures, thus are not necessarily interchangeable, and each measure can 

represent a different theme. For the formative indicators, it is not necessary to 

have the same antecedents and consequences.  

Internal consistency is implied in the reflective indicators because correlation 

between variables is must. High correlations among the reflective indicators are 

essential, because they represent the same underlying theoretical concept. This 

means that all of the items are measuring the same phenomenon within the 

latent construct. On the contrary, within the formative indicators, internal 

consistency is not implied because the researcher does not expect high 

correlations among the measures. Because formative measures are not required 

to be correlated, validity of construct should not be assessed by internal 

consistency and reliability as with the reflective measures, but with other 

means such as nomological and/or criterion-related validity. 

17.8.3    Based on both Reflective and Formative Indicators 

The researcher can create a model that uses both formative and reflective 

indicators. It is possible for a structural model to have one type of latent 

construct at the first-order (latent construct) level and a different type of latent 

construct at the second-order level (Fornell&Bookstein 1982; MacKenzie et al. 

2005; Diamantopoulos & Siguaw 2006; Wetzels et al. 2009). In other words, 

the researcher can combine different latent constructs to form a hybrid model 

(Edwards & Bagozzi 2000; McDonald 1996; Tenenhaus et al. 2005). 

Development of this model type depends on the underlying causality between 

the constructs and indicators, as well as the nature of the theoretical concept. 

The researcher should model exogenous constructs in the formative mode and 

all endogenous constructs in the reflective mode, 

i) if one intends to explain variance in the unobservable constructs (Fornell 

& Bookstein 1982; cf. Wetzels et al. 2009); and 

ii) in case of weak theoretical background (Wold 1980). 

Conducting a VBSEM approach in this model, using a PLS algorithm, is equal 

to redundancy analysis (Fornell et al. 1988; cf. Chin 1998b), because the mean 

variance in the endogenous construct is predicted by the linear outputs of the 

exogenous constructs. 
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17.9 ISSUES IN SEM TECHNIQUE 

17.9.1    Sample Size and Power  

SEM is based on covariance. Covariance is less stable when estimated from 

small samples. Therefore, large sample sizes are needed for SEM analyses. 

Parameter estimates and chi-square tests of fit are also very sensitive to sample 

size; therefore, SEM is a large sample technique. However, it may be possible 

to estimate small models with fewer participants if variables are highly reliable. 

In addition, although SEM is a large sample technique and test statistics are 

affected by small samples, promising work has been done by Bentler and Yuan 

(1999) who developed test statistics for small samples sizes. 

17.9.2    Missing Data 

Problems of missing data are repeatedly exaggerated in SEM due to the large 

number of measured variables employed. The researcher who relies on using 

complete cases only is often left with an inadequate number of complete cases 

to estimate a model. Therefore missing data attribution is particularly important 

in many SEM models. When there is evidence that the data are missing at 

random (MAR; missing data on a variable may depend on other variables in 

the dataset but the missing data does not depend on the variable itself) or 

missing completely at random (MCAR; missing data is unrelated to the 

variable missing data or the variables in the dataset), the EM (expectation 

maximization) algorithm to obtain maximum likelihood (ML) estimates, is 

appropriate method of imputing missing data. Some of the software packages 

now include procedures for estimating missing data, including the EM algorithm. 

EQS 6.1 (Bentler, 2004) produces the EMbased maximum likelihood solution 

automatically, based on the Jamshidian–Bentler (Jamshidian & Bentler, 1999) 

computations. 

LISREL and AMOS also produce EM-based maximum likelihood estimates. 

but, if the data are not normally distributed, maximum likelihood test 

statistics— including those based on the EM algorithm—may be quite 

inaccurate.Multiple imputationis is another option for treatment of missing data. 

17.9.2    Multivariate Normality and Outliers 

The most commonly employed techniques for estimating models assume 

multivariate normality in SEM. It is always useful to examine both univariate 

and multivariate normality indexes to assess normality. Univariate distributions 

can be examined for outliers and skewness and kurtosis. Multivariate 

distributions are examined for normality and multivariate outliers. Multivariate 

normality can be evaluated through the use of Mardia’s (1970) coefficient and 

multivariate outliers can be evaluated through evaluation of Mahalanobis 

distance. Mardia’s (1970) coefficient evaluates multivariate normality through 

evaluation of multivariate kurtosis. Mardia’s coefficient can be converted to a 

normalized score (equivalent to az score), often normalized coefficients greater 

than 3.00 are indicative of non-normality. Mahalanobis distance is the distance 

between a case and the centroid (the multivariate mean with that data point 

removed). Mahalanobis distance is distributed as a chi-square with degrees of 

freedom equal to the number of measured variables used to calculate the 

centroid. Therefore, a multivariate outlier can be defined as a case that is 

associated with a Mahalanobis distance greater than a critical distance specified 

typically by a p < .001.  
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-II 17.10 STEPS IN SEM 

Many contemporary treatments introduce SEM not just as a statistical 

technique but as a process involving several stages:  

1) Model specification,  

2) Model estimation,  

3) Data-model fit assessment, and  

4)  Potential model modification, 

5) Reporting the Results. 

17.10.1   Initial Model Specification 

The first step in SEM is model conceptualization or specification. This stage 

consists of gaining knowledge of the underlying theory on which the particular 

model will be based. This stage begins with stating the hypothesis in both 

diagrams and equation form then statistically identifying the model and then 

evaluating the statistical assumptions that underlie the model.  

In this phase the model is specified through a diagram. The relations in the 

diagram are directly translated into equations and the model is then estimated. 

One method of model specification is the Bentler–Weeks method (Bentler& 

Weeks, 1980). In this method every variable in the model, latent or measured, 

is either an IV or a DV. The parameters to be estimated are the (a) regression 

coefficients, and (b) the variances and the covariances of the independent 

variables in the model (Bentler, 2001). In the Bentler–Weeks model only 

independent variables have variances and covariances as parameters of the 

model. 

A normally tricky and often confusing topic in SEM is identification. In SEM, 

a model is specified, parameters (variances and covariances of IVs and 

regression coefficients) for the model are estimated using sample data, and the 

parameters are used to produce the estimated population covariance matrix. 

However, only models that are identified can be estimated. A model is said to 

be identified if there is a unique numerical solution for each of the parameters 

in the model. The first step consists of counting the number of data points and 

the number of parameters that we want to estimate. The data in SEM are the 

variances and covariances in the sample covariance matrix. The number of data 

points is the number of non redundant sample variances and covariances, 

where p equals the number of measured variables. The number of parameters is 

established by adding together the number of regression coefficients, variances, 

and covariances that are to be estimated. There should be more data points than 

parameters to be estimated for the estimation of model. 

Hypothesized models are said to be over identified if there are more data than 

parameters to be estimated. The model is said to be just identified if, there are 

the same numbers of data points as parameters to be estimated. In this case, the 

estimated parameters perfectly reproduce the sample covariance matrix and the 

chi-square test statistic and degrees of freedom are equal to zero, hypotheses 

about the adequacy of the model cannot be tested. However, hypotheses about 

specific paths in the model can be tested. The model is said to be under 

identified if there are fewer data points than parameters to be estimated, and 

parameters cannot be estimated. The number of parameters needs to be reduced 
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by fixing, constraining, or deleting some of them. A parameter may be fixed by 

setting it to a specific value or constrained by setting the parameter equal to 

another parameter. Examining the measurement portion of the model is the 

second step in determining model identifiability. The measurement part of the 

model deals with the relationship between the measured indicators and the 

factors. 

Factors, are hypothetical constructs and consist of common variance, as such 

they have no intrinsic scale and therefore need to be scaled. Measured variables 

have scales, for example, income may be measured in dollars or weight in 

pounds. To establish the scale of a factor, the variance for the factor is fixed to 

1.00, or the regression coefficient from the factor to one of the measured 

variables is fixed to 1.00. Fixing the regression coefficient to 1 gives the factor 

the same variance as the common variance portion of the measured variable. If 

the factor is an IV, either alternative can be applied. If the factor is a DV the 

regression coefficient is set to 1.00. Not setting the scale of a latent variable is 

easily the most common error made when first identifying a model. Next, to 

establish the identifiability of the measurement portion of the model the 

number of factors and measured variables are examined. If there is only one 

factor, the model may be identified if the factor has at least three indicators 

with nonzero loading and the errors (residuals) are uncorrelated with one 

another. If there are two or more factors, again consider the number of 

indicators for each factor. 

If each factor has three or more indicators, the model may be identified if errors 

associated with the indicators are not correlated, each indicator loads on only 

one factor and the factors are allowed to co-vary. If there are only two 

indicators for a factor, the model may be identified if there are no correlated 

errors, each indicator loads on only one factor, and none of the covariances 

among factors is equal to zero. 

17.10.2   Model Estimation 

The next step in SEM is to evaluate and estimate population parameters. The 

purpose of estimation is to minimize the difference between the structured and 

unstructured estimated population covariance matrices.  

F = (s – s(Q))W(s – s(Q)),  

To accomplish this goal a function, F, is minimized where, s is the vector of 

data (the observed sample covariance matrix stacked into a vector); s is the 

vector of the estimated population covariance matrix (again, stacked into a 

vector) and(Q) indicates that s is derived from the parameters (the regression 

coefficients, variances and covariances) of the model. W is the matrix that 

weights the squared differences between the sample and estimated population 

covariance matrix. 

In EFA the observed and reproduced correlation matrices are compared. This 

idea is extended in SEM to include a statistical test of the differences between 

the estimated structured and unstructured population covariance matrices. If the 

weight matrix, W, is chosen correctly, at the minimum with the optimal, F 

multiplied by (N – 1) yields a chi-square test statistic. 

There are many different estimation techniques in SEM, these techniques vary 

by the choice of W.  
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-II • Maximum likelihood (ML) is usually the default method in most programs 

because it yields the most precise (smallest variance) estimates when the 

data are normal. 

• Generalized least squares (GLS) has the same optimal properties as ML 

under normality. 

• The asymptotically distribution free (ADF) method has no distributional 

assumptions and hence is most general, but it is impractical with many 

variables and inaccurate without very large sample sizes. 

Satorra and Bentler (1988, 1994, and 2001) and Satorra (2000) also developed 

an adjustment for non-normality that can be applied to the ML, GLS, or EDT 

chi-square test statistics. Briefly, the Satorra–Bentler scaled χ2 is a correction 

to the χ2 test statistic (Satorra & Bentler, 2001). EQS also corrects the standard 

errors for parameter estimates to adjust for the extent of non-normality (Bentler 

& Dijkastra, 1985). 

Sample size and plausibility of the normality and independent assumptions 

must be considered while choosing the suitable estimation technique. ML, the 

Scaled ML, or GLS estimators may be good choices with medium (over 120) 

to large samples and evidence of the plausibility of the normality assumptions. 

ML estimation is currently the most frequently used estimation method in 

SEM. In medium (over 120) to large samples the scaled ML test statistic is a 

good choice with non-normality or suspected dependence among factors and 

errors. In small samples (60 to 120) the Yuan–Bentler test statistic appears 

best. The test statistic based on the ADF estimator (without adjustment) is 

inappropriate choice under all conditions unless the sample size is very large (> 

2,500).  

17.10.3   Model Evaluation 

A central issue addressed by SEM is how to assess the fit between observed 

data and the hypothesized model ideally operationalized as an evaluation of the 

degree of discrepancy between the true population covariance matrix and that 

implied by the model’s structural and non structural parameters. As the 

population parameter values are rarely identified, the difference between an 

observed, sample-based covariance matrix and that implicit by parameter 

estimates must serve to approximate the population discrepancy. The observed 

data will fit the model perfectly for a just identified model. The system of 

equations expressing each model parameter as a function of the observed 

(co)variances is uniquely solvable; thus, the sample estimate of the model-

implied covariance matrix will, by default, equal the sample estimate of the 

population covariance matrix. However, if a model is over identified, it is 

unlikely that these two matrices are equal as the system of equations 

(expressing model parameters as functions of observed variances and 

covariances) is solvable in more than a single way. 

Abiding by a universal desire for parsimony, over identified models tend to be 

of more substantive interest than just identified ones because they characterize 

simpler potential explanations of the observed associations. While data-model 

fit for such models was initially conceived as a formal statistical test of the 

discrepancy between the true and model-implied covariance matrices, such a 

test now is often viewed as overly strict given its power to detect even trivial 

deviations of a proposed model from reality. Hence, many alternative 
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assessment strategies have emerged and continue to be developed. Data-model 

fit indices for such assessment can be categorized roughly into three broad 

classes: 

• Absolute indices assess the overall discrepancy between observed and 

implied covariance matrices; fit improves as more parameters are added to 

the model and degrees of freedom decrease: for example, the standardized 

root mean square residual (SRMR), the chi-square test(recommended to be 

reported mostly for its historical significance), and the goodness-of-fit 

index (GFI). 

• Parsimonious indices assess the overall discrepancy between observed and 

implied covariance matrices while taking into consideration a model’s 

complexity; fit improves as more parameters are added to the model, as 

long as those parameters are making a useful contribution: for example, the 

root mean square error of approximation(RMSEA) with its associated 

confidence interval, the Akaike information criterion (AIC) for fit 

comparisons across non-nested models, and the adjusted goodness-of-fit 

index (AGFI). 

• Incremental indices assess absolute or parsimonious fit relative to a 

baseline model, usually the null model (a model that specifies no relations 

among measured variables): for example, the comparative fit index (CFI), 

the normed fit index (NFI), and the non-normed fit index (NNFI). 

SEM software programs routinely report a handful of goodness-of-fit indices. 

Some of these indices work better than others under certain conditions. It is 

generally recommended that multiple indices be considered simultaneously 

when overall model fit is evaluated. For instance, Hu and Bentler (1999) 

proposed a 2-index strategy that is, reporting SRMR along with one of the fit 

indices (e.g., RNI, CFI, or RMSEA). The authors also suggested the following 

criteria for an indication of good model-data fit using those indices: RNI (or 

CFI) ≥ .95, SRMR ≤ .08, and RMSEA ≤ .06. Despite the sample size 

sensitivity problem with the chi-square test, reporting the model chi-square 

value with its degrees of freedom in addition to the other fit indices is 

recommended. If, after considering several indices, data model fit is deemed 

acceptable (and judged best compared to competing models, if applicable),the 

model is reserved as rational, and individual parameters may be interpreted. If, 

however, evidence suggests unacceptable data-model fit, the next and often 

final stage in the SEM process is considered: modifying the model to improve 

fit in hopes of also improving the model’s correspondence to reality. 

17.10.4   Model Modification 

Any hypothesized model is only an approximation to reality; the question 

remains is one of degree of that misspecification. With regard to external 

specification errors—when irrelevant variables are included in the model or 

substantively important ones remain left out—remediation can only occur by 

respecifying the model based on more relevant theory. On the other hand, 

internal specification errors—when unimportant paths among variables were 

included or when important paths were omitted—can potentially be diagnosed 

and remedied using Wald statistics (predicted increase in chi-square if a 

previously estimated parameter were fixed to some known value, e.g., zero) 

and Lagrange multiplier statistics (also referred to as modification indices; 

estimated decrease in chi-square if a previously fixed parameter were to be 

estimated).  All are asymptotically equivalent under the null hypothesis but 
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-II approach model modification differently. As these tests’ recommendations are 

directly motivated by the data and not by theoretical considerations, any 

resulting respecifications must be viewed as exploratory in nature and might 

not lead to a model that resembles reality any more closely than the one(s) 

initially conceptualized. 

Chi-square difference test 

If models are nested, that is, models are subsets of each other, the χ2 value for 

the larger model is subtracted from the χ2 value for the smaller, nested model 

and the difference, also χ2, is evaluated with degrees of freedom equal to the 

difference between the degrees of freedom in the two models. When the data 

are normally distributed, the chi-squares can simply be subtracted. However, 

when the data are non normal and the Satorra–Bentler scaled chi-square is 

employed, an adjustment is required (Satorra, 2000; Satorra &Bentler, 2001) so 

that the S–B χ2 difference test is distributed as a chi-square.  

Chi-square difference tests are popular methods for comparison of nested 

models especially when, as in this example, there are two nested a priori 

models of interest; however, a potential problem arises when sample sizes are 

small. Because of the relationship between sample size and χ2, it is hard to 

detect a difference between models with small sample sizes. 

Lagrange Multiplier (LM) test 

The LM test also compares nested models but requires estimation of only one 

model. The LM test asks would the model be improved if one or more of the 

parameters in the model that are currently fixed were estimated. Or, equivalently, 

what parameters should be added to the model to improve the fit of the model? 

There are many approaches to using the LM tests in model modifications. It is 

possible and often desirable to look only at certain parts of the model for 

possible change although it is also possible to examine the entire model for 

potential additions. 

The LM test can be examined either univariately or multivariately. There is a 

danger in examining only the results of univariate LM tests because overlapping 

variance between parameter estimates may make several parameters appear as if 

their addition would significantly improve the model. All significant parameters 

are candidates for inclusion by the results of univariate LM tests, but the 

multivariate LM test identifies the single parameter that would lead to the largest 

drop in the model χ2 and calculates the expected change in χ2 if this parameter 

was added. After this variance is removed, the next parameter that accounts for the 

largest drop in model χ2 is assessed, similarly. After a few candidates for 

parameter additions are identified, it is best to add these parameters to the model 

and repeat the process with a new LM test, if necessary. 

Wald test 

While the LM test asks which parameters, if any, should be added to a model, 

the Wald test asks which, if any, could be deleted. Are there any parameters 

that are currently being estimated that could instead be fixed to zero? Or, 

equivalently, which parameters are not necessary in the model? The Wald test 

is analogous to backward deletion of variables in stepwise regression, in which 

one seeks a non significant change in R
2
 when variables are left out. However,  

if the goal had been the development of a parsimonious model, the Wald test 

could have been examined to evaluate deletion of unnecessary parameters. 



 

 

•  

Quantitative Methods-II 

94 

Finally, no matter how complex the model under study, it is always 

conceivable that other variables or causal assumptions that the researcher had 

failed to consider can account for the observed relationships. To enhance the 

theoretical value of their investigations, researchers are well advised to 

consider also models that are almost equivalent to the one reported. These are 

models that fit the analyzed data set almost as well as the reported model and 

that may offer interesting alternative theoretical interpretations.  

Comparison of Nested Models 

In addition to evaluating the overall model fit and specific parameter estimates, 

it is also possible to statistically compare nested models to one another. Nested 

models are models that are subsets of one another. When theories can be 

specified as nested hypotheses, each model might represent a different theory. 

These nested models are statistically compared, thus providing a strong test for 

competing models. Some of the common variance among the items may be due 

to wording and the general domain area (e.g., health problems, relationships 

problems), not solely due to the underlying constructs. We can compare our 

model to a model that also includes paths that account for the variance 

explained by the general domain or wording of the item. The model with the 

added paths to account for this variability would be considered the full model. 

To test this hypothesis, the chi-square from the model with paths added to 

account for domain and wording would be subtracted from the chi-square for 

the nested model in that does not account for common domains and wording 

among the items. The corresponding degrees of freedom for these two models 

would also be subtracted. Given nested models and normally distributed data, 

the difference between two chi-squares is a chi-square with degrees of freedom 

equal to the difference in degrees of freedom between the two models. The 

significance of the chi-square difference test can then be assessed in the usual 

manner. If the difference is significant, the fuller model that includes the extra 

paths is needed to explain the data. If the difference is not significant, the 

nested model, which is more parsimonious than the fuller model, would be 

accepted as the preferred model.  

17.10.5   Reporting the Results 

The final step is to precisely and completely describe the analysis in written reports. 

How authors structure the results section obviously is dictated by the particular 

model(s) and research questions under study. It is the researcher’s responsibility to 

provide access to data in order to facilitate verification of the obtained results: If 

moment-level data were analyzed, a covariance matrix (or correlation matrix with 

standard deviations) should be offered in a table or appendix; if raw data were used, 

information on how to obtain access should be provided. 

Results from both the measurement and structural phases should be presented. 

Judging the overall quality of a hypothesized model usually is presented early 

in the results section or overidentified models. Given that available data-model 

fit indices can lead to inconsistent conclusions, researchers should consider fit 

results from different classes so readers can arrive at a more complete picture 

regarding an model’s acceptability. Also, a comparison of fit across multiple, a 

priori specified alternative models can help in weighing the relative merits of 

preferring one model over others. As illustrated, when competing models are 

nested, a formal chi-square difference test is available to judge if a more 

restrictive-but also more parsimonious-model can elucidate the observed data 

equally well, without a considerable loss in data-model fit (alternative models that 
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-II are not nested have traditionally been compared only descriptively—relative 

evaluations of values are recommended, with smaller values indicating better fit—

but recent methodological developments suggest statistical approaches as well). 

If post hoc model modifications are performed following unacceptable data-model 

fit from either the measurement or structural phase of the analysis, authors should 

give a thorough account of the nature and reasons (both statistical and 

theoretical)for the respecification(s), including summary results from Lagrange 

multiplier tests and revised final fit results. If data-model fit has been assessed and 

believed to be satisfactory, with or without respecification ,more detailed results 

are offered, usually in the form of individual unstandardized and standardized 

parameter estimates for each structural equation of interest, together with 

associated standard errors and/or test statistics and coefficients of determination. 

When latent variables are part of a model, estimates of their construct reliability 

should be presented, with values ideally falling above .70 or .80. 

Researcher should provide a logic of what implications the results from the SEM 

analysis have on the theory or theories that gave rise to the initial model(s). Claims 

that a well-fitting model was “confirmed” or that a particular theory was proven to 

be “true,” especially after post hoc respecifications, should be avoided. Such 

statements are greatly deceptive given that alternative, structurally different, yet 

mathematically equivalent models always exist that would produce identical data-

model fit results and thus would explain the data equally well. At most, a model 

with acceptable fit may be interpreted as one reasonable explanation for the 

associations observed in the data. From this perspective, a SEM analysis should be 

evaluated from a disconfirmatory, rather than a confirmatory perspective. Based 

on unacceptable data model fit results, theories can be shown to be false but not 

proven to be true by acceptable data-model fit. 

If evidence of data-model misfit was presented and a model was modified 

based on statistical results from Lagrange multiplier tests, readers must be 

made aware of potential model overfitting and the capitalization on chance. 

Statistically rather than theoretically based respecifications are purely 

exploratory and might say little about the true model underlying the data. 

While some model modifications seem appropriate and theoretically justifiable 

(usually, minor respecifications of the measurement portion are more easily 

defensible than those in the structural portion of a model), they only address 

internal specification errors and should be cross-validated with data from new 

and independent samples. Finally, the interpretation of individual parameter 

estimates can involve explicit causal language, as long as this is done from 

within the context of the particular causal theory proposed and the 

possibility/probability of alternative explanations is raised unequivocally. 

Though some might disagree, we think that explicit causal statements are more 

honest than implicit ones and are more useful in articulating a study’s practical 

implications; after all, is not causality the ultimate aim of science. 

In the end, SEM is a powerful disconfirmatory tool at the researcher’s disposal 

for testing and interpreting theoretically derived causal hypotheses from within 

an a priori specified causal system of observed and/or latent variables. 

However, we urge authors to resist the apparently still popular belief that the 

main goal of SEM is to achieve satisfactory data-model fit results; rather, it is 

to get one step closer to the “truth.” If it is true that a proposed model does not 

reflect reality, then reaching a conclusion of misfit between data and model 

should be a desirable goal, not one to be avoided by careless respecifications 

until satisfactory levels of fit are achieved. 
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17.11 AN EXAMPLE OF SEM 

For example, we take some fictitious data in which anxiety was measured.  We 

performed an confirmatory factor analysis in which we defined anxiety as 

consisting of four components, namely, affective, behavioral, cognitive and 

physiological symptoms. Thus, we specified a model which looked like as the 

figure below: 
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-II The next step is to estimate the parameters of the model. The software 

performs this step and provides final results of parameters that produce best fit 

to data possible.  

 

  

 

 

 

 

 

 

  

  

 

 

 

 

 

 

 

 

 

 

 

Figure 2 shows only 2 of the 4 components of anxiety. Above each arrow from 

a latent variable to a variable is a number, called the path coefficient. This can 

range from –1.0 to 1.0, with higher numbers (positive or negative) showing a 

stronger association. As can be seen, the variable “obsessions” doesn’t fit very 

well with the cognitive trait; and the variable “anger” doesn’t seem to go with 

the affective trait. The numbers over the variable names are the SMRs, which 

are the squared values of the path coefficients; they are interpreted in the same 

way as R2 multiple regression-in terms of how much of the variance in one 

variable is explained by, or are in common with, the other variable. Finally, the 

numbers over the arrows between the error terms and the variables are the 

variances of the errors. You’ll note that the sum of the SMR plus the error 

variance for each variable is 1.0; that is, all the variance of a variable is divided 

between that shared with the latent variable and error. The cognitive domain is 

correlated more highly with the latent trait of anxiety than is the affective 

realm, as reflected in their respective path coefficients. 

The next step is model specification stage. Although no mathematics is 

involved, it is probably the most difficult—and most important—part. It is the 

most difficult because it requires the most thought and understanding of the 
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theoretical model of the purported influences. No computer program can help 

us at this stage, only our knowledge of the field. It is the most important step 

because everything depends on how well we specify the model. The computer 

programs may help us in determining whether some variables aren’t important, 

we can play with different paths to see whether they improve the model or not. 

However, the primary cause of poorly fitting is the omission of crucial 

variables. 

The next step is relatively easy. The main focus is on the paths—from the 

latent variable to the measured variables and from that latent variable to the 

next one in the path. Once we have cleaned up the model by pruning 

noncontributory paths, we can examine the fit of the overall model. The most 

common index of how well the data match the model is RMSEA.  it sees how 

much the data deviate from the model. Values over 0.10 are considered to be a 

bad fit, those less than 0.08 reflect a reasonable fit, and values less than 0.05 

indicate a good fit. 

Given is the table showing RMSEA of the model:  

RMSEA 

Model RMSEA LO 90 HI 90 PCLOSE 

Independence model .100 .087 .115 .000 

PCLOSE = .000 for the Independence model. Under the hypothesis of “close 

fit” (i.e., that RMSEA is no greater than .05 in the population), the probability 

of getting a sample RMSEA as large as .100 is .000. 

17.12 SOFTWARE PROGRAMS FOR SEM 

Most SEM analyses are conducted using one of the specialized SEM software 

programs. However, there are many options, and the choice is not always easy. 

Below is a list of the commonly used programs for SEM. Special features of 

each program are briefly discussed. It is important to note that this list of 

programs and their associated features is by no means comprehensive. This is a 

rapidly changing area and new features are regularly added to the programs.  

17.12.1 LISREL 

LISREL (linear structural relationships) is one of the earliest SEM programs 

and perhaps the most frequently referenced program in SEM articles. Its 

version 9.1 has three components: PRELIS, SIMPLIS, and LISREL. PRELIS 

(pre-LISREL) is used in the data preparation stage when raw data are available. 

Its main functions include checking distributional assumptions, such as 

univariate and multivariate normality, imputing data for missing observations, 

and calculating summary statistics, such as Pearson covariances for continuous 

variables, polychoricor polyserial correlations for categorical variables, means, 

or asymptotic covariance matrix of variances and covariances (required for 

asymptotically distribution-free estimator or Satorra and Bentler’s scaled chi-

square and robust standard errors). PRELIS can be used as a stand-alone 

program or in conjunction with other programs. 

Summary statistics or raw data can be read by SIMPLIS or LISREL for the 

estimation of SEM models. The LISREL syntax requires understanding of 
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-II matrix notation while the SIMPLIS syntax is equation-based and uses variable 

names defined by users. Both LISREL and SIMPLIS syntax can be built 

through interactive LISREL by entering information for the model construction 

wizards. Alternatively, syntax can be built by drawing the models on the Path 

Diagram screen. 

LISREL 9.1 allows the analysis of multilevel models for hierarchical data in 

addition to the core models. A free student version of the program, which has 

the same features as the full version but limits the number of observed 

variables to12, is available from the web site of Scientific 

SoftwareInternational,Inc. (http://www.ssicentral.com). This web site also 

offers a list of illustrative examples of LISREL’s basic and new features. 

17.12.2 EQS 

Version 6.1 of EQS (Equations) provides many general statistical functions 

including descriptive statistics, t-test, ANOVA, multiple regression, 

nonparametric statistical analysis, and EFA. Various data exploration plots, 

such as scatter plot, histogram, and matrix plot are readily available in EQS for 

users to gain intuitive insights into modelling problems. Similar to LISREL, 

EQS allows different ways of writing syntax for model specification. 

The program can generate syntax through the available templates under the 

“Build_EQS” menu, which prompts the user to enter information regarding the 

model and data for analysis, or through the Diagrammer, which allows the user 

to draw the model. Unlike LISREL, however, data screening (information 

about missing pattern and distribution of observed variables) and model 

estimation are performed in one run in EQS when raw data are available. 

Model-based imputation that relies on a predictive distribution of the missing 

data is also available in EQS. Moreover, EQS generates a number of alternative 

model chi-square statistics for non normal or categorical data when raw data 

are available. The program can also estimate multilevel models for hierarchical 

data. Visit http://www.mvsoft.com for a comprehensive list of EQS’s basic 

functions and notable features. 

17.12.3 Mplus 

Version 7.3 of the Mplus program includes a Base program and three add-on 

modules. The Mplus Base program can analyze almost all single-level models 

that can be estimated by other SEM programs. Unlike LISREL or EQS, Mplus 

version 7.33 is mostly syntax-driven and does not produce model diagrams. 

Users can interact with the Mplus Base program through a language generator 

wizard, which prompts users to enter data information and select the estimation 

and output options. Mplus then converts the information into its program-

specific syntax. However, users have to supply the model specification in 

Mplus language themselves. 

Mplus Base also offers a robust option for non-normal data and a special full-

information maximum likelihood estimation method for missing data (see 

footnote 4). With the add-on modules, Mplus can analyze multilevel models 

and models with latent categorical variables, such as latent class and latent 

profile analysis. The modelling of latent categorical variables in Mplus is so far 

unrivalled by other programs. The official web site of Mplus 

(http://www.statmodel.com) offers a comprehensive list of resources including 
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basic features of the program, illustrative examples, online training courses, 

and a discussion forum for users. 

17.12.4 Amos 

Amos (Analysis of Moment Structure) version 22 is distributed with IBM 

SPSS. It has two components: Amos Graphics and Amos Basic. Similar to the 

LISREL Path Diagram and SIMPLIS syntax, respectively, Amos Graphics 

permits the specification of models by diagram drawing whereas Amos Basic 

allows the specification from equation statements. A notable feature of Amos is 

its capability for producing bootstrapped standard error estimates and 

confidence intervals for parameter estimates. 

An alternative full-information maximum likelihood estimation method for 

missing data is also available in Amos. The program is available at 

http://www.smallwaters.com or http://www.spss.com/amos/. 

17.12.5 Mx 

Mx (Matrix) version 6 is a free program downloadable from 

http://www.vcu.edu/mx/. The Mx Graph version is for Microsoft Windows 

users. Users can provide model and data information through the Mx 

programming language. Alternatively, models can be drawn in the drawing 

editor of the Mx Graph version and submitted for analysis. Mx Graph can 

calculate confidence intervals and statistical power for parameter estimates. 

Like Amos and Mplus, a special form of full-information maximum likelihood 

estimation is available for missing data in Mx. 

17.12.6 Others 

In addition to SPSS, several other general statistical software packages offer 

built-in routines or procedures that are designed for SEM analyses. They 

include the CALIS (covariance analysis and linear structural equations) 

procedure of SAS (SAS Institute Inc., 2000; http://www.sas.com/), the 

RAMONA (Reticular Action Model Or Near Approximation) module of 

SYSTAT (Systat Software, Inc., 2002;http://www.systat.com/), and SEPATH 

(structural equation modeling and path analysis) of Statistica (StatSoft, 

Inc.,2003; http://www.statsoft.com/products/advanced.html). 

17.13 ADVANTAGES AND DISADVANTAGES OF 

SEM 

17.13.1 Advantages of SEM 

1) SEM allows researcher to identify direct and indirect effects. Direct effects 

are principally the relationship between a dependent variable we are 

interested in explaining and an independent variable we think is causing or 

related to the dependent variable. Thus this establishes links directly from a 

cause to an effect. An indirect effect occurs when one variable goes through 

another variable on the way to some dependent or independent variable. 

2) It is possible to have multiple indicators of a concept. With multiple 

regression analysis we only evaluate the effect of individual independent 

variables on the dependent variable.  It creates farily a simple path model 
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-II while SEM allows for the estimation of the combined effects of 

independent variable into concepts/ construct. 

3) SEM includes measurement error into the model. A problem for path 

analyses using regression as its underlying analysis not adequately control 

for measurement error.  SEM analyses do account for measurement error, 

therefore providing a better understanding of how good the theoretical 

model predicts actual behaviour. 

17.13.2 Disadvantages of SEM  

1) Most of the procedures that have been suggested involve nonstandard and 

complex model specifications that are challenging for the average user and 

thus susceptible to error. Indeed, errors have even been noted in the 

specifications developed by SEM specialists. 

2) Because products of normally distributed observed and latent variables are 

themselves not normally distributed, standard errors and estimates of fit 

might not be accurate. This problem will be more severe to the extent that 

the latent exogenous variables used to form the product term are highly 

correlated. 

3)  If the latent variables that denote main effects are not normally distributed, 

the parameter estimates yielded by several procedures are not consistent.  

4) Most of the methods proposed in the literature are applicable to a restricted 

class of measurement models.  

5) Although a number of alternative procedures and options have been 

proposed, the selection of an optimal approach is made difficult by the 

absence of any one study or set of studies that compares all the viable 

alternatives that have been proposed to date under a variety of conditions. 

6)  Some of the more promising approaches are not easily available in 

conventional SEM software. 

17.14 LET US SUM UP 

SEM techniques are considered today to be a major component of applied 

multivariate statistical analysis and are used by education researchers, 

economists, marketing researchers, medical researchers, and variety of other 

social and behavioural scientists. SEM is a collection of statistical techniques 

that allow a set of relations between one or more independent variables(IVs), 

and one or more dependent variables (DVs). SEM is an attempt to model 

causal relations between variables by including all variables that are known to 

have some involvement in the process of interest. It can be viewed as a 

combination of factor analysis and regression or path analysis. Structural 

equation modeling (SEM) uses various types of models to depict relationships 

among observed variables, with the same basic goal of providing a quantitative 

test of a theoretical model hypothesized by the researcher. Two goals in SEM 

are (1) to understand the patterns of correlation/covariance among a set of 

variables and (2) to explain as much of their variance as possible with the 

model specified. 
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To discuss the history of structural equation modeling, it is better to explain the 

chronological order of following four models : regression, path, confirmatory 

factor, and structural equation models.  

One of the easiest ways to communicate a structural equation model is to draw 

a diagram of it, referred to as path diagram, using special graphical notation. A 

path diagram is a form of graphical representation of a model under 

consideration. Such a diagram is equivalent to a set of equations defining a 

model (in addition to distributional and related assumptions), and is typically 

used as an alternative way of presenting a model pictorially. Path diagrams not 

only enhance the understanding of structural equation models and their 

communication among researchers with various backgrounds, but also 

substantially contribute to the creation of correct command files to fit and test 

models with specialized programs. Five steps are involed in SEM:  Initial 

model conceptualization, Model estimation, Data-model fit assessment,    

Potential model modification and Reporting the Results. Most SEM analyses 

are conducted using one of the specialized SEM software programs. These 

include LISREL, EQS, Mplus, Amos and Mx. The SEM has certain advantages 

and disadvantages also. 

17.15 KEY WORDS 

SEM : Collection of statistical techniques that allow a set 

of relations between one or more independent 

variables (IVs), and one or more dependent 
variables (DVs). 

Path Diagrams : Pictorial representation of a model. 

Observed variables : Variables that are directly measured. 

Unobserved 

variable 

: Latent variable in terms of multiple indicators that 

are in common with each other. 

Residual or error 

terms 

: Can be associated with either observed variables or 

factors specified as outcome (dependent) variables. 

Measurement 

model 

: The part of the model that relates the measured 

variables to the factors. 

ξ (ksi) : Latent construct associated with observed xi 

indicators.  

η (eta) : Latent construct associated with observed yi 

indicators. 

δ (delta) : Error term associated with observed xi indicators. 

ε (epsilon) : Error term associated with observed xi, yi 

indicators. 

ζ (zeta) : Error term associated with the formative construct. 

Λij : Factor loading in the i-th observed indicator that is 

explained by the j-th latent construct. 

Γij : Weight in the i-th observed indicator that is 

explained by the j-th latent construct. 
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-II Reflective indicator : The construct is the cause of the observed 

measures, so a variation in the construct leads to a 
variation in all its measures. 

Formative or 

causal indicator 

: The direction of causality goes from the indicators 

(measures) to the construct and the error term is 

estimated at the construct level. 

Model specification : Involves using all available relevant theory, 

research,  and information to construct the 
theoretical model. 

Model 

identification 

: A model is said to be identified if there is a unique 

numerical solution for each of the parameters in the 

model. 

Underidentified : If one or more parameters cannot solved uniquely 

on the basis of the covariance matrix S (more 
unknown parameters than equations). 

Just-identified : There is just enough information in the covariance 

matrix S to solve the parameters of the model 

(equally number of equations as unknown 
parameters). 

Over-identified : More than one way to estimate the unknown 

parameters (more equations than unknowns). 

Model estimation : Minimize the difference between the structured and 

unstructured estimated population covariance 

matrices. 

Model evaluation : Assess the fit between observed data and the 

hypothesized model ideally operationalized as an 

evaluation of the degree of discrepancy between the 

true population covariance matrix and that implied 

by the model’s structural and non structural 

parameters. 

Model modification : Respecifying the model based on more relevant 

theory. 

Nested models : Models that are subsets of one another. 
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