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14.1 INTRODUCTION - 
Differentiation of a functionAx) is a fundamental and a very important concept in 
calculus ; when the function Ax) is given in an explicit form, its derivatives 
j'(x), f '(x) ...... etc. can be easily calculated using the methods of calculus. For 
example, ifAx) = x2, we know,j'(x) = 2x, f '(x) = 2 and all derivatives greater than 2 
are zero. However, if the function is not defined explicitly, but we are given a table of 
values of f(x) corresponding to a set of values of x, then it is not possible to calculate 
the derivatives of the function by using calculus methods. In such situations, the need 
arises to develop methods of differentiation to obtain the derivatives of a given function 

F Ax), using the data available in the form of a table. The procedure of getting the value of 
the derivative of a function at some assigned value of x from the given data is known as 
Numerical Differentiation. The general method for deriving the numerical 
differentiation formulae makes use of the interpolating polynomials (refer earlier unit). 
The choice of the interpolating formula to be used depends as usual on the position of the 
point at which the value of dy/& is needed. If the values of the argument x are 
equispaced and we desire the derivative at a point near the beginning of the table, we use 
Newton's forward interpolation formula. On the other hand if dy/& is required close to 
the end of the table, we use Newton's backward interpolation formula. For points which 
are nearer the middle values of the table, dy/dx is computed by using central differences 
formulae - Stirling's formula or Bessel's formula. 

In case the values of x are not at equal length of the interval, we must express the 
function by Lagrange's formula or Newton's divided difference formula for obtaining the 
value of &/&. 
Having studied numerical differentiation, we also discuss in this unit numerical 
integration which is defined as the process of finding the value of a definite integral from 
a set of given numerical values of the integrand. This process when applied to evaluate 
an integral of a function of single variable is known as quadrature. 

The problem of numerical integration, like that of numerical differentiation, is solved by 
representing the integrand by an interpolation formula and then integrating it within the 
given limits to get an approximate value of the definite integral. Thus, different 
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of Differential Equation integration formulae can be obtained depending upon the type of the interpolation 

formula used. 

Objectives 

After studying this unit you should be able to 
explain the importance of numerical method over the calculus methods, 
use methods based on interpolation formulae to obtain the derivative of a 
function at off-step points, 

+ use the method of finite difference operators to derive differentiation 
formulae and use them obtain the derivative of a function at step points, 

+ use the interpolation formulas to obtain the maximum and minimum values 
of the tabulated function, 

+ use the method of interpolation to derive the general Newton-Cote's 
quadrature formula and thereby obtain the following integration formulas 
i) Trapezoidal rule 
ii) Simpson's 113'~ rule and Simpson's 318 rule 
iii) Weddle rule 

use the above rules to integrate functions represented in the form of table and 
find the errors of these rules, 
use Romberg scheme of integration to improve the accuracy of the results, 
and 
use Gauss-Legender Integration formula and Euler-Maclaurin formula to 
evaluate the integrals and also apply the latter formula to find the sum of 
series. 

14.2 METHOD BASED ON INTERPOLATION 

In these methods, given the values off(x) at a set of point x, , x, ,..., x, , the general 
approach for deriving numerical differentiation formulae is to obtain the unique 
interpolating polynomial P, (x) fitting the data. We then differentiate this polynomial q 
times (q 2 n), to get (x). The value P;)(X, ) then gives us the approximate value of 
f 'q) (xk) where xk may be a step point or an off-step point. We would like to point out 
here that even when the original data are known to be accurate, i.e. p, (xL) = f(xk), 
k = 0, 1, 2 ,..., n, yet the derivative values may differ considerably at these points. 
The approximations may further deteriorate while finding the values at off-step points or 
as the order of the derivative increases. However, these disadvantages are present in 
every numerical differentiation formula, as in general, one does not know whether the 
function representing a table of values has a derivative at every point or not. 

We shall first derive differentiation formulae for the derivatives using uniform nodal 
points. That is, when the difference between any two consecutive points is the same. 

14.2.1 Newton's Forward Difference Interpolation 

Consider Newton's forward difference formula 

X - Xo 
where p = - 

h 

Differentiating (1 4.1) with respect top, we get 
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I Formula (14.4) gives the value of dy/dx at any point x, which is an off-step value. If x 
happens to be any nodal value in the table, then from (14.2),p will be a definite value and 
the formula (14.4) will take a simpler form. As a particular case, if x =xo, thenp = 0 and 
(1 4.4) can be written as 

Differentiating (14.4) further w.r.t. x, we get 

As a particular case, = 0, in (14.6) and (14.7), we get 

Proceeding on similar lines, the derivatives of higher order can be computed. 

14.2.2 Newton's Backward Difference Interpolation 
Consider Newton's backward difference formula 

Differentiating (14.10) w.r.t. p ,  we get 
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of Differential Equation Now 

Equation (14.13) gives the value of dy/dx at any point x in the interval which is a 

non-nodal or an off-step value. If x is, however any nodal value of the table, the formula 

(14.13) will reduce.into a simpler form. 

Differentiating (14.13) successively, the higher order derivatives are given by 

Puttingp = 0 in (14.13), (14.14) and (14.15), we get 

1 1 3  = - Vy, + - v 2 y ,  + - V  y, + . . a  21x=x" A ( 2 3 1 

Proceeding on similar lines, we can compute higher derivatives at x = x,. 

14.2.3 Central Differences - Stirling's Formula 
Consider the Stirling's formula 

x-xo d y  dy d p - l d y  where p = -and- = -.- - -- 
h dx dp dx  h dp 

Differentiating (14.19) w.r.t x, we have 

+ p ~ 2 y - ,  + 
d x  h d p  h 6 11 
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and Integration 

Differentiating once again the second derivative is given by 

At the point x = xo, p = 0 and therefore (14.20) and (14.21) can be written as 

Note : The use of Newton's Divided Difference to compute the derivative of the function 
is illustrated later in the worked Exam~:e 14.8. 

Example 14.1 
Find the first and second derivatives of f(x) at x = 1.1 from the following tabulated 
values 

x : 1 .O 1.2 1.4 1.6 1.8 2.0 

Ax) : 0.0000 0.1280 0.5440 1.2960 2.4320 4.0000 
Solution 

Since we have to find the derivative at x = 1 .1, we shall use the forward difference 
formula. The forward differences for the given data are given in Table14.1. 

Table 14.1 

Substituting the value o f p  in (14.4), we get 
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1 
= -[0.1280 - = 5 [0.128 - 0.002) = 0.63 

0.2 6 
1 

Substituting the values ofp, h and various differences in (14.6), we get 

. . = 0.63 and- d 2 y  = 6.6 
h2 x=l.l 

Note : If we construct an interpolating polynomial p(x) from the difference table, 
we find thatp(x) = x3 - 3x + 2. Also f (1.1) = 0.63 andj"(l.1) = 6.6. The values 
obtained from this equation and those calculated above have to be the same as the 
interpolating polynomial is unique. 

Example 14.2 

Find f '  (x) at x = 0.4 from the following table of values given below. 

x : 0.1 0.2 0.3 0.4 

f(x) : . 1.10517 1.22140 1.34986 1.49182 

Solution 

Since it is desired to find the derivative at the end point, we will use the backward 
difference formula. The backward difference table for the given data is given by 

Table 14.2 

Sincex, = 0.4, h =  O.l,x= 0.4, we get 

Substituting the value of p in 14.16, we get 



Example 14.3 
Find the first and the second derivatives of f(x) at x = 0.04 from the table given 
below : 

x : 0.01 0.02 0.03 0.04 0.05 0.06 

Ax)  : 0.1023 0.1047 0.1071 0.1096 0.1 122 0.1 148 

Numerical Differentiation 
and Integration 

Solution 
Since x = 0.04 lies almost near the mid value of the table, we assume xo = 0.04 as 
the value to start with. The Central difference table for the given data is given in 
Table 14.3. 

Table 14.3 

P X  f ( x )  Af(x> ~ ~ f ( x )  A3f(x)  A4f (x )  A5 f ( x )  
-3 0.01 0.1023 

0.0024 

-2 0.02 0.1047 0.0000 

0.0024 0.0001 

-1 0.03 0.1071 0.0001 -0.0001 

0.0025 0.0000 0.0000 

0 0.04 0.1096 0.0001 -0.0001 

0.0026 -0.0001 

1 0.05 0.1 122 0.0000 

0.0026 

2 0.06 0.1 148 

Since xo = 0.04, h = 0.01, x = 0 . 0 4 , ~  = 0. Substituting the values o f p  and h in 
formulae (14.22) and (14.23), we get 

Example 14.4 

Find the first and the second derivatives of the function tabulated below, at the 
I point x = 0.6 

x : 0.4 0.5 0.6 0.7 0.8 

I y =Ax)  : 1.5836494 1.7974426 2.0442376 2.3275054 2.65 1081 8 
I 

I Solution 
I 

Taking the origin at 0.6 which is the central value of the data, the central difference 
I 

table for the given data is given as follows: 
I 

I 



Interpolation and Solution 
of Differential Equation Table 14.4 

The Gauss's forward formula can be wtitten as 

Differentiating (1) w.r.t. x,  we get 

' Now 

= 1 O(0.2832678 - 0.01 82364 - 0.0006393 + 0.0000304) = 2.644225 

Similarly 

Note: The function fiom which the above table is obtained is y = 2 8  - x - 1 

Hence - Cfy = 2eX - 1, - d 2 ~  = 2ex 
ak d i 2  



dv d 2 y  At x = 0.6 ; - = 2.644238 and - = 3.644238 
dx dx2 

These are the correct values of the first and the second derivatives. The values calculated 
by numerical differentiation are therefore correct upto four significant figures in both the 
cases. 

Now let us consider the case of non-uniform nodal points, i.e. when the difference \ 
between any two consecutive points is not the same. 

Non-uniform Nodal Points 

Let the data (xk, fk), k = 0, 1, ..., n be given at (n + 1) points where the step length 
xi - xi-, may not be uniform. 

We have seen earlier that the Lagrange's interpolating polynomial fitting the data (xk,h), 
k =  0, 1, ..., n is givenby 

where Lk (x) are the fundamental Lagrange polynomials given by 

The error of interpolation is given by 

E n  (x) = f (x) - Pn (x) = n(x) 
(n + 1) ! 

(a),xo < a < Xn 

Differentiating Pn (x) w.r.t x, we obtain 

and the error is given by 

1 
E: (x) = - n' (x) f "+" (a )  + n(x) (f ("+') (a))') 

(n + I)! 

Since in Eqn.(14.29), the function a(x) is not known in the second term on the right hand 
side, we cannot evaluate E ~ X )  directly. However, since at a nodal point xk, n(xk) = 0, we 
obtain 

If we want to obtain the differentiation formulae for any higher order, say 9th (1 I q I n) 
order derivative, then we differentiate P,, (x), q times and get 

Numerical Differentiation 
and Integration 



Interpolation and Solution 
of Differential Equation Similarly, the error term is obtained by differentiating E,(x), q times. 

Let us consider the following examples. 

Example 14.5 

Find f r  (x)  and the error of approximation using Lagrange interpolation for the 
datea(xk,f,), k = 0, 1. 

Solution 

We know that Pl(x) = Lo(x)fo + LI (x)J 

X - X 1  X - X 1  where = and L, ( x )  = 
X o  - X1 X1 - X o  

Now, 
pl' ( x )  = L;, ( x ) f  0 + L; ( x )  f ,  

and 1 
L;, ( x )  = - 1 , Li(x)=- 

X o  - X1 X1  - X o  

(xo - X I  (XI - xo 
E' ( x o )  = f n  ( a )  a d E' (x , )=  

2  1 2  
f ( a ) ,  X O  < a < X I  

where, 

Example 14.6 
~ i n d  f  ' (x)  and f f f  (x)  givenfo, fi, 
interpolation. 

Hence, f  ' ( x )  = P,)(x) = LA ( x )  fo + L( ( x )  f l  + L; ( x )  f2 

And 

fi at XO, X I ,  x2 respectively, using the Lagrange 

f pzrr ( x )  = L ; ( x )  f o  + L,"(x) f, + L ; ( x )  f 2  

- - 2fo + 2 f  1 + 2 f  2 

( ~ 0 - ~ 1 ) ( ~ 0 - ~ 2 )  ( x 1 - x o ) ( x 1 - ~ 2 )  (x2 - xo ) ( ~ 2  - x,  

Solution 

By Lagrange's interpolation fo 



Example 14.7 
Numerical Differentiation 
and Integration 

Given the following values offix) = In x, find the approximate value of f  '(2.0) 
and f '  ( 2.0). Also find the errors of approximations. 

x 2.0 2.2 2.6 

J?x> 0.693 15 0.78846 0.95551 
Solution 

Using the Lagrange's interpolation formula, we have 

:. we get 

The exact value o f f '  ( 2.0) = 0.5 
Error is given by 

1 
E; (xo) = - ( xo  - x l ) (x ,  - x,) f 7 2 . 0 )  

6 

1 
=-(2.0 - 2.2)(2.O -2.6)(-0.25) = -0.005 

Similarly, 
6 

- - 

= - 0.19642 

The exact value o f f "  (2.0) = -0.25. 

Error is given by 

= - 0.06917 

Example 14.8 

The following data gives the values of x and f (x). Find the derivative off (x) at 

x = 5. 

x : o  2 3 4 7 9 

f ( 4  : 4 2 6 58 112 466 922 
Solution 

Since the values of x are not equi-spaced, we will discuss the solution by using 
Newtoh's divided difference forinula. The divided difference table is as follows : 
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of Differential Equation Table 14.5. 

It is clear from the table that third differences are constant. 
Newton's divided difference interpolation formula is given by 

f(x> = Axo) + (x - xo) Axe, x,) + (x - XO) (x - XI) J(XO, 1 1 ,  x2 ) + (x - xo) 
+(x - XI)(X - ~ 2 )  AXO, XI , x2 , ~ 3 )  (1) 

Here xo = O ,  xl = 2, xz = 3 ,  Jpxo)= 4 ,  Axo, XI) = 11, %,XI, ~ 2 )  = 7 

and fro, XI, xz,'xs) = 1. 

Inserting the appropriate values from above in (I), we get 

This is the third degree polynomial interpolating the above data. Differentiating (2) 
w.r.t x, we get 

f ' (x>=3x2 + 4 x  + 3 

Example 14.9 

Using Bessel's formula, find f '(7.5) from the following table : 

x : 7.47, 7.48 '7 .49  7.50 7.51 7.52 7.53 

A x ) :  0.193 0.195 0.198. 0.201 0.203 0.206 0.208 

Solution 

Bessel's'formula for central differences is given by 
/ . \ 



Differentiating w.r.t. p, we get 

X - Xo Here p = -- 
h 

Atx = 7.5, xo = 7.5 , p  = 0. Putting p = 0 , we get 

The central difference table with xo = 7.5 gives Ayo = 0.002 ; A2 = 0.001 ; 

A2y-l= -0.001 ; ~ ~ y - l = 0 . 0 0 2 ; ~ ~ ~ - ~ = 0 . 0 0 3 ;  A ~ ~ - ~ = - O . O O ~ .  

Substituting these values, we get 

1 + - (-0.004 + 0.003) 
24 

= 0.212 

Example 14.10 

The following table gives the values of x andAx) 

x : 3 5 11 27 34 

AX): -13 23 899 17315 35606 
P 

find f '  (lo). 

b Solution 
Since the values of x are not at equal length of the interval, we use Newton's 
divided difference formula. The divided difference table is given by 

Table 14.6 

Numerical Differentiation 
and Integration 

. I 
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I As the fifth differences are zero, Newton's divided difference formula is given by 

+(x - ~ o ) ( x  - - ~ I ) ( x  -x2) f(x0, XI, X2, x3) 

+ ( x - x O ) ( ~ - X I ) ( X - X ~ ) ( X - X ~ )  f(x0, XI,X2,X3,X4) 

Differentiating w.r.t x, we get 

-(xOxIx2 + XOX2X3 +XOXIX3 +xIxZx3) ] f('0, X1, '2, '3, '4) 

Inserting xo = 3 ,  xl = 5 ,  x2 = 11 ,  x3 = 27 ,  and x = 10, weget 

f '  (10) = 18 + 12 x 16 + 23 x 0.998 - 426 x 0.0002 = 232.869 

In finding the derivatives of a function by the methods of interpolation, we derived a 
number of numerical differential formulae from interpolating polynomials fitting the 
data. These formulae which involve lengthy calculations gave derivatives of the 
function both at a step point as also on off-step point. Suppose it is required to find 
the derivative of a function only at a step point also known as a nodal point, then we can 
use simpler methods involving finite difference operators to obtain differentiation 
formulae. In the section below, we illustrate the application finite difference operators. 

14.3 METHOD BASED ON FINITE DIFFERENCE 
OPERATORS 

Recall that in the earlier unit, we introduced the finite difference operators E, V, A, p and 
6. There we also gave the relations among various operators namely 

1 E = I + A = ( ~ - v ) - ,  

In order to construct the numerical differentiation formulae using these operators, we 
shall first derive relations between the differential operator D where DAx) = f '(x), and the 
various difference operators. 

By Taylor series, we have 

= ehD f (x) 

Since, Ef (x) = f( x + h) we obtain from Eqn.(14.32), the identity 
E = ehD 

which gives the relations 



We can relate D with 6 as follows : 

1 1 
We know that g = E? - E-5. Using identity (14.33), we can write 

Hence, 6 = 2 sin h($) 

or hD = 2 sin h-' (:) 
(14.36) 

Similarly CL = COS h - ("1 
We also have p6 = sinh (hD ) or hD = sinh -' ( p 6  ) 

6 
and p2 = c o s h 2 ( $ ] = 1 + s i n h 2 ( ~ ) = 1 + -  4 

Using the Maclaurin's expansion of sinh-'x, in relation (14.36), we can express hD as an 

6 
infinite series in - . Thus, we have 

2 

Notice that this formula involves off-step points when operated onflx). The formula 
involving only the step points can be obtained by using the relation (14.38), i.e., 

Using the relation (14.39) in Eqn. (14.41), we obtain 

Nun 
end 

merical 
Integr 

Thus, Eqns. (14.34), (14.35), (14.40) and (14.41) give us the relations between hD and 
various difference operators. Let us see how we can use these relations to derive 

numerical differentiation formulae for f (x,), f ( x , )  etc. 
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We first derive formulae for f;  . From Eqn. (14.35), we get 

Thus forward difference formulae of O(h), 0(h2), 0(h3) and 0(h4) can be obtained by 
retaining respectively l ,2 ,3  and 4 terms of the relation (14.34) as follows : 

O(h) method : hf; = fk+, - fk (1 4.43) 

1 
0(h2)  method : hfi = - (- fk+, + 4 fk+, - 3 f k )  

2 
(14.44) 

1 
0(h3) method : hf; = - (2  fk+3 - 9 fk+2 + 18 fk+, - 1 1 f k )  

6 (14.45) 

TE of the formula (14.43) is 

and that of formula (1 4.44) is 

Similarly the TE of formulae (14.45) and (14.46) can be calculated. Backward difference 
formula of O(h), 0(h2), 0(h3) and 0(h4) for fkcan be obtained in the same way by using 
the equality (14.35) and retaining 1,2,3 or 4 terms, We are leaving it as an exercise for 
you to derive these formulae. 

Central difference formulae for f ;  can be obtained by using the relation (14.42), i.e., 

Note that relation (1 4.42) will give us methods of 0(h2) and 0(h4), on retaining 1 and 2 
terms, 

1 
0 ( h 2 )  method : hf '  - - ( fk+, - fk-,) 

k - 2  
(14.49) 

1 
o (h4)  method : hf' - - (-fk-, + 8fk-1 + 8fk+, + fk+,) 

- 12 (14.50) 

We now illustrate these methods through an example. 

Example 14.1 1 
Given the following table of values offix) = ex, find f '(0.2) using formulae 
( 1  4.43), (14.44), (14.49) and (14.50). 

x : 0.0 0.1 0.2 0.3 0.4 

Ax): 1.000000 1 .lo5171 1.221403 1.349859 1.491 825 



Solution 
Here h = 0.1 and exact value of ex at x = 0.2 is 1.221402758. 

Using (1 4.43) f '(0.2) = f (0-3) - f (0.2) 
0.1 

h " 1 
TE = -- f (0.2) = --e0.2 = -0.061070 

2 2 

Actual error = 1.221402758 - 1.28456 = - 0.063 157 

1 
Using (14.44), f '(0.2) = - [- f (0.4) + 4 f (0.3) - 3f(0.2)] = 1.21701 

0.2 

Actual error = 0.004393 

Actual error = - 0.002037 

Using (1 4.50), 

Actual error = 0.3591 x 

Numerical differentiation formulae for f / can be obtained by considering 

Numerical Differentiatia 
and lntegration 

64 66 - 6 2 - + - -  
(14.53) 

- . . . 
12 90 

We can write the forward difference methods of O(h), o(#), 0(h3) and 0(h4) for f 'Ik 
by using Eqn. (14.5 1) and retaining l ,2 ,3  and 4 terms as follows : 

O(h) method : h2fi = fk+2 - 2 f ~ + ,  + f k  (14.54) 
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Solution 
uation 1 

0(h3) method: h2 f; = - (1 lfk+, - 56fk+, + 114fk+2 - lo4fk+1 + 35fk) (14.56) 12 

(14.57) 
Backward difference formulae can be written in the same way by using Eqn. 

(14.52). Central difference formulae of 0(h2) and 0(h4) for f kll are obtained by 
using Eqn.(14.53) and retaining 1 or 2 terms in the form : 

1 
0(h4) method: h2f,' = --(-fk-, + 16fk-1 - 30fk + 16fk+, - fk+2) (14.59) 12 

Let us consider an example. 

Example 14.12 
For the table of values ofAx) = ex, given in Example 14.11, find f "  (0.2) using the 
formulae (14.58) and (14.59). 

Solution 
Using (14.58), 

L 1 L 

Actual error = -0.0009972 

Using Eqn. (14.59), 

Actual error = 0.27758 x lo4 

Maximum and Minimum Value of a Tabulated Function 

We know from calculus that the maximam or minimum value of a function y = Ax) is 
obtained by equaling the first deriydive dy/& to zero and solving the resulting equation 
for x. The same logic applies to'finding the maximum or minimum value of a tabulated 
function. We computdfe various differences from the given table, insert them in the 
appropriate in lqda t ion  formula, find the first derivative of this formula and put it equal 
tozero and solve forp. The value of x then is found from x = xo + ph. 

By the same definition, we can also find the maximum or minimum value of a function 
by setting equal to zero the first derivative of Lagrange's formula. 

Example 14.13 

From the following table, find the value of x for which y is minimum and find this 
value of y . 



Solution 

The forward difference table is 

Table 14.6 

Takingxo = 3 ,  h = 1 , yo = 0.205, Aye = 0.035, = -0.016 and A ~ ~ ~ =  0, 
and substituting in Newton's forward difference formula, we get 

Differentiating ( I )  w.r.t p, we have 

dv For y to have the minimumvalue, we put - =O. This gives 
dp 

Hence y will have minimum-values for values of x = 5.6875 

Putting the value o f p  = 2.6875 in Newton's formula, the minimum value ofy is 
given by 

L 

= 0.2628 
And now the following exercises for you 

SAQ I 

I )  'Thc positionAx) of a particle moving in a line at various times xk is given in the 
following table. Estimate the velocity and acceleration of the particle at x = 1.5 and 
3.5 
x : o  1 2 3 4 

,Kx) : -25 -9 0 7 15 

3) Construct a difference table for the following data 
x : 1.3 1.5 1.7 1.9 2.1 2.3 2.5 
Ax) : 3.669 4.482 5.474 6.686 8.156 9.974 12.182 

Numerial Differentiation 
and Integration 
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/ 4 ;,kiiig h z; 0.2 , c~rr.ll?ilte " ( 1 .$i ai.ri> ,,!L, L L , ~ . . : ~  11 ,A:<: =. P" ~ r , .-.,. i~ 
- . .  .i i ) 

? \ ... . 
3 )  prc]~; th,:; f > ~ [ ~ > ~ ~ ~ j ~ - : ~  cj[\,;2iLic:~ j j !?<i  $ - ( ( > . [ j )  : is;n+: ail < j ~ : ~ l ' ~  f c ~ , ~ - t r ; ~ ~ ~ : ~  a ;> t j  ,;Ir (fi.3:\ 

using an O(I:') fbnnula. 

.v . 6.0 6.1 5.2 :>.z 6.4 , , 

? T ?a<? . (1. ~'15a) -- I - ',. -. i\ .,,&-.-.I 7 .-; 4 - .- {; ?.:.':? .* - ....i;. 2 5 9 6 

5 )  Use I,agrarage's i~lterpctlritiori:.> ii2d.f ix;! a n d f ' ,  uj ,r = 2,5 . 5.0 fr:m ;he 
fo l lov~~i~y  table 

,I: : 1 A. '2 .: 

i i 3 1 . - f i x : > :  i i G l-.ir. ..: 1 . 

r-- 
6) Find the f i r s t  and seconcl derivatives of ,> .-,- dt .y - ; 5 fi~!jl the t&jc 

8) I n  a certain machine a slide-r ??SOMI~S il;lo??g 8 lixed straight rod. Its distance x crn 
alotig the rod is given by the h!iau~irrg: t~ahle tr.r \:::ri;):ts \-aiiies of  the rime f seconds: 

rind the velocity of the slider and also its acceier.aiic:~n at time i - 0.3 seconds. 

Also find x fs.r w111ch y is martin,:lm ai?d !i!d rhrs i alue o f  j. . 

10) The tbllowing table gives !!le values o ix  22 ,I). flnd the value of x for which y is 
ninitnum and find this valuc of ?.. 

.r : 0.60 !!55 iipyj,; 0. .7 :: 
y : 0.6221 0.6155 0.6158 0.6!70 

1 I )  The elevation above a datum iine of seven points of roads 300 units apart, are 135 . 
149, 157, 183, 201, 205, 193 units. Find the gradient of the road at  the middle point. 



? 
14.4 NUMERICAL INTEGRATION 
In the section below, we shall derive the most general quadrature formula using Newton's 
forward interpolation formula as the integrand. 

14.4.1 Newton - Cote's Quadrature Formula 

Given a set of (n + 1) values of x and y , i.e. (xo , yo) , (x, , y,) ,..., (x, , y,) of a function 
y =fix) where Ax) is not explicitly known and we are required to evaluate the definite 

15 integral 

b Let the interval of integration ( a ,  b) be divided into n equal sub-intervals with (n + 1) 
, ordinates corresponding to (n +i  ) arguments. Let a = xo < x, + h < xo + 2h < .. .. .. 

< x, + nh = b so that any x in the interval is given by x = xo + ph and 
= hdp. 

Approximating y by Newton's forward interpolation formula, we get 
I 

Replacing ch by hdp, changing the limits in terms ofp, we obtain 

Performing the desired integration and substituting the limits, we obtain 

(14.63) is known as Newton - Cote's quadrature formula. 
From this general formula, &e can obtain a variety of important quadrature formulae viz. 
Trapezoidal rule, Simpson's 113 rule, Simpson's 318 rule etc. ; by setting n = 1, 2, 3 
respectively. It may be remarked here that the formulae obtained by putting n = 1,2 and 
6 are found to be of very good accuracy for use in practical problems. 

14.4.2 Trapezoidal Rule 

Putting n = 1 in (14.63) meaning thereby that the interval of integration extends only to 
one sub-interval from xo to xo + h and there are only two functional values of y namely 
yo and y,. Approximating the curve passing through these two points by a straight line, 
i.e. a polytainial af degree one, so that the differences higher than the first will be zero, 
we obtain 

For the next interval (xo + h, xo + 2h), we get 

Numerical Differentiation 
and Integration 
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P 
= ~ ( Y I  + Y2) (14.65) 

Proceeding on similar lines, value of the integral for the last interval (x,.;, xu) will be 
given by 

Adding all such expressions, as given in (14.64), (14.65) and (14.66), we obtain 

(14.67) is known as Trapezoidal rule. 

Geometrically this rule signifies that the curve y = Ax) is approximated by n straight 
lines joining the points (xo , yo) , (XI , Y 1) ; (XI , yl) , (xz , YZ) ; ... ; (xn-I , Yn-I) and 
(xu, y,J. It also establishes the fact that the area bounded by the curve y = Ax), the two 
ordinates x = xo and x = xu and the x - axis is approximately equal to the sum of n 
trapeziums (Figure 14.1). 

We can remember this formula as 

(3 [First ordinate + last ordinate + 2 (sum of the remaining ordinates)] 

14.4.3 Simpson's 113 - Rule 

This rule is obtained by putting n = 2. This means that the interval of integration extends 
from x, to x2 and so there are only three ordinates yo , y, , and y, in this interval. 
Hence with only three values, the differences above the second will all be zero. We then 
have from (14.63) 

$ yd* = h 2yo + 2 A y o  + -  (5 - 2) A2 yo] 
2 3 



Similarly for the next interval with three ordinates fiom x2 to x,, we get 

and fmally for the last interval of three ordinates, narnelyyP2 , y,,, y,, we obtain 

Adding all such expressions from xo to x,, where n is even, we obtain 

Formula (14.70) is known as Simpson's 113 - Rule. 

It is important to note that while using this rule the interval of integration must be divided 
into even number of sub-intervals each of width h, so that there are odd number of 
ordinates. This rule is also called a closed formula for the simple reason that the end 
ordinates are also included in the formula. We can remember this formula as 

[First ordinate + last ordinate + 2 (sum of even ordinates) + 4(sum of the (a) remaining odd ordinates] 

14.4.4 Simpson's 318 - Rule 

Putting n = 3 in (14.63), we find that with three sub-divisions or four points, we will 
have a polynomial of degree three. Neglecting all differences above the third, we get 

3h 
= -(YO + ~ Y I  + 3 ~ 2  + Y3 ) 

8 
Similarly 

3h y& = - (y, + 3y4 + 3y, + y,) andsoon. 
8 

Summing up all such expressions, we get 

Numer id  DiiTwentiation 
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Formula (14.71) is known as Simpson's 318 - Rule. It is important to note that while 
applying this rule, the number of sub-divisions should be taken as multiple of 3. 

14.4.5 Weddle's Rule 

Putting n = 6 in (14.63) and ignoring all differences above the sixth, we get 
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4 1 3 
In the above relation, the coefficient of A~ yo, i.e. - differs from - by a small 

1 4 1 3 140 10 
fraction -. Hence if we replace - by 10, we are committing an error of 
h 6 

40 140 
A yo. If h is chosen sucli that the sixth differences are small, this error becomes 
140 4 1 3 
negligible and can be ignored. We therefore replace - by - as the coefficient of 

140 10 
YO. 

3 h  (yo +5y, + y ,  +6y3 +y4 + 5 ~ 5  + Y , )  :. !2 ydx = - 
10 

For the next set of seven ordinates, we get 

Adding all such expressions, we obtain the value of the integral from xo to x, as 

+ (y, + 5y, + y8 + 6 ~ 9  + YIO + 5 ~ 1 1 +  ~ 1 2 ) +  1 (14.72) 

The formula (14.72) is known as Weddle's Rule. It must be noted that n should be 
taken as a multiple of 6. 

Applications of Simpson's Rule 

It is appropriate to mention that Simpson's rule has a number of applications in practical 
problems. If the y - values, i.e. the ordinates denote the velocities of the body at equal 
interval of time, then Simpson's rule gives the distance covered during the time. If the 
ordinate values pertain to equi-spaced cross-sectional areas, then this rule provides the 
volume of the solid. Problems of computing the volume of revolution of areas as also the 
moment of inertia of the areas can also be solved with the help of this rule. 

This rule finds use to a number of civil engineering problems. Problems relating to the 
calculation of the amount of earth which is to be moved to make a level highway, make a 
dam or the earth needed to fill a depression are some of the areas of application. On the 
basis of surveys and contour maps, profiles of the earth level along different sections are 
made and the average height is calculated by Simpson's 113 rd rule upto the desired 
level. From the information so gathered it becomes easy to complete the total volume of 
the earth to be moved. 

Example 14.14 

Compute the value of the integral 

s'l(ex + sin x - log x) i!x BY 
0.2 

(i) Trapezoidal rule (ii) Simpson's 1/3 - rule 

(iii) Weddle's rule. 



Numc 
Integ! 

!rica1 D 
ration 

Solution 

1.4 - 0.2 
We divide the interval of integration into six equal of width = 0.2 . 

6 

The values of the function A x )  = ex + sin x - log x are given at equal length 
of the interval in the table below 

x : 0.2 0.4 0.6 0.8 1 .O 1.2 1.4 

Ax): 1.92386 1.896746 2.0544 2.33641 2.73573 3.26187 3.93350 

i) By Trapezoidal Rule 

ii) By Simpson's 113 - Rule 

iii) By Weddle's Rule 

The actual value of the integral is 

The error in the trapezoidal rule = 4.05095 - 4.07152 = - 0.02057 
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The error in Simpson's 113 - rule is 4.05095 - 4.05214 = - 0.001 19. 

The error in Weddle's rule is 4.05095 - 4.05 15 1 = - 0.00056 . 

Thus, we find that Weddle's rule is more accurate than Simpson's rule and Simpson's 
rule is better than Trapezoidal rule. 

Example 14.15 
A body is in the form of a solid of revolution. The diameter D in cms. of its 
sections at distances x cm. fiom one end are given below. Estimate the volume of 
the solid. 

x : 0 2.5 5.0 7.5 10.0 12.5 15.0 

D : 5 5.5 6.0 6.75 6.25 5.5 4.0 

Solution 

Here h = 2.5 . Since the body is rotating, the volume of the solid generated is 
given by 

Example 14.16 

A roc~et  is launched from the ground. Its acceleration is registered during the first 
80 seconds and is given in the table below. Using Simpson's 113 - rule, find the 
velocity of the rocket at t = 80 seconds. 

Solution 

Here h = 10 sec . y? = 30.0 , y* = 50.67. Using Simpson's 113 - rule the 
velocity of the roctb, a given by 

=-  lo x 925.83 = 3086.1 cmhec. 
3 

Example 14.17 

A curve is drawn to pass through the points which are given in the following 
table : 



The x - coordinate of the C.G of the area bounded by the curve, the end ordinates 

and the x - axis is given by A x = xydr, where A denotes the area. Find the 
- 

value of . Find also 
f 

i) y - coordinate of C.G of the area, 

ii) the volume of revolution of the area about ox, and 

iii) the radius of gyration of the area about ox . 
Solution 

The area OABO = 
$ y k  

-- 

Volume of revolution about OX = f n y 2  

Let P(x, y) be any point on the curve and PQ an elementary strip of width dx. If p is 
assumed to be the density, then the mass of the strip is 

I Y&.P 

:. ~ o t a l  mass = jo6 P Y ~  

The coordinates of the centre of gravity are located at the mid-point of the strip and are 

given by (.x , :) , if (i, J )  are the coordinates of the C.G of the area, then 

PQ can be taken as a uniform rod of length y. Hence its movement of inertia about the 

x - axis is given by 

1 1 
= - (mass of therod) x pQ2 = - .pydx.y2 

3 3 

:. Moment of inertia of the whole area = - 
3 

If k is taken as the radius of gyration, then , 

N u m e r h l  Differcntirthm and 
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f $ y3dx % y3dx 2 Moment of inertia - 3 
k = - - - 3 

Mass 
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' To evaluate the various integrals that have appeared in different formulae above, we 
prepare the following table. The area of the curve is computed using Simpson's 1/3 - 
rule. 

Table 14.7 

X Y xy Y2 Y3 

1 
a) Area under the curve = - [0 + 1.5 + 4(2.0 + 2.3 + 1.7) + 2(2.5 + 2.0)] 

3 
1 

= - (1.5 + 24 + 9) = 11.5 units 
3 

b) C.G of the area is calculated as follows : 

1 
Again f Y2& = - [ O  + 2.25 + 4 (4.0 + 5.29 + 2.89) + 2(6.25 + 4.0)) 

3 

C) Volume of revolution = n $ y2 dx = 3.14 x 23.82 

= 74.7948 cub.units 

d) Radius of gyration : 

1 $ y3 & = - [3.375 + 4(8.0+12.167+4.913)+2(15.625+8.00)1_ 
3 

1 50.315 
The radius of gyration kZ = - x - = 1.4584 

' 

3 11.5 
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14.5 ERRORS IN QUADRATURE FORMULAE Integration 

The error in the quadrature formula is given by 

where +(x) is a polynomial representing the hnctiony =fix) in the interval (a, b) 

i) Error in the Trapezoidal Formula 

Let y =Ax) be continuous and possess continuous derivatives in the interval 
(xo , xi). Expanding y by Taylor's series around the point xo, we get 

where yi , y," , ... are the first, second ... derivatives o fy  at x = xo . 

Integrating (14.73) over the interval (xo , x,), we get 

Also EChyd, = area of the trapeziumin the interval (xo . x, g h) 

1 
= -h(yo +Y, )  = A1 (say) 2 

Putting x = xo + h and y = y, in (14.73), we obtain 

Inserting this value ofyl  in (14.75)' we get 

.. the error in the interval (xo, xo + h) from (14.74) and (14.76) is given by 

h3 i.e. the principal part of the error in the interval (xo , xo + h) is given by - - 
12 Y ;  

Similarly, the principal part of the error in the next interval (XI , x2) is given 

h3 
by -- y; , where y; is the value of the second derivative ofy at 

12 



. 1 ,  . I 
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ii) 

x = XI-Summing all these errors, the total error E of the formula is given by 

h3 E =--  
12 

(yo" + ~f + ...+Yn"-1) 

n n 
Assuming that ya (5)  is the largest of the n quantities yo , y, , ..., y,"-, , 

we obtain 
nh3 

E < - -  yn (5)  12 

i.e., E i - - - - - -  (b  - a) h2 yr (5) where h = - 
12 n 

:. the error in the trapezoidal formula is of the order of h2, 

Error in the Simpson's 113 - Rule 

Expanding the function y =Ax) by Taylor's series about the point x = xo and 
integrating this series over the double strip (xo , X Z ) ,  we obtain 

x0+2h 

Qh=I xo [ 
4h2 8h3 16h4 m 32hS r r r r  

= 2hyo +-yo + -yo" +ql Y O  +T yo + .... (14.78) 
2 ! 3! 

s h2 r h3 n 

= yoh + 7 Yo + Yo +..- 

,~SO area A, of the double strip over the interval (xo , xo + 2h) by Simpson's 113 - 
a le  is given by 

h 
A1 =- (YO + 4 ~ 1  + Y2) 

3 

Putting x = xo + h, and y = y, ; and x = xo + 2h, y = y, successively in Taylor's 
series we obtain 

r h2 a h3 m 
y, = y o  + hyo + - y o  +-yo + ... 

2! 3! 

4h2 8h3 m 

and Y2 =yo +2hy, +?YO yo +... 

Substituting these values of yl and y2 in (14.79) , we get 

r h2 n h3 n h4 rrrr 
+-Yo +-Yo A,= - Yo + 4 Yo+ hY0 + % Y O  3 !  

+ ..) 
3 h [  [ 4 ! 

4 h2 8h3 ' n  16h4 rrrr 
yo+2hy i  + - Y: +I +T Yo 2 !  + ...)I 

r 4 h3 r 2 h4 m 5 h5 rrrr 
= 2hy0  + 2 h 2 y 0  + - Yo +? Yo +F yo + ... 

3 (14.80) 

Using (14.78) and (14.80), the error El of the Simpson's 113 -Rule in the interval 
(x,, x,) is given by I 
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i.e., the principal part of the error in the interval (x0, x2) 

Similarly, the principal part of the error in the interval (x2 , x4) is 

- h5 - - - y;rrr 
90 and so on. 

Summing up all these errors, the total error E of the formula is given by 

rrrr 1 1 1 1  1111  1 1 1 1  

Assuming that y (5) is the largest of each one of yo , y2 ,..., Y2.-, , 
we obtain 

i.e., the error of Simpson's 113 - Formula is of the order of h4. 

iii) In the case of Simpson's 318 - Rule, the dominant term of the error of the formula 
for the interval (xo , x3) is given as 

iv) Error in Weddle's Rule : In this formula, the dominant error of the formula in 
the interval (xo, xg) is 

h7 r r r r  -- 
140 Yo . 

The calculation of errors in the last two cases are left to the students as an exercise. 

dx 
i , tva lua t~ :  j~ , using 

i )  Trapezoidal ruie, ii) Simpson's 1!3 rd rule. iii) Simpson's 3 i8  rule, 

i b )  Weddle rule. Compare the results with its actual value. 

1 b x  
I !  Eva!ilate jo , using 

i )  Slmpson's 1/3 rule by taking h = % 

ii) Simpson's 3 i8  rule by taking h = lib. 

Hencc conrpute arl anproximate value of x i l l  each case . 
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of Dilferential Equation 3) Using the trapezoidal rule, evaluate 1 Y from the bllowing dn:a : 

4) Using Simpson's rule, evaluate sin ' :r J X  from the fol!owing data : 1 
x : O  x14 n/2 3xi4 TI 

s i n s  : 0.0 0.7071 1.0 0.7'37! 0.0 

5 )  Find an approximate \.due of log,.s Is). calcillating to 4 decinlal places b) 

Simpson's rule the ii~tegral divide tlie range into 10 eyua! parts. 

6) E\.aluate e IJx  b) Simpsonas rule, gn'en that t 
Corngare the approximate value w'ith the exact resalt. 

7) Apply Simpson's rule to evaluate to two decimal places by 

dividing the range into 4 equal parts. 

8) Obtain the approximate kalue of log,2 b>- ~01nputl11g b;: Simpsorr's rule 

dx by dividing the interval of integration into eight equal parts. 
10 I +  x 
Compare the approxilnate value with the exact result. 

9) A snlid of revolution is fonned by rotating about x - axis the area enclosed by thc 
ordinates I = 0 and x = I, the x - axis :md a curve which is passing th~ough the 
points given by 

Calculate the volume of the solid formed by using Simpson's 1/3 rule. 

10) A curve is drawn to pass through the points given by the follo~ving table : 

Calculate i) the area bounded by the curve. the x - axis and the ordinates .x = i 
and x = 4 

ii) the x acd p coordinates of the centre of gravity of the area 

iii) the volurne of revolution of the area about .r - axis 

iv) the radius of gyration of the area about x - axis 



11) The velocity v (km Imin) of a moped which starts from rest, is given at fixed 
intervals of time t (mts) as given in the following data : 

Calculate approximately the distance covered by the moped in 20 minutes, using 
Simpson's 113 - rule . 

12) 'The following table gives the velocity v of a body at time t 

1 (seconds) : 0 2 4 6 8 10 12 

v (metres Isec) : 4 6 16 3 4 60 94 136 

Find the distance inoved by the body in 12 seconds. Also find the acceleration at 
t = 2 seconds . 

13) A mound of earth 3 metres high in the centre is in the form of a solid of revolution 
with a vertical axis. The radius of the section of a mound at various heights is 
given in the following table. Estimate the volume of the mound using Simpson's 
rule for numerical integration 

Height in (mtj : . 0.0 0.5 1.0 1.5 2.0 2.5 3 .O 

radius in (mt) : 6 4.5 3 2 1 0.5 0.0 

14) The velocity of a train which starts from rest is given by the following table, the 
time being reckoned in minutes from the start and speed in miles per hour : 

t(mts) : 2 4 6 8 10 12 14 16 18 20 

v (mileslh): 10 18 25 29 32 20 11 5 2 0 

Estimate approximately the total distance covered in 20 minutes. 

1 5) Estimate the length of the arc of the curve 3 y = x3 from (0, 0) to (1 , 113) using 
Simpson's 113 - rule, taking 8 sub-interZlals. 

16) When a vessel has a depth of water h feet. the area of the horizontal section into 
which it is cut by the plane at the water level is '4 square feet. The following 
measurements were made : 

Calculate the volume of water discharged when the depth of water falls from 14 feet 
to 10 feet. 

17) The specific heat of a substance at temperature t O is where Q is the 
d t 
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quantity of heat required to raise 1 gm of the substance from some fixed 
temperature t " . The specific heat of water ( s in joules) at temperature t " is given 
b y .  



Solution 
uation t O : O  10 20 30 40 50 60 70 80 90 100 

s : 4.219 4.195 4.184 4.174 4.173 4.174 4.178 4.184 4.190 4.197 4.205 

Show by using Simpson's rule, that to raise 1 gm of water from 0 " to 100 O ,  the 
number of joules required is 41 8.5 approximately. 

14.6 ROMBERG INTEGRATION 

In the earlier sections, we have derived a number of quadrature formulae with the help of 
finite difference methods. We have noticed that though trapezoidal rule is the easiest 
Newton-Cote's formula but it lacks the degree of accuracy generally required. There is a 
way to improve the accuracy of results obtained by the trapezoidal and Simpson's rules. 
This can be achieved by a method known as Romberg integration. This method is a 
simple modification to the quadrature formulae for finding their better approximations. 
As an illustration, let us discuss its application to the numerical evaluation of definite 
integrals, for example in the use of trapezoidal rule. 

Consider the definite integral 

I =  g y d x  

Let Il and I2 be the approximate values of I obtained by evaluating the integral by 
trapezoidal rule with the sub-intervals of width hl and h2 and corresponding errors El 
and E2 respectively. Then 

But 
E, = - @ - a )  @-a' yn (5) h t  yn ( 5 )  and E2 = - - 

12 12 

Since the term yn ( E )  is also the largest value of Yn ( 6 )  , we can very reasonably 

assume that Yw ( E )  and yw ( 5 )  , are very nearly equal. 

Hence we have from (14.8 1) 

Also E2 - El = Il - I2 , we obtain 

Substituting for El in (14.8 I), we get 

Relation (14.82) is a better approximation to I and the second term' on its right side is the 
new truncation error. 
Equation (14.82) can also be written as 
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To make computational work simple and systematic, we set h, = h and h2 = - . 
This gives 2 

We apply this method repeatedly, successively halving h , and make use of relation 
(14.84) for every pair of values. The calculation work can neatly be performed as per 
the following table. 

The computational work is continued till two successive values move sufficiently close to 
each other. This method is called Richardson's deferred approach to the limit and its 
systematic tabulation is known as Romberg integration or Romberg formula. 

Example 14.15 

Evaluate I = correct to three decimal places by Trapezoidal rule 
Jo I + x  

with h = 0.5 , 0.25 , 0.125. Use Romberg integration to get an accurate value for 
the definite integral. Hence find the value of log 2. 

Solution 

We compute the value of the given integral by trapezoidal rule, taking h = 0.5 , 
0.25,O. 125 respectively. 

1 
i) h = 0.5, the values of Y = - are tabulated as follows 

l + x  

1 
ii) x = 0.25, the tabulated values of x and y for the function Y = - are as 

l + x  
follows. 
x : 0.0 0.25 0.5 0.75 1.0 

Y :  1 .OOOO 0.8000 0.6667 0.5714 0.5000 
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1 
iii) x = 0.125, the tabulated values of x and y for the function Y = - l + x  

are as follows : 

We have now three values of the given definite integral. The calculations by 
Romberg integration are 

Finally 

The tabular representation of the method is 

Romberg 

No. of Strings Trapezoidal First order Second order 

Note : The added advantage of the method is that accuracy of the computer values 
is known at each step. 

The value obtained above is correct to its last place of decimal. 

14.7 GAUSS - LEGENDRE INTEGRATION FORMULA 

Consider the definite integral 

Divide the interval of integration (a , b) into n equal parts each of width h so that 
(b  - a) = n h . Suppose the function y = Ax) takes up the values yo , yl , y2 ,..., y, 
corresponding to the values of x as xo = a, XI = a + h , x2 = a + 2 h ,..., 
x, = a + n h = b . We know fiom calculus that if D is the differential da!x 
Operator then the inverse operator 1/D defines integration. Using this concept, we have 
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- - h log (1 + A) 
[(I+ A). -11 f&) (-. E = l + A  and D =  

log (1 + A) h 

Expanding (1 + A  )" and log (1 + A  ) in powers of A  , we get 
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This relation is called Gauss - Legendre integration formula. 

Particular Cases 

i) Putting n = 1 in the above formula and neglecting second and higher order 
differences, we get 

Since second and higher order differences have been assumed to be zero, Ax) is a 
polynomial of first degree in x and therefore the value of the integral denotes the 
area of the trapezium with parallel sides along the ordinates yo and yl , and with h 
as the distance between them. This, therefore gives the trapezoidal rule. 

ii) Putting n = 2 and neglecting differences greater than two and above, we get 

Since differences of order three and more have been omitted,Ax) can be taken as a 
polynomial of degree less than three. Now ifJTx) is a polynomial of degree 2, which 
represents a parabola, the formula is exact. This represents Simpson's rule. 

14.8 EULER - MACLAURIN FORMULA ' 
- - - 

Consider the functionsAx) and F(x) connected by the relation A F(x) = Ax). If A-' is 
the inverse difference operator, then the above relation can be written as 

Suppose x takes up (n + 1) equi-distant values xo , xl , xz , ... , x,, with interval of 
differencing h. We know that 



I Adding all the above relations, we obtain 

i=O 

Again from (14.85), we have 
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Putting x = xn and x = xo successively in (14.87) and subtracting, we obtain 

1 h 
J ' ( x n )  - F ( x 0 )  = - IXnf ( x )  d x  - - (f ( x n )  - f ( ~ 0 ) )  

h xo 2 

Relations (14.86) and (14.88) together give 

Rewriting the above, we get 



Interpolation and Solution 
of Differential Equation 1 n-1 1 h , c + n h f ( x )  d x = Z  f ( x , ) +  5 (f (xn)-f(xo))-z(f '(x.1 -f '(xo)) 

r=O 

h3 
+-(frn(xn> - frn(xo>>+... 

720 
n-1 1 h 

= C f (x , ,+ ,  (f (xn,+ f(x0,)-,tf '(x,, - f ' ( ~ 0 ) )  
r=l 

h3 
+-(fm(xn> - fm(x0))+... 

720 

Replacingfix) by y, we get 

1 
y d x  = +Yo + Y . + ~ ( Y ,  +Y2 + + yn-1)1 

h I r h3 rn rn 
--(Y, - YO) +- (Y, - YO) + ... 

or 12 720 

h h2 r 
y d x  = -(yo + 2 (Y, +Y2 + ... + Yn-,) + Y,) --(Y" - Y;) 

2 12 

h rn 
+-(Y,"- Y O ) +  (14.89) 

720 

Relation (14.89) is known as Euler - Maclaurin formula. The first term on the right side 
of (14.89) constitutes the Trapezoidal Rule. and the other terms signify the successive 
corrections in the value. This formula is useful for finding the approximate sum of any 
number of consecutive values of a function, i.e., the series of the type 

y(xo) + y(x, + h) + ... + y(xo +nh) 

Example 14.16 
1 d x  

Use Euler - Maclaurin formula to compute the value of the integral I,ir;.- 
Hence find the value of n . 

Solution 
1 

We divide the interval (0, 1) into six parts so that h = 116. Let y = - 
Computing the values at each point of the subdivision, we get 1 + x 2  ' 

x :  0 116 113 112 213 5 I6 1 

y : 1.0 0.9730 0.9 0.8 0.6923 0.5902 0.5 

Computing the derivatives of y , we get 

dy - --- 2x - -- d2y - - 2(3x2 -1) - -  d 3 y  - 24x(l- x2) 

& ( 1 + ~ ' ) ~  d x 2  ( I + x ~ ) ~  ' d x 3  (1+ x214 

rn y; = 0 ,  y; =-0 .5 ,  yo" = 0 ,  y, = O .  

Substituting these values in (14.89), we get 

[1.5 + 2 (0.9730 + 0.9 + 0.8 + 0.6923+0.5902)] 

36 6 



The actual value of the integral = n/4 

. 7c = 4 x 0.78541 = 3.14164 

Example 14.17 

Apply Euler - Maclaurin formula to evaluate the series 

Numerical Differentiation and 
Integration 

Solution 
1 2 

&re x0 = 201, x,, = 299, h = 2 illld Y = 7 n = 49 y' '-7 
X 

m 24 
Y (x)=- y 

X 

Substituting these values in Euler - Maclaurin formula, we get 

i-1 c l x  
i.-il?!-~i~!* +llc. value of the integral --;- by using the trapezoidal rule with 

I +  k- 

:j - ( 1 :  , P 2 j  ail2 '? 125 @blain better estimate by uslng Romberg Integration. 
i '.~P:&s?!c :.mi"' rew!t w:th the true ~alue.  

rZp111) itomberg method to evaluate i o g x d x  , given the data as follows : 

4 0 4.2 4.4 4.5 4.8 5.0 5.2 
5: 

' >Sf,? ":i A 1 415i i .lX!6 1.525 1.5586 1.6094 1.6486 
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4) Find the sutn 01 t i le sri r~:i 

- ,  Compare this resrllt with that ob ta i t~ r~ i  b) Sirn;lsi,fis :~i!e tlsirig s rv tx i  isc:binis, 

14.9 SUMMARY 1 
I 
, 

In this unit we have covered the following: 
1 

1) If a function (x) is not explicitly defined list is respresented by the table of values, 
9 .  

I 
then its derivatives as well as integrals can be obtained by the methods of numerical 4 
differentiation and numerical integration. 8 

2) When it is required to find the derivative of a function at an off step point, the 
methods derived fiom the interpolation formulas are useful. However, if the 
derivative is needed at the nodal point only then the methods based on the finite 
difference qperators prove very handy. 

3) To evaluate a definite integral of a function numerically a general Newton-Cote's 
formula has been derived. Particular cases of this formula for different values of n 
where n denotes the number of subdivisions into which the given range of integration 
is divided are obtained For n =1,2,3 and 6, Newton-Cotes formulas are named as 
Trapezoidal rule, Simpson's 113 rule, Simpson's 318 rule and Weddle rule 
respectively. 

4) The error of each of the above rules has been discussed. To improve the accuracy of 
the results a general scheme known as Romberg method has been studied. 

5) Integration formulas like the Gauss-Legendre formula and Euler-Maclaurin Formula 
which make use of the concept of finite difference operators are used to evaluate the 
definite integrals. 

14.10 ANSWERS TO SAQS 

SAQ 1 

1) We required to find f '  (x) andJf(x) at x = 1.5 and 3.5 which are off-step points. 
Using the Newton's forward difference formula with xo = 0, x = 1.5, s = 1.5, we get 
f '  (1.5) = 8.7915 and J' (1.5) = - 4.0834. 



Numerical Differentiation and 
Using the backward difference formula with x,, = 4, x = 3.5, s = -0.5, we get f '(3.5) = Integration 

7.393 andf' (3.5) = 1.917. 

2) The difference table for the given problem is : 

2.208 
2.5 12.182 

Taking xo = 1.5 we see that s = 0 and we obtain from the interpolation formula 

Exact value is = 4.4817 and error is = 0.0067 

3) Using formula (14.43), we have 

f '(6.0) = [ f (6.1) - f (6'0)] = -3.7480 
0.1 

Using formula (14.5 8), 

4) Using formula (14.45), we have 

Using (14.57), we have 



Interpolation and Solution 
of DifTerential Equation 1 II) 1 

~ x a c t  value f '(x) = - = 0.002; f (x)=- - = -0.4 x 10- 5 

X x 

Actual error in f '(500) i s 0, whereas inj" (500) it is 0.1 x Truncation error in I 
f '(x) is 

-h2frn 
= -5.33 x lo-' and in f "(x) it is 

11h2 f I V  =8.8x10-~ 
3 12 

5) In the given problem xo = 1, X, = 2, xz = 3, x3 = 4, and6 = 1, fi = 16, fi = 81 and 
f3 = 256. 

Constructing the Lagrange fundamental polynomials, we get 

x3-9x2+26x-24); [x3-8x2+l9x-12 
Lo(x) = - &(XI = 

2 

x3 -ix2 + l l x - 8 ) ;  -6x2 +11x-6 
L2(x) = - L3(x) = 

6 

p 3  (x) = (x)fo + &'(x)fi + L; ( 4 f 2  + L; 

p3'(x) = Li(x)fo + G(x)f, + ~ ; ( x ) f 2  + L; (x)f3 

p;(x) = LS(x)fo + ~,"(x)f, + ~; (x ) f2  + ~,"(x)f3 
1 

We obtain after substitution, 

P; = (2.5) = 62.4167; PJ(2.5) = 79; pJ(5) = 453.667;~;(5) = 234 

The exact values off  '(x) and f "(x) are (from Ax) = x4) 

10) p = 1.847 , x = 0.692 , y = 0.6137 

11) The difference table is given by 
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x Y AY A ~ Y  A ~ Y  A ~ Y  A5y 

0 135 

It is required to fmd the gradient, i.e. = d y l  
Using Stirling's formula 

SAQ 2 

1) (i) 1.4108 (ii) 1.3662 (iii) 1.3571 (iv) 1.3735 . Actual value tan-' 6 = 1.4056 

2) (i) 0.7854 , n = 3.14156 (ii) 0.7854 , n = 3.14156. 

7) 1.096 8) 0.6932,0.693 1 9) Required volume is [ixy2 x = 2.8 92 

10) Consult solved problem 14.17 (i) 7.78 sq. units (ii) F = 2.53, J = 1.3 1 

(iii) Volume = 64.07 cub. units (iv) Radiation of gyration k2 = 1.29 

11) If s (km) is the distance covered in 20 minutes, then 

ds 20 - =vand:.s = $ v d t .  
d t 

For the application of Simpson's rule, the number of ordinates must be odd. As the 
moped starts from rest :. at t = 0, v = 0 and (0 ,0) can be added as an 
additional point. 

Ans. distance covered = 309.33 kms 

12) The distance moved in 12 seconds = 552 metres ; 
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The acceleration of the body is - is calculated by forming the 

difference table as given 

dv . Hereh = 2, v, = 6 ,  Av, =10 

13) Volume = 20.67 cub.mt 

14) As the number of ordinates is 10 which is even, we introduce one more ordinate so 
that Simpson's rule is applicable. The train starts from rest at zero time, the 
velocity is zero and therefore the point is (0, 0). 

Ans. 5.16 miles 

The table of the values is given by 
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SAQ 3 

1) 0.7853962, Exact 0.7853985 

2) 1.8278 3) h = x/4, value = 0.83733 ; h = xI8, value = 1.000003 

4) 0.00499 


