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15.1 INTRODUCTION

In the previous unit, we have seen how a complicated or tabulated function can be
replaced by an approximating polynomial so that the fundamental operations of calculus
viz., differentiation and integration can be performed more easily. In this unit we shall
solve a differential equation, that is, we shall find the unknown function which satisfies a
combination of the independent variable, dependent variable and its derivative. In
physics, aeronautics, engineering, mathematics, chemistry and many other disciplines it
has become necessary to build mathematical models to represent complicated processes
and systems. Differential equations are one of the most important mathematical tools
used in modelling and structuring problems in the engineering and physical sciences. As
it is not always possible to obtain analytical solutions of each and every differential
equation, recourse must necessarily be made to numerical methods for solving
differential equations. In this unit, we shall endeavour to seek the numerical solutions of
ordinary differential equations (ODEs) by employing Taylor series methods, Picard’s

- method, Euler’s methods and Runge-Kutta methods. The Taylor series methods and
Picard’s method are sometimes designated as semi-analytical methods for the simple
reason that the dependent variable is expressed as a power series in powers of the
independent variable from which the solutions are obtained by substitution. On the other
hand, Euler’s methods and Runge-Kutta methods are purely numerical methods, which
give the solution in the form of a set of tabulated values. This later class of methods is
also known as step-by-step methods or marching methods because the values of the
dependent variable are calculated by short steps for equal interval values of the
independent variable. To begin with, we shall recall a few basic and elementary concepts
from the theory of differential equations, which we shall be referring to quite often.

Objectives

After studying this unit, you should be able to :

« identify the initial value problem (IVP) for the first/second order ordinary
differential equation, _

- obtain the solution of the IVP by using Taylor series methods, Picard’s method of
iteration, Euler’s methods and Runge-Kutta methods, and

» compare the solutions obtained by various methods and also with the exact
solution wherever possible.
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15.2 BASIC CONCEPTS

In this section we shall state a few definitions from the theory of differential equations
and define some concepts involved in the numerical solution of differential equations.

Del"inition : An equation involving one or more unknown functions (dependent
var}ables) and its derivatives with respect to one or more known functions (independent
variables) is called a differential equation.

For example,

dy
xX—=2 15.1
- y (15.1)
X oz 0z -0 ;
d 7 9y (15.2)

are differential equations.

Differential equations of the form (15.1), involving derivatives w.r.t. a single independent
variable are called ordinary differential equations (ODEs) whereas, those involving
derivatives w.r.t. two or more independent variables are partial differential equations
(PDEs). Eqn. (15.2) is an example of PDE.

Definition : The order of a differential equation is the order of the highest order
derivative appearing in the equation and its degree is the highest exponent of the highest
order derivative after the equation has been rationalised i.e., after it has been expressed in
the form free from radicals and any fractional power of the derivatives or negatwe power.
For example, equation

3y dy dyy’
a7y +2__y__+x2(_y_ =0
dr’ dx?  dx dx (15.3)
is of third order and second degree. Equation
dy a
=x—+
yEx—s &l dx (15.4)

therefore is of first order and second degree as it can be written in the form
2
dx dx
Definition : When the dependent variable and its derivatives occur in the first degree

only and not as higher powers or products, the equation is said to be linear; otherwise it
is nonlinear.

In this unit we shall be concerned only with the ODEs.

d’y 2dy

Equation 2 + y=x? isalinear ODE, whereas, (x + y) =1is a nonlinear ODE.

2, - 2 2 ' .
Similarly, —- 6 2 a—~ —£ 0z ] = 0,1s a linear PDE of the second order.
oy Oxdy

The general form of a linear ODE of order 7 can be expressed in the form

L[y]= ao(x)y(")(x) + ay(x) y("’l)(x) +ot @, 1 (X)Y(X) + a, () y(x) =r(x) (15.5)
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where 7 (x), a; (x), i =1, 2, ..., n are known functions of x and , Differential Equations
arn n-1 d
L=ay(x) o +aj(x) :ix”‘l- +.+a, (x):i; a,(x),

is the linear differentiai operator. The general nonlinear ODE of order # can be written as

F(x,3,9,9" way™)=0 (15.6)

or, y = f(x,,5.y", .. y" D) 15.7)

Eqn. (15.7) is called a canonical representation of Eqn. (15.6). In such a form, the
highest order derivative is expressed in terms of lower order derivatives and the
independent variable.

The general solution of an nth order ODE contains 7 arbitrary constants. In order to
determine these arbitrary constants, we require n conditions. If these conditions are
given at one point, then these conditions are known as initial conditions and the
differential equation together with the initial conditions is called an initial value
problem (IVP). The nth order IVP can be written as

YO = (5,3, 7,5 oy D)

y P (x) =y, p=012, .,n-1 (15.8)

If the » conditions are prescribed at more than one point then these conditions are known
as boundary conditions. The differential equation together with the boundary
conditions is then known as a boundary value problem (BVP).

The nth order IVP (15.8) is equivalent to the following system of 7 first order equations :

Set y=yy. Then
Y'=yi=y Y1(x0) = Yo
Y2=73 ¥2 (%) =¥p
Va1 =V Yar(xo) =y
y:, = (%Y1 Y25 V) yn(xo) — y(()n—l);

In vector notation, this system can be written as a single equation as

& )

—_—= X, ¥), Xp)=a

i AC N ¥(xo) (15.9)
where

Y=Y Yn) s S 2)= 025 V3500 f s Vs Y )
a=g: Yorr ¥y )T

Hence, we start to study numerical methods for the solution of the first order IVP.

y' = f(x,y) y(x9) = ¥y (15.10)
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The vector form of these methods can then be used to solve Eqn. (15.9). Before
attempting to obtain numerical solutions to Eqn. (15.10), we must make sure that the
problem has a unique solution. The following theorem ensures the existence and
uniqueness to IVP (15.10).
Theorem 1 : If f(x, y) satisfies the conditions
i) f(x,y)is areal function
ii) f(x, ) is defined and continuous for x € [xo, &],
ye]-o, 0]
iii) there exists a constant L such that for any x & [xo, 5] and for any two numbers y;
and 2 :

| O 31)= £l y2)|<L| 31 - ya |

then for any yy, the IVP (15.10) has a unique solution. This condition is called the
Lipschitz condition and L is called the Lipschitz constant.

We assume the existence and uniqueness of the solution and also that f (x, y) has
continuous partial derivatives w.r.t. x and y of as high order as we desire.

" Let us assume that [x,, b] be an interval over which the solution of the TVP (15.10) is

required. If we subdivide the interval [xo, b] into n subintervals using a stepsize

‘.h _ { X, — X, } , where x,= b, we obtain the mesh points or grid points xo, x1, x,,..., X,
- .

as shown in Figure 15.1

L | l | : |
| | - . ] ' [

Xo Xy X, Xk Xn-1 Xn~™ b

1

Figure 15.1

We can then write x, =xo+ kb, k = 0, 1, ..., n. A numerical method for the solution of
the IVP (15.10), will produce approximate values yx at the grid points xi. ‘

Remember that the approximate values y, may contain the truncation and round-off
errors. We shall now discuss the construction of numerical methods and related basic
concepts with reference to a simple ODE.

% = Ay, xe[xo,bj
ENER | o (s.11)

Let the grid points be defined by
xj=xy+jh, j=0,1,.., N
where, xp=a and x, + Nh = b. |
Sepafatiﬁg the variables and integrating, we ﬁﬁd that fhe exact solution of Eqn. (1 5.1’1) is
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_y(x) = }’( %) et ) ' (1 5.12) Differential Equations

- In order to obtain a relation connecting two successive solutlon values, we set x =x, and
X +1 mEqn (15.12). Thus we get .

Ak, -x) -

¥(x,) = y(xy)e
and '

Y(Xps1) = P(xg ) et ®)

Dividing, we get

Y(x,.1) - eh ¥ = M=)
wx,) M
Hence we have
V(%) =€’ y(x,),n=0,1,..,N -1 (15.13)

Eqn. (15.13) gives the required relation between y(x,) and y{(xu+1).

Setting n = 0, 1,2, ..., N-1, successively, we éan find y(x;), ¥(x2), ..., ¥(xn) from the given
value y(x,). :

’ An approximate method or a numerical method can be obtained by approximating e in
3 Eqn. (15.13). For example, we may use the following polynomial approximations.

Moo 14ak+0(M| ) | 519
2,2 -
M=1+xh+’*£’ +0(Ah] %) (15.15) .
: 272 3.3
e =14 ah+ 20 +51-—6h—+0(|2h|4) (15.16)

and so on.

Let us retain (p +1) terms in the expansion of ¢ and denote theiapproximation to € by
E(Ah). The numerical method for obtaining the approximate values y, of y (x,) can then
be written as

Yo =EQR) y,, n=0,1,..,N -1 S (15.17)
The truncation error (TE) of the method is defined by
TE = y(-xnﬂ) "yn+1

Since (p +1) terms are retained in the expansion of e, we have

p r+l P
TE = [1 + k.. + B + 4B e””] _(1 + AR+ o+ ﬁh_)__)

p! (p+1) - P
p+l
=%e‘””, 0<4d<1.
p !
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The TE is of order p+1. The integer p is then called the order of the method.

We say that a numerical method is stable if the error at any stage, i.e. y, -{(x,) = €,
remains bounded as # —> . Let us examine the stability of the numerical method
(15.17).

Putting y,.1 = Wxp1) + &1 and y, = Wx,) + €, in Eqn. (15.17), we have

y(xn+l) + 8n+l = E(}"h)b/(xn) + 8n]

8n+l = E(}"h) Lv(xn) + 8"]— y(xn+l)

= E(Ah) [V(x,.j +¢,]— e y(x,)(using Eqn. (15.13))
evn = EOW -y +EQRY e,  (15.18)

We note from Eqn. (15.18) that the error at x,.; consists of two parts. The first part
E[Ah] — €™ is the local truncation error and can be made as small as we like by suitably
determining E[A%]. The second part |[E(Ak) | s, is the propagation error from the
previous step X, t0 Xq+; and will not grow if |E(Ar) | < 1. If [E(AK) | <1, then as

n — w the propagation error tends to zero and method is said to be absolutely stable.
Formally we give the following definition.

Definition : A numerical method (15.17) is called absolutely stable if |E(?\h) [<1.
You may also observe here that the exact value )(x,) given by Eqn. (15.13) increases if
A > 0 and decreases if A <0, with the growth factor £*”. The approximate value y,
given by Eqn. (15.17) grows or decreases with the factor | E(AA) |. Thus, in order to
have meaningful numerical results, it is necessary that the growth factor of the numerical
method should not increase faster than the growth factor of exact solution when A >0 and |
should decay at least as fast as the growth factor of the exact solution when A < 0.

- Accordingly, we give here the following definition.

Definition : A numerical methdd is said to be relatively stable if IE(M) l<e™ A>0.

The polynomial approximations (15.14), (15.15) and (15.16) always give relatively stable
methods. Let us now find when the methods y,..; = E(Ah)y, are absolutely stable where
E(Ah) is given by (15.14), (15.15) or (15.16).

These methods are given by

Firstorder : y ., =(l1+Ah)y,

AZh?
Secondorder: Yu. = (1 +Ah+ 2 ]yn’

2,2 3,3
Third order : yn+1=[1+xh+7,L; +k6h J"

These methods are absolutely stable when
Firstorder : |1+Ah| <1

or — 1€M<l

or —2<Ah<2
212

1+ Ak + <1

Second order :
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or _1<1+Ah+ <1 , Diifercntiai Equations

The right inequality gives
kh(l + %} <0

ie. ?»hsOand.l+%20

The second condition gives ~2 < Ak. Hence the right inequality gives -2 <Ak < 0. The
left inequality gives

_x2h2

2+Ah+ > 0.

For —2 <Ak <0, this equation is always satisfied. Hence the stability condition is

2<Ah<0

272 3,3
Ah +7»6h <1

* Third order : 1+ Ak +

Using the right and left inequalities, we get
2.5<M<0.

These intervals for A% are known as stability intervals.

Numerical methods for finding the solution of IVP given by Eqn. (15.10) may be broadly
classified as

i) Singlestep methods
ii) Multistep methods

Singlestep methods enable us to find y,+, an approximation to y(x+1), if ¥, y» ' and 5 are
known. :

Maultistep methods enable us to find y,+, an approximation to Y(xy+1),
ify;, yi’,i=n,n-1,...n—m+1 and h are known. Such methods are called m-step
multistep methods.

In this course we shall be discussing about the singlestep methods only.
A singlestep method for the solution of the [IVP

y'=f(x,J’),J’(x0)=)’0, xg(xo’b)
is a recurrence relation of the form

YVuel = Vo + ho(x,, y,,h) (15.19)
where ¢ (xp, Vn, /) is known as the increment function

If yu+1 can be determined from Eqn. (15.19) by evaluating the right hand side, then the
singlestep method is known as an explicit method, otherwise it is known as an implicit
method. The local truncation error of the method (15.19) is defined by

TE = y(X,,1) = ¥(%,) = B §(x,, ¥,> ) (15.20)
The largest integer p such that

| H'TE| =0(#?) (15.21)
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Let us now take up an example to understand how the singlestep method works.

Example 15.1

Find the solution of the IVP ' =Ay ,»(0)=1 in 0 <x < 0.5, using the first order

method.

Y, = (1+Ah)y, withh=0.1and A = +1
Solution
. 05 05
Here the number of intervals are N = - = ol =5
We have yp =1
yi=A+M)y, =(1+Ah) = (1+0.1%)

y, = +Ah) y, = (A +Ah)? = (1 +0.14)*

ys = (L+Ak)° = (1+0.10)°
The exact solution is y(x) = e,

We now give in Table 15.1 the values of y, for A = £1 together with exact values.

Table 15.1
Solution of y ' = Ap, ¥(0) =1, 0 < x < 0.5 with 2 =0.1
A=1 A=-1

X First order | Exact First Order | Exact

Methods Solution .| methods Solution
0 1 |1 1 1
0.1 1.1 1.10517 0.9 0.90484
0.2 1.21000 | 1.22140 0.81 0.81873
0.3 1.33100 1.34986 0.729 0.74082
04 1.46410 1.49182 0.6561 0.67032
0.5 1 61051 1.64872 0.59049 1 0.60653

In the same way you can obtain the solution using the second order method and compare
the results obtained in the two cases.

SAQ 1
Find the solution of the IVP
Y= 0=
in 0 < x <-0.5 using the second order method

2,2

Vol ={1+?\.h+ Jy,, with 2 = 0.1 andA = 1.
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We are now prepared to consider numerical methods for integrating differential Differential Equations

equations. The first method we discuss is the Taylor series method. It is not strictly a
numerical method, but it is the most fundamental method to which every numerical
method must compare.

15.3 TAYLOR SERIES METHOD : ‘

15.3.1 Solution of First Order Differential Equations
Let us consider the IVP given by Eqn. (15.10), i.e.,

,y' = f(x,¥), ¥(x5) = ¥y, xe[xo,b]

The function f may be linear or nonlinear, but we assume that f is sufficiently
differentiable w.r.t. both x and y.

The Taylor series expansion of y(x) about any point xy is given by

—x. )2 — \P
y(x)=y(x;c)+(x—xk)y’(x,,)+O‘—z’f"—)y"(xk)+...+("—:’k—)_y(”)(xk)+... (15.22)

Substituting x = x., in Eqn. (15.22), we have

Ay () 4ot Ry () +..
2! p!

Y(xga1) = ¥(x) + hy'(x,) + (15.23)

where x,.; = x; + h. Neglecting the terms of order #7*! and higher order terms, we have
the approximation

- [ hz 4 : hp )
Vit =W v +— i + v —
- 2! D

=yVi v+ ho(xp, v, h) : (15.24)

v h® AP
where ¢(xk,yk,h)=yk?+—2’ e P
! 7

This is called the Taylor Series method of order p. The truncation error of the method is

given by
TE = y(x.,) = ¥(%;) — (%, y(x; ), B) (15.25)
h;+1 (peD) . |
= ——— Y +0h), 0 <0 <1 ;
D’ (x¢ + Ok)
When p = 1, we get from Eqn. (15.24) ‘
(15.26)

Vet =W t hy:k

which is the Taylor series method of order one.
To apply (15.24), we must know y(x, ), »' (2, ), " (% )y s ¥ P (3,).

However, y{(x,) is known to us and if f is sufficiently differentiable, then higher order

- derivatives can be obtained by calculating the total derivative of the given differential
equation w.r.t. x, keeping in mind that y is itself a function of x. Thus we obtain for the b
first few derivatives as : ' '

y =f(xy) 119
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= fu + 2y + F21y + £, (e + ) ete.

where
fi=0f/0x, [, —('J’f/é’x2 etc.

The number of terms to be included in the method depends on the accuracy requ1rements

Let p =2. Then the Taylor Series method of O is

[ hzy: ‘
Yier = Vi thye + > (15.27)

. h
with the TE = ?y"’(a), X, <A< Xpy

The Taylor series method of o), (p=3) is

. Ry, KB '
Vst = Vi thy + Zyk y (15.28)

: 4
with the TE = 2_4 y" @), x, < a< x,,;.

Let us consider the following examples.

Example 15.2

Using the third order Taylor series method find the solutlon of the differential
equatlon

xy =X —y,y(2) =2 at x = 2.1 taking /= 0.1
Solution

We have the derivatives and their values at x = 2, y=2 as follows :

y

y'=1-= y'(2)=0
X

=L+ y(2)=1/2
X X
L7 ’

m - 2 2 m

yr=2 Y 2y y"(2)=-3/4
x x: X3

Using Taylor series method of O(h3) given by Eqn. (15.28), we obtain

¥(2.1) =2+ 0.0025 — 0.000125 =2.002375

Example 15.3

Solve the equation Xy =1-xy- x%y?, y(1) =-1 from x = 1 to x = 2 by using
Taylor series method of O(H*) with A= 1/3 and 1/4 and find the actual error at
x =2 if the exact solution is y = —1/x.

Solution

From the given equation, we have
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Differentiating it w.r.t x, we get Differential Equations
=2 y' y '
y =t ——=-2
? x3 x  x? e

Using the second order method (15.27),

N
Yes1 = i +th’;¢ +—2‘yk

we have the following resuits

g YO=-1L  HYO=1  Y@OH=-2
h=—
3
x, = -;i,. ¥(x,) = —0.7778, y'(x) = 0.5409, ¥"(x,) = —0.8455
x, = i, ¥(x,) = —0.6445, ¥'(x,) = 03313, ¥'(x,) = —0.4358
3
X, =2 y(x;) = —0.5583 = y(2)
h=1
4
. 5 ! L4
1= ylx)=-08125 ¥'(x,) = 0.6298, y'(x) = -1.0244
3 ’ L4
155 p(x,) = —0.6871, y'(x,) = 04304, - y'(x,) = -0.5934
7 [2 . ”
¥3 =0 y(x;) = —0.5980, y(x;) =0.3106, vy (x3) = -0.3745
Xy =2, W(xy)=-0.5321, = y(2)

Since the exact value is M(2)=-0.5, we have the actual errors as
e = 0.0583 with & = %

e, = 0.0321 with A = L
4

Note that error is small when‘the step size A is small.
15.3.2 Solution of Second Order Differential Equations

In Section 15.3 we have used Taylor series method to solve the first order ODE. The
method can be extended to solve numerically second and higher order differential
equations. In the discussion below we seek the solution ot a second order differential
equation which is defined as '

d’y dy

._._:f(x,y,-—) or y,=f(-x’y’y')

dx*® dx (15.29)

with the initial conditions y(xp) =y, and ¥'(x) =y,
where y, and y; are constants - :
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To solve (15.29), let us put

y=gq | (1530
(15.29) and (15.30) together give

q =f(x¥q : (15.31)

with the initial conditions iransformed to
(15.32)

W(xo) = yo and q(x,) = qo

Thus the solution of (15.29) is given by the solutions of the two first order differential
equations (15. 30) and (153 1) with the associated initial conditions defined at (15. 32)

The Taylor algorithm of (15.3 1) whlch is a first order differential equation in g is given
by (refer (15.24))

h2 ' h3 ” + .
gy do T (15.33)

G = o + by +

where 4 is the step-length and ¢ is the approximate value of g at x = x, + h =x; (say).
Again Taylor algorithm of (15.30) is given by

2 : h3 .
Y= DYo +h)’0 +"i"‘)’o +?J’o

W o B 15.34
=)’o+h‘Io+—2—,"Io+"3';qo+--- (15.34)

The values of q(', ) qg ) q: etc ; are obtained from (15.31) by differentiating it
successively and putting x = x,. Substltutlon of these values in (15.33) and (15. 34) gives
the values of ¢; and y,. :

Basing argument on similar lines, the algorithms for the next inteval are given by

? ’ (15.35)

qz=ql+hq{+-5!—q1+—3,—!-qf+---
N
J’2=)’1+h}’1+7}’1+?}’1+-"
h2 ' h3 » . '
=) +hg + ETRL + _3i‘41 Fo (15.36)

/

Since the values of ¢, and y, are already determined, q; ) q: , q{" can be computed at the
next step (x1,31). Hence (15.35) and (15.36) , we get ') and y,. Proceeding further in a
like manner we can obtain the values of y step by step.

It is clear from the foregoing discussion that the solution of the above second order
differential equation is obtained by replacing it by the two first order differential
equations which can be solved together by numerical method. It must also be noted that
to know y, we must know ¢;. Similarly to compute y; we must have prior knowledge of
g>. Thus to solve the differential equatlon the Taylor algorithm of g must be written
first.
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Example 15.4 : Differential Equations

Using Taylor series method, obtain the value of p at x = 0.2, if y satisfies the
equation )" =xy'? —p* giventhat whenx=0; y=1and y =0

o

Solution
The given differential equation is
) yn — xyll _ y2 ‘ (1)

Put y = q,then 3" = g'. Then (1) is transformed to

q'=xq* -y, @
. The correspondmg initial conditions are }{0) = 1, g(0) = 0. The Taylor algonthm
of gis
n? n ., o
=G0 +hao+ -0+ a0+ a0+ 3)

Differentiating (2) sucéessivcly, we get
g =q" +2xq9 - 239

q'" = 4qq' + 2xq'2 + 2xqq" - Zq2 -~ 2yq'

q"” =6qq" +69° + 6x9'q" + 2xq¢" - 694" ~ 234"

The values of o> 90, 9o 4y are given by

G =-1 q,=0,q,=2 g5 =2
Substituting the above values in (3) with 2= 0.2, we get

q = 0+0.2x(_1)+_-g_4x(0_0)+ .028 K24 .020‘:6 s
=-0.19717
The Taylor algorithm of y is
h? 3 P
Y1=Yo +hgy "’7‘]0 3 =40 +z;‘]o
0.04 0016

=140+ —x(-1)+——x2=0.98013
2 24

- 1(0.2) =0.98013
Example 15.5

Let 3" +xy +y =0, y(0)=1, 3'(0) = 0. Obtamywhenx 0.1 andx=0.2,
using Taylor series method

Solntion

The glven cquatlon alongwith the conditions in terms of ¢ can be written as

4 ’

q=-x¢~-y; ¥p=14¢,=0

123



Interpolation and Solution

of Differential Equations  ~  Differentiating the given equation successively, we get
g =-xq' -2 g(0)=0 ; g(0.1) = —0.0995
q" =-xq" -3¢’ g0 =-1; g(0.1)=-0.98505

q" =—xq" - 44" g =0 ; g°(0.1)=-0.100495
g 0)=3 ; g¢"(0.1)=-2.945100

‘Taylor algorithm for g and y are

o, B

qd, =4 +hq(', +-—2—'!—q0 +—3qu+
B B .
Y1 = Yo + hq, +7¢10 +‘3!—qo +oe
Substituting the values, we get )
@1 =—-0.0995, g, =-0.1985
yr = 098505, y, = 0.98012
SAQ 2
1. Write the Taylor series method of order 4 and solve the IVP given by 2 and 3
below

(@) ¥y =x-)", y(0) =1. Find y (0.1) taking #= 0.1
(b) y=x*+)*, y(0) =0.5 Find y (0.4) taking h=0.2
2. Using second order Taylor series method solve the IVP

Y = 3x+ % y(0)=1. Findy (0.6)taking #=0.2 and &= 0.1

Find the actual error at x = 0.6 if the exact solution is y = — 6 x — 12.

3.  Solve numerically, using Taylor Series approach
%y— =x*+y forx=1.1, 1.2,1.3, 1.4 and 1.5 with the conditions y (1) =1
X

4.  Use Taylor series method to solve numerically

&
dx
Tabulate y for x=0.1, 0.2, 0.3, 0.4

= x2 —y, y(O)=1

5. Solve by Taylor series method

jd_)lzx+y2, given y (0)=0
dx

6.  Using Taylor series method, obtain the values of y at x = 0.1, 0.2 and 0.3 to four
significant figures, if y satisfies the equation

d’y
dx2

—xy, given that %x}-/— =05and y =1 whenx = 0.

.+~ 4



. . . Numerical Solution of Ordi
7. Using Taylor series method, obtain the value of y at x= 0.2 and x = 0.4, correct to  pigerential E:u:t?ozs ronan

four places of decimals, assuming that y satisfies the differential equation

el P

2 .
d’y given that dy _ I, y=1 when x = 0.
dx dx

15.4 PICARD’S METHOD OF SUCCESSIVE
APPROXIMATIONS ‘

Consider the first order differential equation

% =f(x9) y(x) =y, - (s37)

We write this equation as

dy = f(x, y)dx

Integrating this equation within the limits of x and y, we have

[ & =] fx.»a

or

—

y = Yo + J‘:o f(x,y)dx A (1538)

Eqn. (15.38) is called an integral equation because of the presence of the dependent
variable y in the integrand as well as outside it. The solution is obtained by
approximating y (x) near x = x; by repeated approximations or iterations. The first
approximation for y is obtained by replacing y in the integrand of (15.38) by the initial
value yy, so that the integrand reduces to a function of x alone and the indicated
integration is performed. Denoting this approximation by U, we have

o
y D =yo+ L f(x5yq)dx

Having found out the first approximation to y, we obtain the second approximation @ by
replacing y by Y in the integrand of (15.38) and integrand it once again. This gives

X
yP =yo+ [T Sy Dy
]

This process may be continued as many times as may be required, the i approximation is
given by

yO =y + [ £,y )ax
X0

The accuracy of the method can be estimated by comparing the calculated values at a
certain approximation with the values computed from the preceding approximation or by
use of some appropriate analytical methods.

While Picards method of iterations is of great practical importance, there are certain
practical difficulties associated with the method. These difficulties lie in the fact that
explicit evaluation of the integral at successive approximations is often impracticable and
at times impossible

Example 15.6

Solve the differential equation

_— - N 0 :1 125
I x -y ; y(0)




Interpolation and Solution .
of Differential Equations Use Picard’s method to obtain y for x = 0.2 correct to five decimal places.

Compare the result with the exact particular solution.
Solution

Here f(x, y) =x-y,%=0,y0=1
To get the first approximation, we put y =1 in the expression on the right side of
the given equation, thus obtaining
2
O 1+ [x-Ddxr="--x+
yO =1+ jo(x =" —x+1

The second and the third approximations are given by

2 3
y? =1+J‘x x-X px—i|lde=—-Z-+x*—x+1
o 2 6

: 3 4 3
y® =1+ J‘Ox(x+i6——x2+x—l]=x———x—+x2-—x+1

Now when x = 0.2, the various approximation of y are given by y(l) =0.82;

1y =0.83867; 1 =0.83740 ; y=0.83746 and y® =0.83746 . Hence to an
accuracy of five places of decimals, the value of y is given by y = 0.83746. The
exact solution of the problem is y =2 ¢ ™ + x — 1. Putting x = 0.2 in this, we get
y=0.83746. This exact value is the same as obtained by the Picard’s method.

Example 15.7
Find the value of y for x = 0.1 by Picard’s method given that

& y-x
— = , y(0) =1
dc y+x ¥0)

Solution

Integrating the given differential equations between the given limits of x and y, we
get

- Ty—x
y—1+.[0 y+xdx

Substituting y = 1 in the integrand of the above integral equation, the first
approximation is given by

YO =1+ [ :;i de=1+[ (lfx—lex

=1+2log(1 +x)—x

The second iteration is given by

»® =1+Jx I-2log(G+x)—-x-x e

0 1+2log(1+ x)

B r 1-2log(l +x)—2x
o 1+2log(l+x)

=1+r o2 | &
0 1+2log(1+x)
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Since the integrand in the second approximation is difficult to integrate, we restrict  Differential Equations

our calculation to the first approximation only. Hence the approximate value of the
integral is given by

y=1+2log(l+x)—x

Putting x = 0.1 , we get
y=1-0.1+2log(l.1)= 0.9828 approx.

SAQ 3
1.  Solve by Picard’s method.

_‘i}izx+y2, given (0) =0

dx

2. Employ Picard’s method to obtain correct to four places of decimals, solution of the
differential equation

Q=x2+y2’

dx
with y = 0 when x =0 forx = 0.4

15.5 EULER’S METHOD AND EULER’S MODIFIED
METHOD |

15.5.1 Euler’s Method

The Taylor series method and the Picard’s method studied earlier are known as semi-
analytical methods. In both these methods the dependent variable y is expressed as a

power series in x from which the values of y can be calculated by direct substitution. We

now describe some purely numerical methods of solving the first order differential
equations. These methods are called step-by-step methods or marching methods because
of the fact that the value of the dependent variable y are calculated by short steps for
equal interval value 4 of the independent variable. We illustrate by beginning with
Euler’s method which is very elementary and a very simple method.

Let xy, X1, X2, ..., X, be (n + 1) equi-spaced values of x given at equal spacing / and let
Yo, V1, V2, -, Va be the corresponding values of y satisfying the differential equation

y'=%=f(x,}’); y(x9)=yo 7 (15.39)
Let 3 = g(x) be the solution curve of the given differential equation(15.39) in the
xy ¥ plane and let P(xo, yp) be the starting point on the curve. Take another point Q (x;,
1) on the curve very close to P as shown in Figure 15.2. It is now required to find an
approximate value y; of y correponding to the value of x = x;. As the solution curve is
smooth and the points P and Q are very near to each other, the length PQ can be assumed
to be nearly equal to a straight line. Let the ordinates from P and Q meet the x = axis at
M and N. In the interval MN, the length of the arc PQ is approximated by the tangent PT.
From P draw a line PS parallel with the x-axis and let it meet the ordinate OV at S. Let

the angle TPS be 6.
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Figure 15.2
The equation of the tangent PT is
dy,
Y=Y = zl,,(x—xo)
=f (X0, yo) (x —x0)
ie., ¥ =yo+ f(x0, y0) (x — Xo)

Since the curve has been approximated by the tangent in the interval x, to x;, the ordinate

'y for a value x = x, is approximated by

Y1 = Yo + f(x0, yo) (x1~X0)

=yo + hf (%0, o)  where A =MN= x| —xo

Similarly the values of y corresponding to x(=x; + k), x3(= x; + k) etc, are given by
y2 = yntfx, yh

V3= y2 +f(x, y2)h

- In general
Y1 = Wt foyoh, £=0,1,2,3, ...

This is referred to as Euler’s algorithm.

This method has the drawback that it is either too slow (in case A is small) or too
inaccurate (in case A is not small) and therefore, not good enough for practical use. Even
if h is taken very small for all steps, the computed value of y will move farther and
farther away from the true value of y. Also when the final point of the curve is reached,
the sequence of the lines may deviate very significantly from the actual solution curve.
These considerations have led us to a modification of this method which we will discuss
in the next section.

Example 15.8

Use Euler’s method to find the solutionof y' = x + |y |, given that y(0)= 1.
Find the solution on [0, 0.8] with /=02 - .

Solution
We have from Euler’s method
Yos1 = Vo T H(x,,5,)
y(0.2)=y =y, +0.2(0+1)

ot .., et . . s




= 1+(0.2)(1.0) =12

¥04) = y, =y, +02(x, +|»))
=1.2+(02)(02+1.2)

= 1.48

3(0.6)=y3 =y, +(0.2) (x5 +|y3|)
1.48 + (0.2) (0.4 + 1.48)

1.856

¥(0.8) =y, =y3 +(0.2)(x; + |y3|)

= 1.856 +(0.2) (0.6 + 1.856)
2.3472

It

Example 15.9

Solve the differential equation by Euler’s method using h=0.1 if the exact value
is (1) = 3.436564, find the exact errory’ =x+ y, ¥(0) =1, 0.1(0.1)1.0 i.e.,x[0,1]

Solution

Euler’s method is

YVir1 = Vn +hf(‘xn’yn)

For the given problem, we have

Ynil = Vn +h[xn +yn]

= (1+h)y, + hx,

h=0.1, 0)=1

»o=p+01)+01 x0 = 11

y2 = p» (L) +(0.1)(0.1) = (1.1) (1.1} + (0.1) (0.1)
= 122

y = (1.22) (L1)+(0.1)(0.2) = 1.362

ya = 15282 ; ys= 172102 ; ys =1.943122

yr = 2.197434 ; ys = 2487178 ; y, =2.815895

/ Yo = 3.187485 = (1)
The actual error = Y1) —yj0=3.436564 - 3.187485

= 0.2491
Remark : Sihce Euler’s method is of O(), it requires 4 to be very small to attain the
desired accuracy. Hence, very often, the number of steps to be carried out becomes very

large. In such cases, we need higher order methods to obtain, the required accuracy in a
limited number of steps.

Example 15.10

Using Euler’s method tabulate the solution of the initial value problem

¥ =202, ¥(0)=1,

Numericai Solution of Ordinary

Differential kquations
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of Differential Equations in the interval (0, 1) taking 4=0.2, 0.1 .

Solution

Euler’s method gives
Yist = Vi + Hf (xg, yi) Where f(x;, ;) = 2%, 7
=V — 2}’-"1:}’13

Starting with xo =0, yo =1, we obtain the following table of values for 2 =0.2

Table 152 : h =0.2

X yx)
0.2 1.0

0.4 0.92

0.6 0.78458
0.8 0.63684
1o 0.50706

Thus y (1.0) = 0.50706 with /= 0.2

Similarly starting with xo =0, y, =1, we obtain the following table of values

with A=0.1
Table 153 : & =0.1
X - yx) x yx)
0.1 1.0 0.6 0.75715
02 0.98 0.7 0.68835
03 0.94158 0.8 0.62202
0.4 0.88839 0.9 0.56011
0.5 0.82525 1.0 0.50364

3 (1.0)=0.50364 with 2= 0.1

15.5.2 Modified Euler’s Method

In the Euler’s method, the curve of solution is approximated by a line segment in every
sub-interval. Let PT be the tangent to the solution curve at the point P(x,, o). According
to Euler’s formula, the part PQ of the curve in the interval (M, N) has been approximated
by the segment PT of the tangent, and the ordinate y,of the point Q is approximated by
NT.

Now

SK = htano. = h(f("o’yp) +;f(x;,yf°’)]

2
N = yo + A (g, ¥o)
1 0 0>.0 (1539)

TQ is therefore, the error of the Euler’s method and this needs to be corrected (see Figure
15.3).
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At the point T(x,, y(®) we find out the slope of the curve and draw a line 7B with this
slope; Accordingly the slope of the line TBis f(x;, yl(q) )Next .we compute the mean
of the two slopes f (%o, yo) and £ (%,, () ie,  f(xp, %)+ f(x, ) A line
TA is then drawn through T with its slope as this mean slope. 2 B

Y.

Figure 15.3

Having done this, we finally draw PX parallel to the line 74 and cutting the ordinate NQ,
produced, at K. This line is taken as approximation to the curve in the interval (xo, x;).
The equation of the line PK is given by

Y=y = f'(xo’YO)+f(xl’¥fQ)) (x—x,) (15.40)

2
The point where this line cuts the ordinate NQ i.e,

x=x;=Xx+ h is given by

(o> y0) + £, 31”) :
y1(1)=yo+f 0> Yo 2f 1> 1 (x, = %)

0)
Vo + f(xo,)’o)"‘2f(x1,}’1 )h

1 1
=%Yoo +5(hf(xov,y0 )+5hf(x1 ’yl(O) ))
=Y +%(ST+SK)=y0 +%(ST+ST+TK)

=y +ST+%TK = O +2LTK (15.41)

The second term on the right of (15.41) is the correction of the Euler’s method.

Asthe slope f(x,, ¥{?) of the line TB at T is not known. We take y® from Euler’s
formula and start iteration from the formula

n h n
yl( D = Yo +5(f(xo,}’o)+f(x1,y1( )))

Numerieal Solution of Ordinary

Differential Fquaiions
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of Differential Equations The iteration process is continued till the two consecutive values of y get stabilised.

Example 15.11

| Using modified Euler’s method, find anxapproximate value of y when x=0.1,
given that @ =x?+y andy=1whenx=0. Choose % as 0.05.

Solution o
The various calculations are arranged in the tabular form as follows :

Table 15.4
x dy i
—_= x2 + y Mean slope Vaew = Yold T 0.05 ( Mean
dx slope)
0.0 1.0 - 1.0+ 0.05 x 1.00 = 1.05
0.05 | 0.0025 +1.05=1.0525 1 (1.00 + 1.0525)= 1.02625 1.00+ 0.05 x 1.02625=1.0513
2
= 1 = )
0.05 | 0.0025 +1.0518 =1.0538 — (1.00 + 1.0538) = 1.0269 1.00 + 0.05 x 1.0269=1.0513
) 2 . !
0.05 1.0538 - - ) 1.0513+ 0.05x1.0538=1.10399
* 0.10 | 0.0025+1.10399=1.10649 | 1 : »n 1.0513+ 0.05x1.080145=1.1
L (10538 + 1.10649)= 1.080145 | 0513+ 0.05x1.080145=1.105
2
0.10  0.0025+1.1053 = 1.1078 1 ) 1.0513+ 0.05x1.0808=1.1053
— (1.0538 + 1.1078) = 1.0808 '
2

Thus the value of y at x = 0.1 is 1.1053

Example 15.12
Solve the differential equation : -
dy 2 .
— =—xy',y=2atx =0
I XY,y

by Euler’s modified method and obtain y at x = 0.1 and x = 0.2. Compare the
approximated values with the exact values.

Solution

Hereh=0.1,x0=0,y0=2 :
The various calculations are arranged in the tabular form as follows :

Table 15.5

x Y =-xy Mean slope | yuew =Youu + 0.1 x Mean slope

0.0 0 - y=20+0.1x0 =20 _

0.1 |—-04 ~02 y=2.0+0.1(-02) =198

0.1 |-039204 ~0.19602 | y=2.0+0.1(~0.19602) = 1.9804

0.1 |-039220 ~0.1961 y=2.0+0.1 (- 0.1961) = 1.9804°

01 |-03922 - y=1.9804 + 0.1 (- 0.3922) =1.9412

02 | -0.75364 _057292 | y=19804+0.1 (-0.57292) =1.9231
102 | -073966 056593 | y=19804+0.1(-0.56593) = 1.9238
102 | -0.74020 ~0.5662 y=1.9804 +0.1 (~0.5622) = 1.9238

The values of yatx=0.1 and x = 0.2 are given by
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y(O.l) =1.9804 ; y(0.2) =1.9238 Differential Equations

2
The exact solution of the given differential equationis ¥ = 7"
. . 1+x
The following table gives the percentage error.
Table 15.6

x Approximate solution Exact solution Error % Error
0.1 | 1.9804 1.9802 0.0002 0.01
0.2 | 1.9238 . 1.9231 0.0007 0.04

SAQ 4

Solve the initial value problems using Euler’s method :

1. y=1-2xy, y(02) = 0.1948. Find y(0.4) with #=0.2.

' 1 .
y = 4y , y(4)=4. Find y (4.1) taking 5 = 0.1.

%

Yy =275 y(0)=1. Findy(0.1) with h=0.1.
y+x

(98]

4. y'=1+)", y(0)=1. Find y(0.6), taking 2=0.2 and 4 =0.1.

5. y=x+y, y(0)=1, withh=0.2,0.1 and 0.05 in the interval (0, 0.6).

15.6 RUNGE’S METHOD

We consider the differential equation

' dy -
y == F(x,9) |
With the initial condition y (x0) = vy

We wish to solve (15.42) for the values of yat x =x; =x+ih (i=0,1,2 ...)
Integrating (15.42) over the first interval (x;, xo + /) , we obtain

otk X+ h
J; dy = f(x,y)dx (15.43)

o . 0

o~

(X1,% D

AN
T

. Figure 154
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nce the solution curve of (15.42) passes through the point (xo, yo), f (xo, o) denotes the
slope of the curve at this point. (Figure 15.4).

Suppose the tangent at (xb, o) makes an angle 6 with the x = axis and cuts the ordinates
LR (x = xo + h/2) and NQ (x = x, + /) at B and T respectively. The slope of the curve at
the points B and T are given by

‘where yg and yr are the lengths LB and NT and are given by

h
f(xo + E’ya] and f(x, +h.y;)
Vg = Yo + —;I—f(xo,yo) =LA + AB = LR (approx.) (15.44)

Yr = Yo +h f(x4,¥0) =NS + 8T (15.45)

We now draw a line PP’ through P, cutting NQ at P', with its slope corresponding to the
slope of the curve at the point T. The length NQ i.e., the ordinate y, is approximated by

the length NP" and is given by

NQ=NP' =NS+SP' =y,+ htana
But tan o = slope of the line PP’ = slope of the curve at T

=foth,yr) |
NQ=y0+hmﬁa=yo+hf[xo+h,yo+hf(xo,ydj] (15.46)
Hence the co-ordinates of the pocints P, R and Q are given by
P(x0.30); R(xo + % Vg j O(x, + h NQ). (15.47)

The value of the function f(x , y) at these points are
f(x,J’)atP=f(xo,yO) =fp

f(x,y)atR=f[x0 +£21‘:y8j=fR
and f(x,y)atQ = f(xq+h,NQ) =fp

where yy and NQ are given by (15.44) and (15.46) .

Evaluating the integral on the right side of (15.43) by Simpson’s 1/3 rd — rule, we obtain

" fe= 22 s, w4 S 4 1)

*o
hi- h
= | S0 v0) + 47| 50 + = yp |+ £ + B NO)
Hence (15.43) gives on evaluation
k=11 £aosy0)+ 4150 + 2y |+ £(30 + B NO) -
Eqn. (15.48) is the Runge’s algorithm of the solution of Eqn. (15.42) and computes the

value of the increment to be given to the old value of y to get its new value. i.e.,
!

y=yo+k
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Repeated application of Eqn. (15.48) gives the value of y for equally spaced points in the  Differential Equations

subsequent intervals.

Working Rule for the solution of Eqn.(15.42) by Runge’s xﬁethods:

Let iv_ = f(x, y) represent any first order equation and let / denote the interval
dx

v

between equidistant values of x. Then if the initial values are x; , yy, the first increment in
y is computed from the following auxiliary values.

kl = hf(xOsyO)

h k
ky = hf| xp+ —, yo + —
2 f(o- 2}’0 2)

K'= Bf(xo + b, po +K,)

and
ks = f (% + By yo +K)

Finally the increment k is given by the formula

k =—é—(k1 + 4k, + &)

Y = Yo + k gives the values of the ordinate at the next point [ k is also called
the weighted mean of k), k;, and k3 |.

Example 15.13 ;
Use Runge’s method to approximate y when x = 1.1, given that y = 1.2 when
x=1 and éy—-=3x+y2
dx
Solution

Here we have xp =1, yp= 1.2 and 2 = 0.1. The auxiliary quantities appropriate to
the problem are obtained as follows :

k, = hf (%o, ¥,) = 0.1(3 + 1.44) = 0.444
h k,
k, = hf(xy + Yo =) = 0.1(3.15 + 2.02208) = 0.5173
k' = hf(x, + b, y, + k) =0.1(3.3+2.7027) = 0.6003
ks = hf (xo + B, yo + k') =0.1(3.3 +3.2411) =0.6541

3.1673

k = %(kl + 4k, + ky) = %(0.444 +2.0692 + 0.6541) =

|
!

=0.5279
cy=yo +k=12+05279 =1.7279

Example 15.14 _
Apply Runge’s method to find an approximate solution of % =x+y,

135
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of Differential Equatious given that y = | when x= 0. Find y when x = 0.2." Carry out calculation in a
single step.

Solution

Here we have xo =0, yo=1and A= 0.2. The auxiliary quantities appropriate to
the problem are obtained as follows :

h -
ky = hf(x, + ,y0+—)—02(1+1l) = 0.240
k' =hf (xg+ h, g+ k)= 02(0.2+12) =0.280

ky = hf (xy + h,yo + ) =02(02+1.28) =0.296

k = (k +4k2+k3)——(02+096+128) 0.2426

<J'\|'—l

The approximate value of yis y =y, + k =1+0.2426 =1.2426

15.7 RUNGE - KUTTA METHODS

We have seen that in the solution of the initial value problem by Taylor series methods,
the calculation of higher order derivatives involve lot of computational work. For
complicated problems, finding second, third and higher order derivatives is very tedious.
Hence Taylor series methods of higher order are not of much practical use. A class of
methods known as Runge-Kutta methods, on the other hand, do not require calculations
of higher order derivatives. They are designed to give greater accuracy and they possess
the advantage of requiring only the function values at some specific points on the
subinterval. These methods are in consonance with the Taylor series solution upto the
term of A" where » denotes the order of the Runge-Kutta method and differs from method
to method.

Before we proceed to discuss Runge-Kutta methods, we give below Taylor’s expansion
of a function of one and two variables. This will facilitate the students in understanding
the working of Runge-Kutta methods.

Taylor series expansion of a function of one variable is given as

- N
e+ By = fO)+ B () + "2—' o)+ ’;—' )+

- and Taylor series expansion of a function of two variables is given as

o O 2 0°f *f 2 f
f(x+hy+k)=f(x,y )+h6x+k8y 2(h P 2hkax6y +k P ]+

(i) First Order R.K. Method

The Euler’s formula gives :

Y1 = Yo + B (%0, %) = Yo + hy, ( y = f(x,y))
h2
But y, = J’(xo +h) = J’(xo) + hy (xp) + — y (xo) +.
1 h2 "
= Yo+ hy, + EJ’O""
136
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It follows that the Euler’s formula agrees with the Taylor’s series upto the second Differential kquations

term i.e., upto the term #. Therefore, Enler’s formnla is a Runge - Kutta method
of order 1. :

(ii) Second Order R.K. Method

Modified Euler’s formula gives

h
yl(l) =Y "‘_Z‘[f(xOsJ’oA)‘*f(xo +h, J’1(O))] (15.49)

where y\” from Euler’s formula is given by y(¥ = y, + hf(xy, ¥,)
Denoting £ (%o , yo) by f; and substituting for y;¥, (15.49) can be written as

h
=y, + ‘Z'[fo + f(xg + By yo + hfo)] (15.50)
Expanding f(xo + 4, yo + hfo) by Taylor series, we obtain

h 3 2
W = +E{f0 +{f(xo wyo)+h Lo+ iy 2o +0(h2)}]
=y, +%[2th + B Lo+ B2 Ao o + O]

2
= o + By + 2= (£, + fof, Do + OH')

(15.51)
since
' a ,_d _
y -f(x,J’), Ex—y _Ex_f(x’y)_’fx +f(x’y)fy
or ,
y =fx +ﬂy (15. 52)
(15.52) at the point (xo, Vo) gives
L
Yo = fxlo +fofy|o
. (15.51) can be written as
W B . 3
no=Yo+ by + S Yot O(#") , (15.53)
Expanding L.H.S of the above equation by Taylor series, we get
1 . . ’ hz " h3 ” 4
J’l()""}’(xo"‘h):J’o‘*'hyo“'—z—}’o T}’ + .. (15.54)

Comparison of (15.53) and (15.54) gives that the modified Euler’s method agrees with
the Taylor’s series upto the term of #°. Hence Eunler’s modified formula is the Runge -
Kutta method of the second order.

Defining the auxilliary values k; and k, by

ky = Af (xo , yo)
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of Differential Equations k= hf (xo +h, »t k)

Euler’s modified formula (15.50) can be written as

i
i=Yo +a‘(k1 +k;)

(iii) Third Order R.K. Method (Runge’s Method)

In the previous sections, we have discussed the geometrical representation of
Runge’s method and also its working rule for the solution of the first order
differential equation. Runge’s method is R.K method of order three because .
Runge’s method agrees with Taylor series method upto the term of k. This method
has an error of the order of #'. [Mathematical derivation is omitted because it
involves tedious and cumbersome algebra].

The working rule which calculates the following auxilliary vatues is given below :

ky = hf (xo , y0)

h k : ,
k, = hf| x, + —, ¥, + = '
2 f[o 5 Yo 2} .

k' =hf(xg + b, y, +Kk) o
ky = f(xy + 1, yo + &)

k;%(kl + 4k, + k)

. y =y, + k gives the value of the ordinate at the next point
(iv) Fourth Order R.K. Method

A fourth order R.K. method is derived much in the same way as the earlier R.K
methods, Without going into the cumbersome and complicated mathematical
derivation, we mention the evaluation of a few auxillary values needed in the
solution of the problem.

Working rule using fourth order R.K. method

Let % = f(x, y) represent the first order differential equation and let / denote

the interval of differencing between equidistant values of x. Then if the initial
values are x; , y; , the first increment in y is calculated from the following
expressions.

ki = hf(xq, yo)

{ h k
k, =hka0 +"2—,yo +7‘)

‘ h ky
k.=h +=,y; +—=
3 f(xo > Yo 2)

k, = hf(xo +h oy, + ka)

and finally the adopted increment £ is given by

k= —é—'(kl' 2k, + 2k + k)
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Numerical Solution of Ordinary

The expression for k is the weighted average of &, , k,, k; ,and k.. Differential Equations
The value of y at x = x, + A is given by y = y, + k with an error of the order of 4.

Example 15.15

Solve the IVP y ' =—xp?, (2) =1 and find y (2.1) and 3(2.2) with 2= 0.1. Using

R.K. methods of order two and three. Compare the results with the exact solution
2

Y= x2 -2

Solution
Second Order R.K Method
Herex,=2, yo=1, h=0.1, f(x,y)=-x*

ky= Bf (xo, ¥0) = 0.1 (-2 1)=-10.2

k= Bf (ro+ b, Yot ki) =0.1 (= 2.1 x 0.64) =—0.1344

k =%(k1 +ky) ::2-1(0.2 +0.1344) =—0.1672

Sy =y +k=1-0.1672=0.8328

For the next step, taking, x;=2.1, y, =0.8328, A =0.1, we repeat the process
and obtain

k= hf (o, yo) = 0.1 (= 2.1 x 0.6936) = — 0.14564

k= hf(xo+ B, Yo+ ki) =0.1 (- 2.2 x 0.472888) =— 0.10388
k = —;—(k, + k,) = ——%—(0.14564 +0.10388 ) = —0.12476

=-10.12476

. 1(2.2)=0.8328 - 0.12476 = 0.70804

Solution by Third Order R.K. Method
x%=2, vo=1, h=0.1, f(x,y)=—x*

k= Bf (o, ) = 0.1 (-2 x 1) == 0.2
k, = hf(x(, +-§, Yo + %J = 0.1(-2.05 x .81) = —0.16605
k'=hf (xg + b, yo + k)= 0.1(=2.1x .64) = —0.1344
ky = hf(x, + B, yo + k)= 0.1(=2.1x.7493) = ~0.15735
ko= —é—,(k, + 4k, + k;) = -é—(—o.z - 0.66420 - 0.15735 )

=-0.1703

S y(L.1)=1-0.1703 = 0.8297
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Interpolation and Solution
of Differential Equations . For the next step, we repeat the process

x =21, y,=0.8297, h=0.1,

ki = hf (5o, y0) =0.1 (= 2.1 x 0.688402) = — 0.1445644

k' =Rf(xo + B, yp + ky)=0.1(-2.2 x 0.4694107) = ~0.10327
ky = Igf(xo +g, Yo+ ’;_lj = 0.1(~2.15x 0.57368) = —0.1223415
ky = Hf(xo + b, yo + k)= 0.1(-2.2 x 0.5277005) = —0.116094

k= %(k1 +4k, + k3) = _?1 (0.1445644 + 0.489366 + 0.116094)

SO0 - 9.125004

6

~y =y +k=0.8297 - 0.125004 = 0.704696
- y(2.2) =0.7047

We now summarise the results obtained and give them in a tabular form

Table 15.7
x 2™ order RK. | 3" order R.K. method Exact solution
method '
2.1 0.8328 0.8297 0.8299
22 0.7080 0.7047 0.7042

Example 15.16

Solve the initial value problem y’=x+y, y(0) =1 by Runge- Kutta method of
O(K*) forx € (0,0.5) with =0.1. Also find the error at x = 0.5, if the exact
solutionis y=2¢" —x—1. :

Solution

We discuss the solution by using Runge’s - Kutta method of order four.
Herexo=0, yo=1.0, h=0.1, f(x, y)=x+y
The auxiliary values needed for the solution are obtained as follows :
k= hf(xo, yo) =0.1(0+ 1) . 0.1
ky = hf[xo . g Yo+ %) = (0.1(0.05+1.05)=0.11
ky = hf[xo + -':-)_’» Yo+ %2) =(0.1)(0.05+1.055)=0.1105
ky = hf (xg + By yo +k3) = (0.1X0.1+1.1105) = 0.12105

k= %(kl + 2k, +2k; +k,) = %(0.1 +0.22+0.2210+ 0.12105)

- = 0.11034167
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Numerical Solution of Ordinary

Sy (0.1)=y+k=1+0.1103416 = 1.1103416 ' Differential Equations
Taking x; = 0.1 and y; = 1.11034167, we repeat the process

ki= Bf O, 1) =0.1(0.1+ 1.11034167) = 0.121034167
| h k,
ky = Bf| 3 + =, 7y + == | = (O.D(0.15 + 1.17085875)

= 0.132085875

k, = hf[xl + g v+ —"21) = (0.1)(0.15 +1.17638461)

= 0.132638461

ky =hf(x; + b, y + k3 )=(0.1)(0.2 +1.24298013)
=0.144298013

1 N
y02) =y, =y + g(k1 + 2k, + 2k, +ky)

=1.11034167+ %(0.121034167 +0.26417175

+0.265276922 + 0.144298013)
= 124280514

Rest of the values y; , y4, ys we give in the table below.

Table 15.8
Xn Vn
0.0 1.0
0.1 1.11034167
0.2 1.24280514
0.3 139971699
0.4 1.58364848
0.5 179744128

Now the exact solution of the problem is
yx)=2e"-x-1
. Erroratx= 0.5 is ;
y (0;5) ~ys=2e*=0.5-1)-1.79744128
= 179744254 — 1.79744128
= 0.000001261

= 0.13x 107°
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of Differential Equations

Example 15.17

Solve the initial value problem y' =2y +3 ¢*, y(0)=0, using Runge-Kutta

method of order 4. Find y (0.1), y (0.2) and y (0.3). Also find the error at x = 0.3,
if the exact solution of the given problem is y (x) = 3(e* - ).

Solution

Runge-Kutta method of order four is given by the formula
1
yn+l = yn +g(k1 +2k2 +2k3 +k4) = yn +k

Here x, =0, y,=0, 7=0.1. The auxiliary values are given by

ky = hf(x;, y,) =03
h k,
k, = hf| x, + —2—,y0 + - = 0.3453813289

k, = hf[xo + g Vo + %2] = 0.3499194618
k, = hf (x, + b, y, +k3) = 0.4015351678

Y=y (0.1)=y,+ k=0.3486894582

Taking x; = 0.1, y; = 0.3486894582 and A =0.1, we repeat the process and
obtain ,

ki =0.4012891671, Kk, =0.4584170812
k; =0.4641298726, k,=0.6887058455

¥, =y(0.2) = y(0.1) + k=0.837870944

Taking x, =0.2, y,=0.837870944 , h= 0.1 and repeating the process, we get

k, =0.53399502, k,=0.579481565
ks =0.61072997, ky =0.694677825
y»3=W0.3) = y, + k=1.416807999
From the exact solution, the value of y is given by
s (0.3)=1.416779978

Error in the method at x = 0.3 = 0.2802 x 107,
SAQS

Solve the following IVPs using R.K. method of order two

1. 10y =x*+y*, y(0)=1. Find »(0.2) taking h = 0.1.

2. y =1+, y(©0)=0, Find y (0.4) taking # = 0.2 . Given that the exact solution is
v{x)= tanx. Find the errors.
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: r i
3. ¥y =3x+=y, »0)=1.Findy(0.2) taking h = 0.1. Given that
y(x)=12 % - 6x-12.
Solve the following initial value problems using R.K. method of order four

4. ' =Y~  y(0)=1,Findy(0.5) takingh=0.5.
y +x

5. y'=1-2xy,y(0.2) =0.1948. Find y (0.4) taking 4 = 0.2.

6. xy' +y°=0, y(4)=1. Find y (4.2) taking #=0.2. Find the errors, given the

exact solution is y(x) = ;, C= 0.86137.
C+01logx

r

7.y :%_%_yz’ (1) = —1, Find y(1.3) taking h = 0.1. Given the exact

solution to be y(x) = L Find the error at x =1.3.
x

15.8 SUMMARY

In this unit the solution of the differential equations are obtained by the following
methods,

(i) Taylor series methods and Picard’s method : These two techniques are semi-
analytical. The dependent variable is expressed as a power series in
independent variable and the solution is obtained on substitution of the value.

(ii) Euler’s methods and Runge-Kutta methods : These methods are purely
numerical and they yield solution in the form of a set of tabulated values.
These methods are single step methods and are self starting i.e., to find the value
of y.+1 we need only the value at the preceding point (x, , y,). They agree with
the Taylor series upto the term 4™ where m is called the order of the method.
Thus Euler’s method is Taylor series method of order 1.

(iii) While Taylor series method requires the evaluation of various derivatives. R.K
methods do not need the calculation of higher derivatives of f(x , ) but need
only the evaluation of f(x , y) at the off-step points.

15.9 ANSWERS TO SAQs

SAQ 1
We have yo=1, A=land A=0.1

2
yy = [1 +0.1 +%)—] =1.105
2
Vs =[l+0.1+%]x1.105=(1.105)2
3y =(1.105)°

Table giving the values of y, together with exact values is

Numerical Solution of Ordinary
Differential Equations
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Interpolation and Solution '
of Differential Equations : Table 15.9

x Second Order Exact solution
method

0 1 1

0.1 1.105 1.10517
0.2 1.22103 1.22140

0.3 1.34923 1.34986

04 1.49090 149182
05 1.64745 1.64872

SAQ 2

1. (@) Tayor series method of O(A")to solve y/ =x — ¥, W0)=11is

=y, +hy, 1l "+1’3— T —ylr
yn+1—yn n 2' Vn 6 yn 24yn

y =x-y Y (©0) =1
Y =1-2p y'(©0)=3
y"=-2yy" -2y y"(0)=-8
y¥ =27 -6yy" y" (0) =34

Substituting y
2 3
: . 1 ,
$(0.1) =1 - (0.1)(~1) + ©.1) 3+ ©.h (-8) + M—(u)
2 6 24
=0.9138083
1(b) Taylor series method

y =x+)? y(0) =05 »'(0) =025 »'(02)=0.35175
' =2x+ 2y y"(0) =025 3"(0.2) = 0.79280
y =2+2p" +2y"? y (0)=2375  y"(0.2) =3.13278
¥ =2p" + 6y y7(0)=275 y"(02)=5.17158

(0.2) = 0.55835 ; 1(0.4) = 0.64908

2. Second order Taylor method is

_ N
YVoi1 = Vn +hyn +_2_yn‘ -
h=02
»0) =10, y'(0)=05, ¥'(0) = 3.25
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¥(0.2) =1.65, y'(0.2) =1.1825, y"(0,2) =13.59125 Differential Equations

1(0.4) = 147333, y(0.4)=1.93667, = "(0.4) = 3.96833

1(0.6) = 1.94003

h=0.1
3(0.1) = 1.06625 ¥'(0.1)=0.83313 ¥"(0.1) = 3.41656
¥(0.2) = 1.16665 3'(0.2)=1.18332 ¥7(0.2) = 3.59167
1(0.3) = 1.46457 3'(0.3)=1.63228 »'(0.3) = 3.81614
(0.4) =1.64688 ¥'(0.4) = 2/.0234’21" ¥'(0.4) = 401172
1(0.5) =1.86928 y'(0.5)=2.43464 $"(0.5)=4.21732

3(0.6) = 2.13383
3. 1.225, 1.512, 1.874, 2.327, 2.889

4. 0.9052, 0.8213, 0.7494, 0.6897

5. Differentiating successively and substituting, we get

y =x+y? y'(0)=0
y” = 1 + 2_)01, y”(o) = 1
y'=20p"+y'?) »"(0)=0

¥ =207 +3y") W (©0)=0

y=200" +4yy"+3y"?) YV (0)=6

Putting these values in Taylor series, we get

x2 6x5 1 2
y=—+—+.=—x"+-—+
2t 8 2 20
@ _ = "oy = _
6 ek q =-xy g (0)=0 ,(0.1) = 0.4948
¢ =~(y+xq) 4O =-1  g/(0.1)=-0.10498

q" =—(2q +xq') g0 =-1  ¢/(0.1) = —1.09928

x0=0’ y0=1 . q0=0.5
:(0.1) = 0.4948
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Interpolation and Solution

of Differential Equations " 31(0.1)=1.049834

Now Taylor algorithm for y; is

B, .
Y, = y(0.1) + hgy(0.1) + jq, 0.1 + —33|—qyl ©.D +...

2
— 1.0498 + 0.1 0.4948 + @21—) (~0.10498) + 0'201 x (~1.09928)

= 1.0498 + 0.04948 — 0.0005249 — 0.0001832 = 1.0985719

(0.2) = 1.099
Similarly , the value of y can be computed at x = 0.3 and is given by
¥0.3)=1.145 |
Calculation is left as an exercise to students.
7. x=0,h=02

g =x ¥(0) =1 3(0.2) = 1.2015

q =xq+y q(0) =1 4(0.2) = 1.0227
q" =xq +2q g(©0)=0 q'(0.2) = 0.2403
IV‘»_ " ’ " - " - ’
q°" =xq +3q q(0)=1 q(0.2) = 1.40604
q"(0) =2 4"(0.2) = 2.09346
- 3(02)=1.2015 q" (0.2)=1.002108
(0.4) =1.141286 q(0.4)=1.1017388

SAQ 3

1. Integrating the given equation, we get

y=[ G+yhax
: 2
Putting y = 0 in the integrand, the first approximation y® = ﬁz_ substituting this

x5

: 2
value of y in the integrand, the second approximation is y(z) = 12— + 20

1
5 xB xl

The third approximation is y® =2 -+ 2+ X _4
2 20 160 = 4400

2. 3(0.4) by Picard’s method = 0.0214
L q g =-xy g0 =0 ¢,(0.1) = 0.4948
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Differential Equations

SAQ 4
1. Euler’s method is
Ve =yt hfx,y) = nt+h(1-2xy), h=02

10.4) = y=yo+ h (1 — 2% yo) = 0.1948 + (0.2) (1 — 2 x 0.2  0.1948)
=0.379216
2. Y4 =y =y + /' (0)=y(4)+ h'4)

=4+ (0.1) (0.05) = 4.005

3.  Eulersmethod y =22 | y(0)=1, y'(0)=1
y

+x
Wo.D=y=1+H01D1)=1.1
4, Euler’s method is

Yin = Vi T B (xp: i)
starting with x, =0, y,=1, we have the following table of values

Table 15.10: 2=0.2

_ X Mx)

0.2 14
04 1.992

0.6 2.9856

- ¥(0.6) = 2.9856 for h=0.2

Table 15.11: ~=0.1

x Hx)
0.1 1.2
0.2 1.444
0.3 1.7525
0.4 2.1596
0.5 2.7260
0.6 3.5691

= 0.6) = 3.5691 for h=0.1

5. Euler’s method gives

Ve = Vet hfxe, ¥ = v+ h(xe, yi)
=(1+h)y, +hx,

~ Starting with x, =0, y,=1, we obtain the following table of values.

147




Interpolation and Solution
of Differential Equations ; : Table 15.12: h=02
x w(x)
0.2 1.4
04 1.48
- 0.6 1.856
S )0.6) = 1.856 with =0.2

Table 15.13 s h=0.1

X »x)
0.1 1.1
0.2 1.22
0.3 1.362
0.4 1.5282
05 1.72102
0.6 - 1.943122

5o 0.6) = 1.943122 with h=0.1

Table 15.14 : h=0.05

x yx) x y(x)
0.05 -1.05 0.35 - 1.46420
0.10 1.105 0.40 1.55491
0.15 1.1625 0.45 1.65266
0.20 1.23101 0.50 1.75779
0.25 - 130256 | 0.55 1.87068
030 1.38019 0.60 1.99171

- 10.6) = 1.99171 with & =0.05
SAQ §

L =t G+ E)
| Starting with xo=0, y,=1, h=0.1
k=0.01
k,=0.010301

10.1)=1.0101505
Taking x, = 0.1 , y, = 1.0101505 , repeating the process, we get

k. = 00103040403

k; = 0.0181327468

10.2) = 1.020709158
2. k=02, k=0208
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»0.2) =0.204 Differential Equations

k, = 0.2083232, k, = 0.2340020843
»0.4) = 0.4251626422

Now the exact solution is y(x) = tan x .

Exact (0.4) = 0.422793219

Error in the method = 0.236 x 1072

3. Kk =0.05, k, =0.0825

¥0.1) = 1.06625
k =0.0833125, k,=0.117478125
»0.2) = 1.1666645313

4. k=05, k,=0.333333

k; =0.3235294118, ky =0.2258064516

»0.5) =1.33992199

5.  k=0.184416, k; = 0.16555904
| k= 0.1666904576, -k, =0.1421615268
10.4) = 03599794203

6. k=-0.005, k, =0.004853689024
ks =—0.0048544 , ks =—0.004715784587

W(4.2) =0.9951446726
Exact y(4.2) = 0.995145231

Error of the method is 0.559 x 107

7. k=01, k, = 0.09092913832

ks = 0.09049729525 , ky =0.08260717517

(1.1) =-0.909089993

k. =0.08264471138 , k= 0.07577035491

ks =0.07547152415,  k,=0.06942067502

W1.2) =-0.833331822
ki1 =0.06944457204, k, =0.06411104536

k3= 0.06389773475, ks =0.0591559551

Exact solution )(1.3) =—0.7692307692

Error of the method = 0.19816 x 107 140






