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15.1 INTRODUCTION 
- - - - - - - - - 

In the previous unit, we have seen how a complicated or tabulated function can be 
replaced by an approximating polynomial so that the fundamental operations of calculus 
viz., differentiation and integration can be performed more easily. In this unit we shall 
solve a differential equation, that is, we shall find the unknown function which satisfies a 
combination of the independent variable, dependent variable and its derivative. In 
physics, aeronautics, engineering, mathematics, chemistry and many other disciplines it 
has become necessary to build mathematical models to represent complicated processes 
and systems. Differential equations are one of the most important mathematical tools 
used in modelling and structuring problems in the engineering and physical sciences. As 
it is not always possible to obtain analytical solutions of each and every differential 
equation, recourse must necessarily be made to numerical methods for solving 
differential equations. In this unit, we shall endeavour to seek the numerical solutions of 
ordinary differential equations (ODES) by employing Taylor series methods, Picard's 
method, Euler's methods and Runge-Kutta methods. The Taylor series methods and 
Picard's method are sometimes designated as semi-analytical methods for the simple 
reason that the dependent variable is expressed as a power series in powers of the 
independent variable from which the solutions are obtained by substitution. On the other 
hand, Euler's methods and Runge-Kutta methods are purely numerical methods, which 
give the solution in the form of a set of tabulated values. This later class of methods is 
also known as step-by-step methods or marching methods because the values of the 
dependent variable are calculated by short steps for equal interval values of the 
independent variable. To begin with, we shall recall a few basic and elementary concepts 
from the theory of differential equations, which we shall be referring to quite often. 

Objectives 

After studying this unit, you should be able to : 
identify the initial value problem (IVP) for the first/second order ordinary 
differential equation, 
obtain the solution of the IVP by using Taylor series methods, Picard's method of 
iteration, Euler's methods and Runge-Kutta methods, and 
compare the solutions obtained by various methods and also with the exact 
solution wherever possible. 



Interpolatian nnd Saltation 
of Wflerentirl Fqurtio~~s 

--- 

15.2 BASIC CONCEPTS 
In this section we shall state a few definiti~ns fiom the theory of differential equations 
and define some concepts involved in the numerical solution of differential equations. 

Definition : An equation involving one or more unknown functions (dependent 
variables) and its derivatives with respect to one or more known functions (independent 
variables) is called a differential equation. 

For example, 

are differential equations. 1 

Differential equations of the form (1 5. I), involving derivatives w.r.t. a single independent 
variable are called ordinary differential equations (ODEs) whereas, those involving 
derivatives w.r.t. two or more independent variables are partial differential equations 
(PDEs). Eqn. (15.2) is an example of PDE. 

1)efini'tion : The order of a differential eauation is the order of the highest order I - 
derivative appearing in the equation and its degree is the highest exponent of the highest 
order derivative after the eauation has been rationalised i.e., after it has been expressed in 
the form free from radicals'and any fractional power of the derivatives or negative power. 
For example, equation 

is of third order and second degree. Equation 

dy a y=x-+-  (1 5.4) 1 
dr dy/& 

therefore is of first order and second degree as it can be written in the form 
1 

2 y*=x(g) dx + a  

Definition : When the dependent variable and its derivatives occur in the first degree 
only and not as higher powers or products, the equation is said to be linear; otherwise it 
is nonlinear. 

In this unit we shall be concerned only with the ODEs. 

d 2 y  2 dy Equation 7 + y = x2 is a linear ODE, whereas, (x + y) - = I is a nonlinear ODE. 
du dr 

$ z  d2z  (i2;] 
Similarly, - + -- - - = 0, is a linear PDE of the second order. 

ax2 ?y2 

The general form of a linear ODE of order n can be expressed in the form 

~ b ]  = ao(x)y(n)(x) + a, (x) y(n-l)(x) + ... + an,-, (x)y(x) + an  (x)y(x) = r(x)  



where r (x), ai (x), i = 1, 2, ..., n are known functions of x and 

d n  dn-1 Li 
L = Qo (x) + Q' (x) ----- + ... + an-1 ( x )  I- a, (x), 

dx 

is the linear differential operator. The general nonlinear ODE of order n can be written as 

F(x, y, y', y", ..., ytn)) = 0 

Eqn. (1 5.7) is called a canonical representation of Eqn. (1 5.6). In such a form, the 
highest order derivative is expressed in terms of lower order derivatives and the 
independent variable. 

The general solution of an nth order ODE contains n arbitrary constants. In order to 
determine these arbitrary constants, we require n conditions. If these conditions are 
given at one point, then these conditions are known as initial conditions and the 
differential equation together with the initial conditions is called an initial value 
problem (IVP). The nth order IVP can be written as 

If the n conditions are prescribed at more than one point then these conditions are known 
as boundary conditions. The differential equation together with the boundary 
conditions is then known as a boundary value problem (BVP). 

The nth order IVP (1 5.8) is equivalent to the following system of n first order equations : 
Sety=yl.  Then 

In vector notation, this system can be writtcn as a single equation as 

where 
T y=(y l  ,~~,. . . ,y,) ' ,f  ( ~ , ~ ) = ( ~ 2 2 ~ 3 , . . . , f  (x,YI,..-,Y~)) 

(n-1) )T a = (YO,Y~,. . . ,Y~ 

Numerical Solution of Ordinary 
Differential Equal~ons 

Hence, we start to study numerical methods for the solution of the fust order IVP. 



Interpolation and Solution 
of Differential Equations The vector form of these methods can then be used to solve Eqn. (15.9). Before 

attempting to obtain numerical solutions to Eqn. (1 5. lo), we must make sure that the 
problem has a unique solution. The following theorem ensures the existence and 
uniqueness to IVP (15.10). 

Theorem 1 : Iff (x , y) satisfies the conditions 

i) f (x, y) is a real function 

ii) f (x, y) is defined and continuous for x a [xO, b], 
~&l -og ,og [  

iii) there exists a constant L such that for any x & [xo, b] and for any two numbers yl 
and y2 

then for any yo, the IVP (1 5.10) has a unique solution. This condition is called the 
Lipschitz condition and L is called the Lipschitz constant. 

We assume the existence and uniqueness of the solution and also that f (x, y) has 
continuous partial derivatives w.r.t. x and y of as high order as we desire. 

Let us assume that [xo, b] be an interval over which the solution of the IVP (1 5.10) is 
required. If we subdivide the interval [xo, b] into n subintervals using a stepsize 

x, - xo , where xn= b, we obtain the mesh points or grid points XO, XI,X~,..., xn 

h = [  n ] 
as shown in Figure 15.1 

Figure 15.1 

We can then write xk = x0 + kh, k = 0, 1, ..., n. A numerical method for the solution of 
the IVP (1 5. lo), will produce approximate values yk at the grid points xk. 

Remember that the approximate values yk may contain the truncation and round-off 
errors. We shall now discuss the construction of numerical methods and related basic 
concepts with reference to a simple ODE. 

Let the grid points be defined by 

xj =xo+jh, j = 0 ,  1, ..., N 

where, xo = a and xo + Nh = b. 

Separating the variables and integrating, we find that the exact solution of Eqn. (1 5.1 1) is 
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In order to obtain a relation connecting two successive solution values, we set x = xn and 
x,, +I in Eqn. ( 1  5.1 2). Thus we get 

y(x,)  = y(xo)  eA('n-'~) 
and 

x ) e A ( ~ " 4 , + ~ )  y(x,+l)=y( 0 

Dividing, we get 

Hence we have 

Eqn. ( 1  5.13) gives the required relation between fixn) and fix,,+l). 

Setting n = 0, 1,2, ..., N - 1 ,  successively, we can find fix,), fixZ), ..., y(xN) h m  the given 
value Axo). 

An approximate method or a numerical method can be obtained by approximating eu in 
Eqn. (15.13). For example, we may use the following polynomial approximations. 

and so on. 

Let us retain (p  +1) terms in the expansion of ehy and denote the approximation to eAy by 
E(3Lh). The numerical method for obtaining the approximate values yn of y (xn) can then 
be written as 

yn+, = E(hh) y,, n = 0, 1 ,..., N - 1 (15.17) 

The truncation error (TE) of the method is defined by 

Since ( p  +1) terms are retained in the expansion of eu, we have 



Interpolation and Solution 
of Differential Equations The TE is of order p+l. The integer p is then called the order of the method. 

We say that a numerical method is stable if the error at any stage, i.e. y, -fix,) = E, 
remains bounded as n -+ oo. Let us examine the stability of the numerical method 
(15.17). 
,Putting yn+l = y(x,+l) + &,+I and yn = y(x,) + E, in Eqn. (15.17), we have 

= E(hh) b(x, ) + E, ] - eUy(x, )(using Eqn. (1 5.13)) 

We note from Eqn. (1 5.1 8) that the error at x,+l consists of two parts. The first part 
E[hh] - eU is the local truncation error and can be made as small as we like by suitably 
determining E[Xh]. The second part 1 E(hh) 1 E, is the propagation error from the 
previous step x,, to and will not grow if I E(hh) I < 1. If I E(hh) I < 1, then as 
n + oo the propagation error tends to zero and method is said to be absolutely stable. 
Formally we give the following definition. 

Definition : A numerical method (1 5.17) is called absolutely stable if 1 E(U) 1 < 1. 
You may also observe here that the exact value Ax,,) given by Eqn. (1 5.13) increases if 
h > 0 and decreases if h < 0, with the growth factor exh. The approximate value y, 

given by Eqn. (15.17) grows or decreases with the factor 1 E(M) I .  Thus, in order to 
have meaningful numerical results, it is necessary that the growth factor of the numerical 
method slnould not increase faster than the growth factor of exact solution when h > 0 and 
should decay at least as fast as the growth factor of the exact solution when h < 0. 
Accordingly, we give here the following definition. 

U Definition : A numerical method is said to be relatively stable if 1 E(M) 15 e , ?L > 0. 

The polynomial approximations (1 5.14), (1 5.1 5) and (1 5.1 6) always give relatively stable 
methods. Let us now find when the methods y n + ~  = E(Ah)yn are absolutely stable where 
E(Ah) is given by (15.14), (15.15) or (15.16). 

These methods are given by 

First order : y n+, = ( I  + Ah) y , 

Second order : Yn+l = (1 + + 

These methods are absolutely stable when 

First order : 1 1 +hh 1 I 1 
or - 11U-IS.l 
or - 2IU-152 

Second order : 1 1 + hh + - ^;"'I<l 



The right inequality gives 

i.e. 
hh 

h h I O a n d l + - 2 0  
2 

The second condition gives -2 I Ah. Hence the right inequality gives -2 I hh I 0. The 
left inequality gives 

For -2 S MI 5 0, this equation is always satisfied. Hence the stability condition is 

Using the right and left inequalities, we get 

-2.5 I hh S O .  

Third order : 

These intervals for Ah are known as stability intervals. 

Numerical methods for finding the solution of IVP given by Eqn. (15.10) may be broadly 
classified as 

i) Singlestep methods 

ii) Multistep methods 

h2h2 h3h3 
l + h h + - + - I 1  2 6 

Singlestep methods enable us to find y,~, an approximation to y(x,l), ify,, yn ' and h are 
known. 

Multistep methods enable us to find Y,,+~, an approximation to y(x,+l), 
if yi, yi ', i = n, n-1, ... n - m+ 1 and h are known. Such methods are called m-step 
multistep methods. 

In this course we shall be discussing about the singlestep methods only. 

A singlestep method for the solution of the IVP 

~ ' = f ( x , ~ ) , ~ ( x o ) = ~ o ,  ~ & ( ~ o , b )  
is a recurrence relation of the form 

where 4 (xu, y,, h) is known as the increment function 

If yWl can be determined from Eqn. (1 5.19) by evaluating the right hand side, then the 
singlestep method is known as an explicit method, otherwise it is known as an implicit 
method. The local truncation error of the method (15.19) is defined by 

TE = y(xn+,) - ~ ( x n )  -h$(xn,yn,h) 
The largest integer p sucn mat 

Numerical Solution of Ordinary 
Differential Equations 
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,of Differential Equations is called the order of the singlestep method. 

Let us now take up an example to understand how the singlestep method works. 

Example 15.1 

Find the solution of the IVP y' = hy , y(0) = 1 in 0 < x I 0.5, using the first order 
method. 

Y , + ~  = ( 1  + hh)y, withh= 0.1 and h = f 1 

Solution 
0.5 0.5 Here the number of intervals are N = - = - = 5 
h 0.1 

We have yo = 1 

y ,  = ( 1  + Ah) yo = ( 1  + hh) = ( 1  + 0.11) 

y2 = ( 1  + hh) yl = ( 1  +hh12 = ( 1  + 0 . 1 ~ ) ~  

.................................................................. 

y ,  = ( 1  + ~ h ) ~  = ( 1  + 0 . 1 ~ ) ~  

The exact solution is Ax) = ek. 

We now give in Table 15.1 the values of y, for 1 = f 1 together with exact values. 

Table 15.1 

In the same way you can obtain the solution using the second order method and compare 
the results obtained in the two cases. 

SAQ 1 

Find the solution of the IVP 

y' = hy, y(0) = 1 

in 0 I x 1-0.5 using the second order method 



Numerical Solution of Ordinary 
We are now prepared to consider numerical methods for integrating differential Differential Equations 

equations. The fvst method we discuss is the Taylor series method. It is not strictly a 
numerical method, but it is the most fundamental method to which every numerical 
method must compare. 

15.3 TAYLOR SERIES METHOD 

/ 15.3.1 Solution of First Order Differential Equations 

Let us consider the IVP given by Eqn. (15.10), i.e., 

I Yf=f(x,Y)Y y(xo)=yo, .~[xo,bl 

The function f may be linear or nonlinear, but we assume that f is sufficiently 
differentiable w.r.t. both x and y. 

The Taylor series expansion of y(x) about any point xk is given by 

Substituting x = x ~ + ~  in Eqn. (15.22), we have 

where x ~ + ~  = xk + h. Neglecting the terms of order h and higher order terms, we have 
the approximation 

This is called the Taylor Series method of orderp. The truncation error of the method is 
given by 

h7+l - - -y(P+l)(~k + Oh), 0 < 9 < I 
(P + 111 

Whenp = 1, we get from Eqn. (15.24) 

which is the Taylor series method of order one. 

To apply (15.24), we must know y(xk ), yf(xk), yR(xk), ..., ~ ( ~ ) ( x , ) .  

However, fixk) is known to us and iff is sufficiently differentiable, then higher order 
derivatives can be obtained by calculating the total derivative of the given differential 
equation w.r.t. x, keeping in mind that y is itself a function of x. Thus we obtain for the 
first few derivatives as : 
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where 
f, = T I  ax,  f, = a2 f l ax2  etc. 

The number of terms to be included in the method depends on the accuracy requirements. 

Let p = 2. Then the Taylor Series method of 0(h2) is 

with the TE = 6 yM(a), x, < a < x,+~ 

Let us consider the following examples. 

Example 15.2 

Using the third order Taylor series method find the solution of the differential 
equation 

xyr = x - y , y ( 2 )  = 2 at x = 2.1 taking h = 0.1 

i 
Solution 

We have the derivatives and their values at x = 2, y = 2 as follows : 

Using Taylor series method of 0(h3)  given by Eqn. ( I  5.28), we obtain 

y(2.1) = 2 + 0.0025 - 0.000125 =2.002375 1 
Example 15.3 

Solve the equation x2 y r  = 1 - xy - x2 y 2 ,  y(1) =- 1 from x = 1 to x = 2 by using 
Taylor series method of 0(h2) with h = 113 and 114 and find the actual error at 
x = 2 if the exact solution is y = -1lx. 

Solution 

From the given equation, we have 



Differentiating it w.r.t x, we get 

Using the second order method (15.27), 

we have the following results 

X4 = 2,  y(x4) = -0.5321, = y(2) 

Since the exact value is y(2) = -0.5, we have the actual errors as 

1 
el = 0.0583 with h = - 

3 

1 
e,  = 0.0321 with h = - 

4 

Note that error is small when the step size h is small. 

15.3.2 Solution of Second Order Differential Equations 

In Section 15.3 we have used Taylor series method to solve the first order ODE. The 
method can be extended to solve numerically second and higher order differential 
equations. In the discussion below we seek the solution of a second order differential 
equation which is defined as 

Numerical Solution of Ordinary 
Differential Equations 

with the initial conditions fixo) =yo and y1(x0 ) = y i  
where y ,, and A are constants - 



Interpolation and Solution 
of Differential Equations TO solve (1 5.29), let US put 

Y'-= 

( 1 5.29) and j 15.30) together give 

4' =f (x,Y, 91 
with the initial conditions transformed to 

y(xo> "Yo and q(x0) = 40 

Thus the solution of (1 5.29) is given by the solutions of the two first order differential 
equations (15.30) and (1 5.3 I) with the associated initial conditions defined at (1 5.32). 

The Taylor algorithm of (1 5.3 I )  which is a first order differential equation in q is given 
by (refer (1 5.24)) 

where h is the step-length and ql is the approximate value of q at x = xo + h = X I  (say). 

Again Taylor algorithm of (1 5.30) is given by 

l a m  
The values of go, q0 , q0 etc ; are obtained from (1 5.3 1) by differentiating it 
successively and putting x =xo. Substitution of these values in (15.33) and (1 5.34jgives 
the values of ql and y,. 

Basing argument on similar lines, the algorithms for the next inteval are given by 

1 1  m 
Since the values of 9,  and yl are already determined, q, , q, , q, ... can be computed at the 
next step (XI, yl). Hence (15.35) and (15.36) , we get q2 and y2. Proceeding further in a 
like manner we can obtain the values of y step by step. 

It is clear from the foregoing discussion that the solution of the above second order 
differential equation is obtained by replacing it by the two first order differential 
equations which can be solved together by numerical method. It must also be noted that 
to know y2 we must know ql. Similarly to compute y3 we must have prior knowledge of 
92. Thus to solve the differential equation, the Taylor algorithm of q must be written 
first. 



t 
i Example 15.4 

Using Taylor series method, obtain the value of y at x = 0.2, if y satisfies the 

equation y" = xyf2 - y2 given that when x = 0 ; y = 1 and yf  = 0 
0 

Solution 
The given differential equation is 

Put y = q , then y ' = q' . Then (1)  is transformed to 

2 2 qf=xq - y  . 

The corresponding initial conditions are y(0) = 1, q(0) = 0. The Taylor algorithm 
of q is 

Differentiating (2)  successively, we get 

q" = q2 + 2xqqf - 2yq 

qm = 4qq1 + 2 x i 2  + 2xqqw - 2q2 - 2yq' 

f " " f 1 V  
The values of 4 0 ,  qo , 90 , 90 are given by 

01 
q; = -1, q; = 0 ,  qo = 2, q,'v = 2 

Substituting the above values in (3)  with h = 0.2, we get 

=- 0.19717 

The Taylor algorithm of y is 

:. y(0.2) = 0.98013 

Example 15.5 

Let y" + xyf + y = 0, y(0)  = 1, y'(0) = 0. Obtain y when x = 0.1 and x = 0.2, 
using Taylor series method. 

Solution 

The given equation, alongwith the conditions in terms of q can be written as 

Numerical Solutiun of Ordinary 
Differentia) Equatrons 
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of Diflerential Equations Differentiating the given equation successively, we get 

Taylor algorithm for q and y are 

Substituting the values, we get 
9, = - 0.0995 , 9 2  = - 0.1985 
yl = 0.98505 , y2 = 0.98012 

SAQ 2 

1. Write the Taylor series method of order 4 and solve the IVP given by 2 and 3 
below 
(a) y r = x - y 2 ,  y(0) = I .  Findy(O.l)takingh=O.l 

(b) y' = 3 +$ , y (0) = 0.5 Find y (0.4) taking h = 0.2 

2. Using second order Taylor series method solve the IVP 

Y y '  = 3 x +  -, y(O)= 1 .  Findy(0.6)takingh=0.2andh=O.l  
2 

Find the actual error at x = 0.6 if the exact solution is y = - 6 x - 12. 

3. Solve numerically, using Taylor Series approach 

- dy = x 3  + y for x = 1 .l, 1.2, 1.3, 1.4 and 1.5 with the conditions y (1) = 1 
dx 

4. Use Taylor series method to solve numerically 

Tabulateyforx= 0.1, 0.2, 0.3, 0.4 

5 .  Solve by Taylor series method 

6.  Using Taylor series method, obtain the values of y at x = 0. I ,  0.2 and 0.3 to four 
significant figures, if satisfies the equation 

d 2 y  -= dy 
-XY, given that - = 0.5 and y = 1 when x = 0 .  

ak2 dx 
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7 .  Using Taylor series method, obtain the value ofy at x = 0.2 and x = 0.4, correct to Diflerential Equations 

four places of decimals, assuming that y satisfies the differential equation 

d 2 y  -- -xY, 
d~ giventhat - = 1, y = 1 when x = 0 .  

dx dx 

15.4 PICARD'S METHOD OF SUCCESSIVE 
APPROXIMATIONS 

Consider the first order differential equation 

We write this equation as 

dy = f (x, Y)& 
Integrating this equation within the limits of x and y, we have 

Eqn. (1 5.38) is called an integral equation because of the presence of the dependent 
variable y in the integrand as well as outside it. The solution is obtained by 
approximating y (x) near x = xo by repeated approximations or iterations. The first 
approximation for y is obtained by replacing y in the integrand of (15.38) by the initial 
value yo, so that the integrand reduces to a function of x alone and the indicated 
integration is performed. Denoting this approximation by y(l), we have 

Having found out the first approximation toy, we obtain the second approximation y(2) by 
replacing y by y(l) in the integrand of (1 5.38) and integrand it once again. This gives 

This process may be continued as many times as may be required, the ?' approximation is 
given by 

y'" = yo + f (x, y('-l)) dx 
Xn 

The accuracy of the method can be estimated by comparing the calculated values at a 
certain approximation with the values computed from the preceding approximation or by 
use of some appropriate analytical methods. 

While Picards method of iterations is of great practical importance, there are certain 
practical difficulties associated with the method. These difficulties lie in the fact that 
explicit evaluation of the integral at successive approximations is often impracticable and 
at times impossible 

Example 15.6 

Solve the differential equation 



Interpolation and Solution 
of Differential Equat~ons Use Picard's method to obtain y for x = 0.2 correct to five decimal places. 

Compare the result with the exact particular solution. 

Solution 

Here f (x, y) = x - y, xo = 0, yo = 1 

To get the first approximation, we put y = 1 in the expression on the right side of 
the given equation, thus obtaining 

JOX 

x 
y(') =1+ (x-l)&=--x+1 

2 
The second and the third approximations are given by 

Now when x = 0.2, the various approximation ofy are iven by y(') = 0.82 ; 
9' = 0.83867 ; y(3' = 0.83740 ; y("= 0.83746 and y(! = 0.83746 . Hence to an 
accuracy of five places of decimals, the value ofy is given by y = 0.83746. The 
exact solution of the problem is y = 2 e " + x - 1. Putting x = 0.2 in this, we get 
y = 0.83746. This exact value is the same as obtained by the Picard's method. 

Example 15.7 

Find the value of y for x = 0.1 by Picard's method given that 

dy = y-x , y(0) = 1 
ah y + x  

Solution 

Integrating the given differential equations between the given limits of x and y, we 
get 

x y - x  
dx 

Substituting y = 1 in the integrand of the above integral equation, the first 
approximation is given by 

The second iteration is given by 

l - 2 l o g ( : + x ) - x - x  
y(2) = 1 + Jo A 

1 + 2 log (1 + x) 



Since the integrand in the second approximation is difficult to integrate, we restrict 
our calculation to the first approximation only. Hence the approximate value of the 
integral is given by 

Putting x = 0.1 , we get 

y = 1 - 0.1 + 2 log (1 .I) = 0.9828 approx. 

SAQ 3 

1. Solve by Picard's method. 

dv -= x + y2 ,  given y(0) = 0 
dx 

2. Employ Picard's method to obtain correct to four places of decimals, solution of the 
differential equation 

with y = 0 when x =O for x = 0.4 

15.5 EULER'S METHOD AND EULER'S MODIFIED 
METHOD 

15.5.1 Euler's Method 

The Taylor series method and the Picard's method studied earlier are known as semi- 
analytical methods. In both these methods the dependent variable y is expressed as a 
power series in x from which the values of y can be calculated by direct substitution. We 
now describe some purely numerical methods of solving the first order differential 
equations. These methods are called step-by-step methods or marching methods because 
of the fact that the value of the dependent variable y are calculated by short steps for 
equal interval value h of the independent variable. We illustrate by beginning with 
Euler's method which is very elementary and a very simple method. 

Let xo , X I ,  x2, ..., X, be (n + 1) equi-spaced values of x given at equal spacing h and let 
yo, y1, yz, ..., yo be the corresponding values of y satisfying the differential equation 

Let y = g(x) be the solution curve of the given differential equation(l5.39) in the 
xy plane and let P(xo, yo) be the starting point on the curve. Take another point Q (XI, 
yl) on the curve very close to P as shown in Figure 15.2. It is now required to find an 
approximate value yl of y correponding to the value of x = xl. As the solution curve is 
smooth and the points P and Q are very near to each other, the length P Q  can be assumed 
to be nearly equal to a straight line. Let the ordinates from P and Q meet the x = axis at 
M and N. In the interval MN, the length of the arc P Q  is approximated by the tangent PT. 
From P draw a line PS parallel with the x-axis and let it meet the ordinate QNat S. Let 
the angle TPS be 8. 

Numerical Solution of Ordinary 
Differential Equations 



Interpolation and Solution 
I uf Differer~lial Equations 

Figure 15.2 

The equation of the tangent PT is 

= f  (xu, YO) (x - xo) 

i.e., Y =YO +f (xo, yo) (X - XO) 

Since the curve has been approximated by the tangent in the interval xo to xl, the ordinate 
y for a value x = xl is approximated by 

=yo + hf (xo, yo) where h =MN= xl -xo 

Similarly the values of y corresponding to xz(=xl + h), xs(= x2 + h) etc, are given by 

. . 
In general 

= fi+f (~k ,  yk)h, k = 0, 1,2, 3, .... 
This is referred to as Euler's algorithm. 

This method has the drawback that it is either too slow (in case h is small) or too 
inaccurate (in case h is not small) and therefore, not good enough for practical use. Even 
if h is taken very small for all steps, the computed value of y will move farther and 
farther away from the true value of y. Also when the final point of the curve is reached, 
the sequence of the lines may deviate very significantly from the actual solution cuxye. 
These considerations have led us to a modification of this method which we will discuss 
in the next section. 

Example 15.8 

Use Euler's method to find the solution of y ' = x + ( y I, given that y(0) = 1. 
Find the solution on [O, 0.81 with h = 0.2 

Solution 

We have from Euler's method 



Solve the differential equation by Euler's method using h = 0.1 if the exact value 
isy(1) = 3.436564, find the exact error.yl = x + y, y(0) = 1, O.l(O.1)l.O i.e.,x&[O,l] 

Solution 

Euler's method is 

For the given problem, we have 

Yn+l  = Y n  +h[xn + Y ~ I  

= (1 +h)yn+hx, 

h=0.1, y(O)= 1 

yl = y ~ ( l + O . l ) + o . l  x o  = 1.1 

y2 = y*(1.1)+(0.1)(0.1)=(1"1)(1.1)+(0.1)(0.1) 

= 1.22 

y3 = (1.22) (1 .l) + (0.1) (0.2) = 1.362 

I ylo = 3.187485 = y(1) 
The actual error = y(1) -yla = 3.436564 - 3.187485 

= 0.2491 

Remark : Since Euler's method is of O(h), it requires h to be very small to attain the 

I desired accuracy. Hence, very often, the number of steps to be carried out becomes very 

I large. In such cases, we need higher order methods to obtain, the required accuracy in a 
limited number of steps, 

1 Example 15.10 
Using Euler's method tabulate the solution of the initial value problem 

yr = -2Xy2, y(0) = 1, 

Numerical Solution sf Ordinar) 
Differential hquntions 



Interpolation and Solution 
of Differential Eqnntior~a in the interval (0, 1) taking h = 0.2 , 0.1 . 

Solution 

Euler's method gives 

Starting with xo = 0, yo = 1, we obtain tho following table of values for h = 0.2 

Table 15.2 : h = 0.2 

Thus y (1.0) = 0.50706 with h = 0.2 

Similarly starting with xo = 0 , yo = 1, we obtain the following table of values 
with h =  0.1 

Table 153  : h = 0.1 

y (1 .O) = 0.50364 with h = 0.1 

15.5.2 Modified Euler's Method 

In the Euler's method, the curve of solution is approximated by a line segment in every 
sub-interval. Let PT be the tangent to the solution curve at the point P(xo, yo). According 
to Euler's formula, the part PQ of the curve in the interval (M, N) has been approximated 
by the segment PT of the tangent, and the ordinate y,of the point Q is approximated by 
Ni? 

Now 

TQ is therefore, the error of the Euler's method and this needs to be corrected (see Figure 
15.3). 



Numerieal Solution of Ordinary 
At the point T(x,, y,(O)) we find out the slope of the curve and draw a line TB with this Differential Fqualions 

- - 

slope. Accordingly the slope of the line TB is f (x, , y,(O.))Next .we compute the mean 

of the two slopes f (xo ,yo) and f (xl , y,(O)) i.e, f Go ,  yo ) + f (xl, Y,(O)) .A line 
TA is then'drawn through T with its slope as this mean slope. 2 

Figure 15.3 

Having done this, we finally draw PK parallel to the line TA and cutting the ordinate NQ, 
produced, at K. This line is taken as approximation to the curve in the interval (x0, xl). 
The equation of the line PK is given by 

The point'where this line buts the ordinate NQ i.e, 

x = x l = x o + h  isgivenby 

The second term on the right of (15.41) is the correction of the Euler's method. 

As the slope f (x, , yt0))  of the line TB at T is not known. We take y,(O) from Euler's 
formula and start iteration from the formula 



Interpolation and Solution 
of Differential Equations The iteration process is continued till the two consecutive values of y get stabilised. 

Example 15.11 

Using modified Euler's method, find an approximate value of y when x = 0.1 , 
aSi given that - = X 2  + y and y = 1 when x = 0. Choose h as 0.05. 

Solution 
dx 

The various calculations are arranged in the tabular form as follows : 
Table 15.4 

Thus the value of y at x = 0.1 is 1.1053 

Example 15.12 

Solve the differential equation : 

by Euler's modified method and obtain y at x = 0.1 and x = 0.2. Compare the 
approximated values with the exact values. 

Solution 

Hereh=O.l , xo=O, y o = 2  
The various calculations are arranged in the tabular form as follows : 

Table 15.5 

The values of y at x = 0.1 and x = 0.2 are given by 



y(O.1) = 1.9804 ; y(0.2) = 1.9238 

2 
The exact solution of the given differential equation is Y = - 
The following table gives the percentage error. 1 + x 2  ' 

Table 15.6 

SAQ 4 

Solve the initial value problems using Euler's method : 

4 .  y ' = 1 + v 2 ,  y(O)=l .Findy(0.6) , takingh=0.2andh=O.l .  

5. y l = x + y ,  y (0 )  = 1, with h = 0.2 , O .  1 and 0.05 in the interval (0,  0.6). 

15.6 RUNGE'S METHOD 

We consider the differential equation 

With the initial condition y (xo) =yo 

We wish to solve (1 5.42) for the values of y at x = xi = xo+ih (i = 0, 1,2 ...) 
Integrating ( 1  5.42) over the first interval (xo , xo + h) , we obtain 

0 M L N  X 

Figure 15.4 

Numerical Solution of Ordinary 
Differential Equations 



Interpolation nsd Snlotion 
of Differential Eguati~nr Since th:: solution curve of ( I  5.42) passes through the point (xo, yo). f (xo, yo) denotes the 

slope of the curve at this point. (Figure 15.4). 

Suppose the tangent at (xo, yo) makes an angle 8 with the x = axis and cuts the ordinates 
LR (x = xo + h/2) and NQ (x = xo + h) at B and T respectively. The slope of the curve at 
the points B and Tare given by 

where yB and y~ are the lengths LB and NT and are given by 

We now draw a line PP' through P, cutting NQ at P', with its slope corresponding to the 
slope of the curve at the point T. The length NQ i.e., the ordinate y, is approximated by 

the length NP' and is given by 

NQ=NP' =NS+SP' =yo + h tan a 

But tan a = slope of the line PP' = slope of the curve at T 

Hence the co-ordinates of the po"ints P, R and Q are given by 

The value of the function f (x , y) at these points are 

h 
f ( x , y ) a t ~ = f [ X O  t T , y B ) = f R  

and f ( x , ~ ) a t Q = f ( x o + h , N Q )  =fQ 

where y~ and NQ are given by (15.44) and (15.46) . 

Evaluating the integral on the right side of (15.43) by Simpson's 113 rd - rule, we obtain 

Hence (15.43) gives on evaluation 

Eqn. (15.48) is the Runge's algorithm of the solution of Eqn. (15.42) and computes the 
value of the increment to be given to the old value o fy  to get its new value. i.e., 

I 



Repeated application of Eqn. (15.48) gives the value of y for equally spaced points in the 
subsequent intervals. 

Numerical' Solution of Ordinary 
DilFerential Equations 

Working Rule for the solution of Eqn.(l5.42) by Runge's methods: 

du Let - = f (x, y )  represent any first order equation and let h denote the interval 
dx 

between equidistant values of x. Then if the initial values are xo ,yo, the first increment in 
y is computed from the following auxiliary values. 

and 
k, = hf (x, + h, yo + kl) 

Finally the increment k is given by the formula 

:. y, = yo + k gives the values of the ordinate at the next point [ k is also called 
the weighted mean of kl, k2, and k3 1. 

Example 15.13 

Use Runge's method to approximate y when x = 1.1 , given that y = 1.2 when 

Solution 

Here we have xo = I ,  yo = 1.2 and h = 0.1. The auxiliary quantities appropriate to 
the problem are obtained as follows : 

k, = hf (x, , yo ) = 0.1 (3 + 1.44) = 0.444 

h k 
k2 = hf (x, + -, yo + A) = 0.1 (3.15 + 2.02208) = 0.5173 

2 2 

kt  = hf (x, + h, yo + k,) = 0.1 (3.3 + 2.7027) = 0.6003 

k, = hf (x, + h, yo + k') = 0.1(3.3 + 3.241.1) = 0.6541 

Example 15.14 

Apply Runge's method to fmd an approximate solution of = x + y, 
a5 



Interpolation and Solution 
of Differential Equatious given that y = 1 when x = 0. Find y when x = 0.2. Carry out calculation in a 

single step. 

Solution 

Here we have xo = 0, yo = 1 and h = 0.2. The auxiliary quantities appropriate to 
the problem are obtained as follows : 

The approximate value of y is y =yo  + k = 1 + 0.2426 = 1.2426 1 
15.7 RUNGE - KUTTA METHODS 1 
We have seen that in the solution of the initial value problem by Taylor series methods, 
the calculation of higher order derivatives involve lot of computational work. For 
complicated probleqs, finding second, third and higher order derivatives is very tedious. 
Hence Taylor series methods of higher order are not of much practical use. A class of 
methods known as Runge-Kutta methods, on the other hand, do not require calculations 
of higher order derivatives. They are designed to give greater accuracy and they possess 
the advantage of requiring only the function values at some specific points on the 
subinterval. These methods are in consonance with the Taylor series solution uptd the 
term of hr where r denotes the order of the Runge-Kutta method and differs from method 
to method. 

Before we proceed to discuss Runge-Kutta methods, we give below Taylor's expansion 
of a function of one and two variables. This will facilitate the students in understanding 
the working of Runge-Kutta methods. 

Taylor series expansion of a function of one variable is given as 

h h3 
f ( x  + h) = f ( x )  +. hfl(x) + - f  "(x) + - f m(x) +... 

2! 3! 

and Taylor series expansion of a function of two variables is given as 

f ( x + h , y + k ) =  

(i) First Order RK. Method 

The Euler's formula gives : 

h 
But y, = y(xo + h) = y(xo)  + hy1(x0) + II yn(x,)  + ... 



Numerical Solution of Ordinary 
It follows that the Euler's formula agrees with the Taylor's series upto the second Differential hquations 

term i.e., upto the term h. Therefore, Euler's formula is a Runge - Kutta method 
of order 1. I 

(ii) Second Order R.K. Method 

Modified Euler's formula gives 

h 
Yl" = Yo + T[f(XU' YO) + f(x0 + h'Y10')I 

where y,(O) &om Euler's formula is given by y,(0) = yo + hf (x,, yo)  

Denoting f (xo ,yo) byf, and substituting for yl(0), (15.49) can be written as 

Expanding f (xo + h, yo + hf,) by Taylor series, we obtain 

since 

(15.52) at the point (xo, yo) gives 

Y; = f x l o  + . f O f , l O  
:. (15.5 1) can be written as 

h2 . 3 
y f ) =  yo + hfo +--yo +O(h  ) 

- 2 

Expanding L.H.S of the above equation by Taylor series, we get 

Comparison of (1 5.53) and (15.54) gives that the modified Euler's method agrees with 
the Taylor's series upto the term of h2. Hence Euler's modified formula is the Runge - 
Kutta method of the second order. 

Defining the auxilliary values kl and k2 by 

k, = hf (xo , YO) 



Intespolatioo and Solirtion 
of Differential Equations 

Euler's 1noJii;ed fonisula ( I  5.50) can be written as 

(iii) Third Order R.K. Method (Runge's Method) 

In the previous sections, we have discussed the geometrical representation of 
Runge's method and also its working rule for the solution of the first order 
differential equation. Runge's method is R K  method of order three because 
Runge's method agrees with Taylor series method upto the term of h3. This method 
has an error of the order of h4. [Mathematical derivation is omitted because it 
involves tedious and cumbersome algebra]. 

I h e  working rule which calculates the following auxilliary values is given below : 

kr = hf (xo + h, yo + k,) 
k, = hf (x, + h, yo + k f )  

y =yo + k gives the value of the ordinate at the next point 

(iv) Fourth Order R.K. Method 

A fourth order R.K. method is derived much in the same way as the earlier R.K 
methods. Without going into the cumbersome and complicated mathematical 
derivation, we mention the evaluation of a few auxiliary values needed in the 
solution of the problem. 

Working rule using fourth order R.K. method 

dv Let - = f ( x ,  y) represent the first order differential equation and let h denote 
CiX 

the interval of differencing between equidistant values of x. Then if the initial 
values are xo ,yo , the first increment in y is calculated from the following 
expressions. 

k1= hf (xo , yo) 

and finally the adopted increment k is given by 

1 
k = -(k, + 2k, + 2k, + k,) 

6 



Numericnl Solution of Ordinary 
The expression for k is the weighted average of k, , k2, k3 ,and k,. Differential Equations 

I he value of y at x = xo + h is given by y =yo + k with an error of the order of hS. 
Example 15.15 

Solve the IVP y ' = - $ , y(2) = 1 and find y (2.1) and y(2.2) with h = 0.1. Using 
R.K. methods of order two and three. Compare the results with the exact solution 

I 2 

1 y = 7. 
x - 2  

Solution 

Second Order R.K Method 

Herexo=2, yo= 1 ,  h=0.1,  f ( ~ , ~ ) = - x ) . i !  

kt= hf(xo,yo)=O.l ( - 2 x  l)=-0.2 

For the next step, taking, x ,  = 2.1 , y, = 0.8328 , h = 0.1, we repeat the process 
and obtain 

... ~ ( 2 . 2 )  = 0.8328 - 0.12475 = 0.70804 

Solution by Third Order R.K. Method 

x0=2,  yo= 1 ,  h=0.1,  f ( ~ , y ) = - x y  2 

k' = hf ( x ,  + h ,  yo + k,) = 0.1(-2.1 x .64) = -0.1344 

k, = hf (x, + h, yo + k') = 0.1(-2.1 x,7493) = -0.15735 

1 1 
k =  -(kl + 4 k 2  + k,) = -(-0.2 - 0.66420 - 0.15735 ) 

6 6 



Interpolatign and Solution 
of Differential Equations For the next step, we repeat the process 

We now summarise the results obtained and give them in a tabular form 

Table 15.7 

Exact solution 
method 

0.8297 0.8299 

0.7080 0.7047 0.7042 

Example 15.16 

Solve the initial value problem y ' = x + y , y (0) = 1 by Runge- Kutta method of 
0(h4) for x E (0,0.5) with h = 0.1 . Also find the error at x = 0.5, if the exact 
solution is y = 2eX - x - 1.  

Solution 

We discuss the solution by using Runge's - Kutta method of order four. 

The auxiliary values needed for the solution are obtained as follows : 



Taking xl = 0.1 and yl  = 1.1 1034 167, we repeat the process 

Rest of the values y3 , y4, y5 we ,give in the table below. 

Table 15.8 

Now the exact solution of the problem is 

y (x )=2ex -x -1  

Error at x = 0.5 is 

y (0.5) - y5 = (2 e0.5 - 0.5 - 1) - 1.79744128 

= 1.79744254 - 1.79744128 
\ 
= 0.000001261 

Numerical Solution of Ordinary 
Differential Equations 



Interpolation and Solution 
of Differential Equations Example 15.17 

Solve the initial value problem y' = 2 y + 3 e x ,  y (0)  = 0, using Runge-Kutta 
method of order 4. Find y (0.1), y (0.2) and y (0.3). Also find the error at x = 0.3, 
if the exact solution of the given problem is y ( x )  = 3(eZx - ex). 

Solution 

Runge-Kutta method of order four is given by the formula 

Here xo = 0, yo = 0, h = 0.1. The auxiliary values are given by 

k4 = hf ( x ,  + h, yo + k,) = 0.4015351678 

Taking xl = 0.1, y,  = 0.3486894582 and h = 0.1 , we repeat the process and 
obtain 

kl=0.4012891671, k2=0.4584170812 

k3 = 0.4641298726, k4 = 0.6887058455 

y2 = y (0.2) = y (0.1) + k = 0.837870944 

Taking x2 = 0.2 , y2 = 0.837870944 , h = 0.1 and repeating the process, we get 

k,= 0.53399502 , k2 = 0.57948 1565 

k3 = 0.61072997, k4 = 0.694677825 

. y3 = y(0.3) = y2 + k = 1.416807999 

From the exact solution, the value of y is given by 

ys (0.3) = 1.4 16779978 

Error in the method at x = 0.3 = 0.2802 x lo4. 

SAQ 5 

Solve the following IVPs using R.K. method of order two 

2. y' = 1 +#, y (0 )  = 0 , Find y (0.4) taking h = 0.2 . Given that the exact solution is 
v (x) = tan x. Find the errors. 



1 
3 .  y r  =3x + - y  , y(0) = 1. Find y(0.2) taking h = 0.1. Given that 

3 

y (x) = 12 eXi2 - 6x -12, 

Solve the following initial value problems using R.K. method of order four 

r y - :  4 .  Y = y (0)  = 1 ,  Find y (0.5) taking h = 0.5. 
Y + X  

6.  xy' + y2 = 0, y (4)  = 1. Find y (4.2) takil~g h = 0.2. Find the errors, given the 

exact solution is y ( x )  = 
1 , C = 0.86137 

C + 0.1 log x 

r 1 7 .  y = - - - y 2 ,  ~ ( 1 )  = - 1 ,  Find y (1.3) taking h = 0.1. Given the exact 
x2 x 

1 
1 

solution to be y ( x )  = - . Find the error at x = 1.3. 
X 

15.8 SUMMARY 

In this unit the solution of the differential equations are obtained by the following 
methods, 

(i) Taylor series methods and Picard's method : These two techniques are semi- 
analytical. The dependent variable is expressed as a power series in 
independent variable and the solution is obtained on substitution of the value. 

(ii) Euler's methods and Runge-Kutta methods : These methods are purely 
numerical and they yield solution in the form of a set of tabulated values. 
These methods are single step methods and are self starting i.e., to find the value 
of y,+t we need only the value at the preceding point (x, , y,). They agree with 
the Taylor series upto the term hm where m is called the order of the method. 
Thus Euler's method is Taylor series method of order 1. 

(iii) While Taylor series method requires the evaluation of various derivatives. R.K 
methods do not need the calculation of higher derivatives off (x  , y )  but need 
only the evaluation off (x , y )  at the off-step points. 

15.9 ANSWERS TO SAQs 
SAQ 1 

Table giving the values of y,, together with exact values is 

Numerical Solution of Ordinary 
Differential Equations 



Interpolation and Solution 
of Differential Equations Table 15.9 

SAQ 2 

1. (a) Tayor series method of 0(h4) to solve y1 = x -$ , y(0) = 1 is 

x 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

Substituting 
. (0.1)~ 

y(0.1) = 1 - (O.l)(-1) + - (0. 1)3 (0.1)" 
(3) + - (-8) + - 

2 6 24 
(34) 

1 .(b) Taylor series method 

Second Order 
method 

1 

1.105 

1.22103 

1.34923 

1.49090 

1.64745 

2. second order Taylor method is 

Exact solution 

1 

1.10517 

1.22 140 

1.34986 

1.49182 

1.64872 



5 .  Differentiating successively and substituting, we get 

Putting these values in Taylor series, we get 

Numerical Solution of Ordinary 
Differential Equations 



Interpolation and Solution 
of Differential Equations y,(O. 1) = 1.049834 

Now Taylor algorithm for y, is 

y(0.2) = 1.099 

Similarly , the value of y can be computed at x = 0.3 and is given by 

y(0.3) = 1.145 

Calculation is left as an exercise to students. 

7. x=O,h=0.2 

qf = x y  ~ ( 0 )  = 1 

SAQ 3 

1. Integrating the given equation, we get 

x L  Putting y - 0 in the integrand, the first approximation (I) = - substituting this 
2 

x 2  x S  
value of y in the integrand, the second approximation is y(2)  = - +- 

2 20 

x 2  x5 The third approximation is y(3) = - x8 x l l  +-+-+- 
2 20 160 4400 

2. y(0.4) by Picard's method = 0.0214 



Numerical Solution of Ordinary 
Differential Equations 

SAQ 4 

1. Euler's method is 

r y - x  
3. Euler's method y = - , y(0) = 1, y r ( ~ )  = 1 

Y + x  
y(O.1) = y1= 1 +(0.1) ( I )=  1.1 

4. Euler's method is 

Y k + l  = Yk + h f ( ~ k Y ~ k )  
starting with xo = 0, yo = 1, we have the following table of values 

Table 15.10 : h = 0.2 

:. y(0.6) = 2.9856 for h = 0.2 

Table 15.11 : h = 0.1 

:. y(0.6) = 3.5691 for h = 0.1 

5. Euler's method gives 

1 = Y k  + h!xk yk) = yk + h(xk yk) 

=(1 +h)yk +h& 

Starting with x,, = 0 , yo = 1, we obtain the following table of values. 



Interpolation and Solution 
I of Differential Equations 

Table 15.12 : h = 0.2 

:. y(0.6) = 1.856 with h = 0.2 

Table 15.13 : h = 0.1 

:. y(0.6) = 1.943 122 with h = 0.1 

Table 15.14 : h = 0.05 

:. y(0.6) = 1.99171 with h = 0.05 

SAQ 5 

1 .  1 
Yn+, = Yn + (kl + k') 

Starting withxo = 0 ,  yo = 1 , h = 0.1 

y(O.l) = 1.0101505 

Taking xl = 0.1 , y, = 1.0 10 1505 , repeating the process, we get 



y(0.4) = 0.425 1626422 

Now the exact solution is y(x) = tan x 

Exact y(0.4) = 0.4227932 19 

Error in the method = 0.236 x 

y(4.2) = 0.995 1446726 

Exact y(4.2) = 0.995 14523 1 

Error of the method is 0.559 x lo4 

Exact solution y(1.3) = - 0.7692307692 

Error of the method = 0.19816 x 

Numerical Solution of. Ordinary 
Differential Equations 




