UNIT 14 NUMERICAL DIFFERENTIATION
AND INTEGRATION

Structure

14.1 Introduction
Objectives

142  Method Based on Interpolation

142.1 Newton’s Forward Difference Interpolation
142.2 Newton’s Backward Difference Interpolation
142.3 Central Differences — Stirling’s Formula

143  Method Based on Finite Difference Operators

144  Numerical Integration

14.4.1 Newton - Cote’s Quadrature Formula
14.42 Method Based on Trapezoidal Rules.
14.4.3 Simpson’s 1/3™ -Rule,

‘1444 Simpson’s 3/8 - Rule
14.4.5 Weddie Rule

14.5  Errors in Quadrature Formulae

146  Romberg Integration

147  Gauss-Legendre Integration Formula
14.8  Euler Maclaurin Formula

149  Summary

14.10 Answers to SAQs

14.1 INTRODUCTION

Differentiation of a function f{(x) is a fundamental and a very important concept in
calculus ; when the function f{x) is given in an explicit form, its derivatives

f(x), f'(x) ...... etc. can be easily calculated using the methods of calculus. For
example, if f{x) = x°, we know, f(x) = 2x, f'(x) =2 and all derivatives greater than 2
are zero. However, if the function is not defined explicitly, but we are given a table of
values of f(x) corresponding to a set of values of x, then it is not possible to calculate
the derivatives of the function by using calculus methods. In such situations, the need
arises to develop methods of differentiation to obtain the derivatives of a given function
f(x), using the data available in the form of a table. The procedure of getting the value of
the derivative of a function at some assigned value of x from the given data is known as
Numerical Differentiation. The general method for deriving the numerical
differentiation formulae makes use of the interpolating polynomials (refer earlier unit).
The choice of the interpolating formula to be used depends as usual on the position of the
point at which the value of dy/dx is needed. If the values of the argument x are
equispaced and we desire the derivative at a point near the beginning of the table, we use
Newton’s forward interpolation formula. On the other hand if dy/dx is required close to
the end of the table, we use Newton’s backward interpolation formula. For points which
are nearer the middle values of the table, dy/dx is computed by using central differences
formulae — Stirling’s formula or Bessel’s formula.

In case the values of x are not at equal length of the interval, we must express the
function by Lagrange’s formula or Newton’s divided difference formula for obtaining the
value of dy/dx.

Having studied numerical differentiation, we also discuss in this unit numerical
integration which is defined as the process of finding the value of a definite integral from
a set of given numerical values of the integrand. This process when applied to evaluate
an integral of a function of single variable is known as quadrature.

The problem of numerical integration, like that of numerical differentiation, is solved by
representing the integrand by an interpolation formula and then integrating it within the
given limits to get an approximate value of the definite integral. Thus, different
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integration formulae can be obtained depending upon the type of the interpolation
formula used.

Objectives -

After studying this unit you should be able to
» explain the importance of numerical method over the calculus methods,
e use methods based on interpolation formulae to obtain the derivative of a
function at off-step points,
+ use the method of finite difference operators to derive differentiation .
formulae and use them obtain the derivative of a function at step points,
+ use the interpolation formulas to obtain the maximum and minimum values
of the tabulated function, .
+ use the method of interpolation to derive the general Newton-Cote’s
quadrature formula and thereby obtain the following integration formulas
i) Trapezoidal rule
i) Simpson’s 1/3™ rule and Simpson’s 3/8 rule
iii) Weddle rule
» use the above rules to integrate functions represented in the form of table and
find the errors of these rules, .
« use Romberg scheme of integration to improve the accuracy of the results,
and
« use Gauss-Legender Integration formula and Euler-Maclaurin formula to
evaluate the integrals and also apply the latter formula to find the sum of
series.

14.2 METHOD BASED ON INTERPOLATION

In these methods, given the values of {x) at a set of point x, , X ,..., X, , the general
approach for deriving numerical differentiation formulae is to obtain the unique
interpolating polynomial P, (x) fitting the data. We then differentiate this polynomial ¢
times (g < n), 1o get (x). The value p!¥(x, ) then gives us the approximate value of
F9 (x,) where x, may be a step point or an oft-step point. We would like to point out
here that even when the original data are_known to be accurate, i.e. p, (x) = f(x),
k= 0,1, 2,.., n, yetthe derivative values may differ considerably at these points.
The approximations may further deteriorate while finding the values at off-step points or
as the order of the derivative increases. However, these disadvantages are present in
every numerical differentiation formula, as in general, one does not know whether the
function representing a table of values has a derivative at every point or not.

We shall first derive differentiation formulae for the derivatives using uniform nodal
points. That is, when the difference between any two consecutive points is the same.

14.2.1 Newton’s Forward Difference Interpolation

Consider Newton’s forward difierence fuormula

p(p-1) A2y 4 pp-1)(p-2) ANy

Y, =Yo+ PAyy + 3 Yot = (14.1)
xX—x
where p= ; 0 (14.2)
. Differentiating (14.1) with respect to p, we get
dy 2p-1 , 3p*-6p+2 4
— = + Ay, + Ay, +...
dp 34 2 Yo 6 Yo (14.3)
N dy _dydp 1dy
ow = =——

dx dpdc hdp
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1 2p-1, 3p2—6p+2 3
-h[Ayo+ 5 Ay ———————6 Ny, +.. (14.4)

Formula (14.4) gives the value of dy/dx at any point x, which is an off-step value. If x
happens to be any nodal value in the table, then from (14.2), p will be a definite value and
the formula (14.4) will take a simpler form. As a particular case, if x = x¢, then p 0 and
(14.4) can be written as

dy

dx

1 1 1 1
=‘[AJ’0 —= Ny += Ny, —— Ay, ]
x=x, P 2 3 4 (14.5)

Differentiating (14.4) further w.r.t. x, we get
d*y _d(dy)_d(dydp _1d(dy
de?  dx\ dx dp deJdx h dp dx

1{1(,, 6p-6
=—| = A + A + ...
h{h( Yo 6 Yo |

6p> —18p+11
=‘hl—2{A2}’o H(p=D)Wyy +- 2 PT 5y, +} (14.6)

12
dy _dfdy)_dfdyldp _1d[d%
de’  de\ldx® ) dp\dx® Jdx  hdp| di’

12p-18 '
i T h-l;[A}yo +'—%—A4yo +:‘ . (4.7

As a particular case, putting p=0,in (14.6) and (14.7), we get

= %(Azyo ~ Ay, +%Aal’0 +) (14.8)

4 3 )
:-—eLA:;yO —EA4yO +J (14.9)

Proceeding on similar lines, the derivatives of higher order can be computed.

14.2.2 | Newton’s Backward Difference Interpolation
Consider Newton’s backward difference formula

p(p2+1)vzyn+17(17+16)(1’+2)vs (14.10)

p =Yn+pVy,+ Yn t o

- d : S
where p = * hx" di = 111— , (14.11)

Differentiating (14.10) w.r.t. p, we get
: 2
dy 2pﬁ+lv2yn+3p +6p+2
L N

VY e (14.12)
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fll:f]-)—)—.—g‘li:iVn+2p+lV2yn+3p +6p+2V3yn+... (14.13)
dx dp dx h 2 6

Equation (14.13) gives the value of dy/dx at any point x in the interval which is a

non-nodal or an off-step value. If x is, however any nodal value of the table, the formula

(14.13) will reduce into a simpler form.

Differentiating (14.13) successively, the higher order derivatives are given by

d? 1] 6p+6 1202 +36p+22

Ex“;‘}‘ = -};2— szn + *P‘6—-—'V3yn + P 24p V4y" + } (14.14)
3 - ,

“’ix Y =h_13- vsy,,+.21’7+3_v4y,,+...] | (14.15)

Putting p =0 in (14.13), (14.14) and.(14.15), we get

d | 1 1
—d% = —h-(Vyn + —2— sz” + —3—V3yn + ] (14.16)
X=x,
dz}’ _ 1 2 3 11 v :
de = —hT v Vu +V Yu + 1—2— y,, + ---/ (1417)
X=X,
dy 1 3 b
_Exs._ =—h?[v3yn —-5 Vayn +... . (14.18)
X=X,

Proceeding on similar lines, we can compute higher derivatives at x = x,,. ‘

14.2.3 Central Differences — Stirling’s Formula

Consider the Stirling’s formula . 4
Mo Ay ) PP e L 2D [Ny Ay,

y[;:yo‘*'P"_'—‘z"_" +_2'AY-1+ 6 2
. i

2,2
P (p 1)A4y_
24 120

. p(p?-1)(p*-2° )(Asy_s +Ay, J
2

2 2 2 2 R
p(p"-D(p"-27)
+ 7 . Ny ;+. | (14.19)

x‘hxo Y D _1dy

here p = ‘
where p dx dp dx  hdp

Differentiating (14.19) w.r.t x, we have

d Ayo + Ay 3p2 —1( APy, + APy
DL U,y 200 [ oty

24 2 120 2

L 5pt-15p? +4[A5y_2 +A%y ., ]
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N 6p° —20p° +8p
6!

Differentiating once again the second derivative is given by

2 3 3 2 _
dg):_l_l:Azy_]+p[Ay_l+Ay_2J+12p 2 5,

Ay o +.. (14.20)

n? 2 24 -2

20p° -30p( Ay, +A°y ) 30p* —-60p” +8 .
+ 14 p Yo Y- " ¥4 p AGy_3 4
120 2 6! (14.21)
At the point x = xp, p = 0 and therefore (14.20) and (14.21) can be written as
a1 Aty Ky +8y, Ky, Ny, (14.22)
dt|yey 2 12 60
dzy 1 2 1 4 1 6
=—=1A -—A +—A +
et .., H [ VAT B Y2 Ty 8 ) (14.23)

Note : The use of Newton’s Divided Difference to compute the derivative of the function
is illustrated later in the worked Exampie 14.8.

Example 14.1
Find the first and second derivatives of f(x) at x = 1.1 from the following tabulated

values

b S 1.0 1.2 1.4 1.6 1.8 2.0

fx): 0.0000 0.1280  0.5440 1.2960 2.4320 4.0000
Solution

Since we have to find the derivative at x = 1.1, we shall use the forward difference
formula. The forward differences for the given data are given in Table14.1.

Table 14.1
x £x) Af(%) Af(x) Afy A ASE)
1.0 0.0
0.1280
1.2 0.1280 0.2880
0.4160 0.0480
1.4 0.5440 0.3360 0.0000
0.7520 0.0480 0.0000
1.6 1.2960 0.3840 0.0000
1.1360 0.0480
1.8 2.4320 0.4320
1.5680
2.0 4.0000

Since x = xo + ph, %= 1.0, h=0.2 and x = 1.1, we have

1.1-1.0
p = 0 —05
=702

Substi%uting the value of p in (14.4), we get
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f'(1-1)=% Ay, +2x0.5—1A2

2 SN TG

= é{o&%o-% x0.048} =5[0.128 -0.002] = 0.63

!
I

Substituting the values of p, 4 and various differences in (14.6), we get

2
d Y = 25[0.288 + (0.5 — 1) x 0.048] = 25[0.288 — 0.024] = 6.6
Cdx
2
D _063 a2 =66
x=1.1 dx” |y

Note : If we construct an interpolating polynomial p(x) from the difference table,

we find that p(x) = x* — 3x + 2. Also £ (1.1) = 0.63 and f'(1.1) = 6.6. The values

obtained from this equation and those calculated above have to be the same as the
* interpolating polynomial is unique.

Example 14.2

Find f' (x) at x = 0.4 from the following table of values given below.

x : 0.1 0.2 ' 0.3 0.4
fix) 110517 1.22140 1.34986 1.49182
Solution

Since it is desired to find the derivative at the end point, we will use the backward
difference formula. The backward difference table for the given data is given by.

Table 14.2
X S(x) Af(x) A*f(x) A’f(x)
0.1 1.10517 .

0.11623
0.2 1.22140 0.01223

0.12846' 0.00127
03 134986 - 0.01350

0.14196
0.4 1.49182

Since x, = 0.4, h=0.1,x = 0.4, we get

X—-Xx,

h

=0.0

p:

Substituting the value of p in 14.16, we get

1 1, 1_3

"(0.4)== +-V?%y +-V

f'(0.4) h[ Yu SV 3 yn]
=10(0.14196+%x0.01350+%x0.00127j

=10(0.14196 + 0.00675 + 0.00042 ) = 10(0.14913) = 1.4913
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Example 14.3
Find the first and the second derlvatlves of f(x) at x = 0.04 from the table given
below :
x 0.01 0.02 0.03 0.04 0.05 0.06

fx): 0.1023  0.1047 0.1071 0.1096 0.1122 0.1148

Solution

Since x = (.04 lies almost near the mid value of the table, we assume x, = 0.04 as
the value to start with. The Central difference table for the given data is given in -
Table 14.3.

Table 14.3

p x f(x) Af(x) Af(x)  Afx)  Afx)  Afx)

-3 0.01 0.1023

0.0024
-2 0.02 0.1047 0.0000
0.0024 0.0001
-1 003 0.1071 0.0001 - —0.0001
0.0025 0.0000 0.0000
0 004 0.1096 0.0001 —0.0001
0.0026 —0.0001
1 005 0.1122 0.0000
0.0026

2 0.06 0.1148

Since xo = 0.04, 1= 0.01, x = 0.04, p = 0. Substituting the values of pand Ain
formulae (14.22) and (14.23), we get

dy _ 1 [0'0026““0'0025_i(-o.ooo1)+i(o_0000)]
dr|y—0.04 0.01 2 12 60 J
= 100 (0.00255 + 0.00001) = 0.256
d* y 1
— =10000| 0.0001 + - % 0.0001 | =10,000(0.0001 + 0.00001)
" {2004 .
= 10,000 x 0.00011 =1.1
Example 14.4
Find the first and the second derivatives of the function tabulated below, at the
point x = 0.6 ‘
X : 04 0.5 0.6 0.7 0.8

y=Ax): 1.5836494 1.7974426 2.0442376 23275054 2.6510818

Solution

Taking the origin at 0.6 which is the central value of the data, the central difference
table for the given data is given as follows:

Numerical Differentiation
and Integration
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P x y Ay Aly Ay Aly
2 04 15836494 '
0.2137932
-1 05 17974426 0.0330018
0.2467950 0.0034710
0 06 20442376 ‘ 0.0364728 0.0003648
0.2832678 0.0038358
1 07 23275054 0.0403086
“ 0.3235764

2 08 26510818

Sincex=x,=0.6,p=0and 2=0.1,

_x-x dp_ 1
h “dx h

The Gauss’s forward formula can be written as

Yo = Yo + DAYy + 1

ﬂp—D&LrFMp—Mp+D&L
2 6
p+D)p(p-1)(p-2) A4y~2 v - (1)
24
Differentiating (1) w.r.t. x, we get

N

- ;dz:@d_p;[AywmAzy_lﬁp Loy,

dx dp dx h 6
4p*-6p* -2p+2
+ 24 Ay ,+.. )

dy _1ay_1[, ; '1mf—up~2y .

P dp* n Ya® PRIt 24 Y2 oo €
Now
dy 1 1 1 1
— = ——|(0.2832678) - — (0.0364728) — — (0.0038358) + — (0.0003648) | .
dx x=0.6 0.1 2 6 12 :

=10(0.2832678 — 0.0182364 — 0.0006393 + 0.0000304 ) = 2.644225
Similarly

1

2
dy = 100[:0.036478 —-——X 0.0003648:] =3.644240
x=0.6 12

‘hZ

Note: The function from which the above table is obtained is y =2¢" —x— 1

dy

2
Hence — =2e* =1, d’y =
dx

o 2e*
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) ,
At x =06, Y = 2644238 and L2 = 3644238
dx dx? .

These are the correct values of the first and the second derivatives. The values calculated
by numerical differentiation are therefore correct upto four significant figures in both the
cases.

‘Now let us consider the case of non-uniform nodal points, i.e. when the difference ~

between any two consecutive points is not the same.

Non-uniform Nodal Points

Let the data (x, fi), k=0, 1, ..., nbe given at (n + 1) points where the step length
X; — Xi.; may not be uniform.

We have seen earlier that the Lagrange’s intérpolating polynomial fitting the data (x;, £),
k=0,1,..,nis given by

P =Y L&A (1424)
k=0 '

where L (x) are the fundamental Lagrange polynomials given by
T(x)

L =\t
% (%) o —x )T (14.25)
and  g(x) = (x = x)(x —x)(x—x,) (14.26)
T (x) = Gt = %)% = %) ooe (6 = Xy X = Xpny) o (5 = X,) (14.27)
The error of interpolation is given by
E;,(x) = f(x) - P,(x) = ) fO (@) xy <a<x,
(n+1)! v
Differentiating P, (x) w.r.t x, we obtain
R0 =Y L
,,Z=o K (14.28)
and the error is given by
E,(x) = B () £ (o) + m(x) (F "D (@) } (14.29)

(n+1)!

Since in Eqn.(14.29), the function a(x) is not known in the second term on the right hand
side, we cannot evaluate E (x) directly. However, since at a nodal point x, 7(x) = 0, we

obtain
, ' (x - 14.30
B, (x) = %) s ) (1430
(n+ ! _
If we want to obtain the differentiation formulae for any higher order, say gth (1 < ¢ < »)
order derivative, then we differentiate P, (x), g times and get :

' f(q)(x_)zpn(q)(x):i Liq)(x) fe (14.31)
. © k=0
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of Differential Equation Similarly, the error term is obtained by differentiating E,(x), ¢ times.

Let us consider the following examples.

Example 14.5

Find f' (x) and the error of approximation using Lagrange interpolation for the
datea(xy, £), £=0, 1.

Solution
We know that Pi(x) = Lo(x) fo + L1 (x) A

where Ly(x)= XX and L(x)= X -~ x
Xg — X X, — Xg
Now,
P{(x) = Ly () fo +Li (x).f,
ad L=, L@)=—
X0~ X x| — Xp
Hence, f'(x)=P (x)= fo + Ho _Gh=F) o
Xo =% X1 ™% (% — %p)
E’(xo) =(ﬂ%l) f” (V) a\‘Td E,(x]) = QJ_;_x_Ol f” (@), Xy < & < x]’

Example 14.6
Find f'(x) and £’ (x) given /o, fi,] £ at Xo, x1, X, respectively, using the Lagrange
interpolation. '
Solution |
By Lagrange’s interpolation fonJula

() = By(x) = L)y fo + L3 £+ Ly(x)

where,
(x—x)(x—-x,) ' 2x-x, —x,
L = i L =
(%) (xg = x)(xp — x5) 0 (%) (xp — %)) (xp — x3)
(x—x)(x—x,) ' 2x — X5 — X,
L = ; L =
Y S Sy
(x—x)(x—x) ) 2x — x5 — X
L = ;L =
A s v S s YOS

Hence, f'(x) = P,(x) = Ly(x) fy + L,(x) f; + Ly(x) f,

And

' Py (x) = Lo(x) fo+ Li(x) i+ Ly(x) f,
- 2 £, + 21 + 2f,

(o —x))(xg —x3) (¢ = %) () = x3) (x5 = x) (%3 = xp)
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: Numerical Differentiation
Example 14.7 and Integration

Given the following values of fx) = In x, find the approximate value of f'(2.0)
and f”(2.0). Also find the errors of approximations.

x : 2.0 2.2 2.6
Ax) : 0.69315 0.78846 0.95551
Solution

Using the Lagrange’s interpolation formula, we have

oy = p _ 2x, —x; - x, Xg = X,
) = Brlx) (xg = x) (xp — x3) Jot (X1 = x0) (x; — x3) A
X — X
(x; —xp)(x; — %) f2
- we get
, 4-22-26 2-26
AC (2-22)(2-26) (0.69315) + (22-2)(22-26) (0.78846)
+ 2-22 (0.95551) = 0.49619
(2.6 - 2X2.6 - 2.2)
The exact value of f' (2.0)=0.5
Error is given by
B} (30) = =0 = 3) (i = 1) /7 20)
=%(2.0— 2.2)(2.0 - 2.6)(~0.25) = —0.005
Similarly,
f”(xo ) - 2(: fO + .fl + fZ }
(xg =X )xg ~x3) (X = x)(x; —=%,) (% — xg)xy ~X,)
- 0= 2[ 069315 0.78846 N 0.95551 ]
2-22)2-26) (22-2)22-2.6) (2.6-2)2.6-22)
=—0.19642

The exact value of £ (2.0)=-0.25.
Error is given by

E"(xg)= %(2x0 —x = Xx3) f"(2.0)+ 2—14(x0 =3 - xz){f”’ .0)+ 17 V(z_O)]

=-0.06917
Example 14.8
The following data gives the values of x and /'(x). Find the derivative of f(x) at
x =5 s
x = 0 2 3 4 7 9
fex): 4 26 58 112 466 922
Solution

Since the values of x are not equi-spaced, we will discuss the solution by using
Newtoir’s divided difference forinula. The divided difference table is as follows :
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of Differential Equation ) Table 14.5
x f Af Af A’f
0 4
4-26 =1
0-2
11-32
2 26 73 =
26 ~58 _'_7_;1__1_=1
5 =32 , 0-4
=3 2-54
3 58 24
58 ~112 11-16
—— =54 =1
3-4 . 2-7
- ' 54-118
4 112 37 =16 :
: 112 - 466 =l118‘ 16-—22=1
47 3.9
7 466 %’——?ﬁﬂz
466 —922 ~278
7-9
9 922

It is clear from the table that third differences are constant.
Newton’s divided difference interpolation formula is given by

S5 = fox)+(x = x0) foho, x1) + (6 = x0) (¢~ 1) fxo, 31, x2) + (6~ x0)
Hox=x)(x - x2) Axo, %1, %2, %3) M
Here xp =0, x; = 2, x;, = 3, fAx)= 4, fxo, x1) =11, fxg, x1, x2) = 7
and ](xo,’xl,»xz,/x3) = 1.
Inserting the appropriate values from above in (1), we get
) =4 +x x1 +x(x =2)xT + x(x - 2) (x — 3) x 1
= X+ 22+ 3+ 4 . @)

This is the third degree polynomial interpolating the above data. Differentiating (2)
w.rtx, we get '

 f'@W=3xF+4x+3
S ') ]s=s =3x25 +4 x5 +3 =08
Example 14.9
Using Bessel’s formula, find £'(7.5) from the following table :

x: 747 748 749 750 751 752 753
Ax) : 0193 0195 0198 0201 0203 0206 0208
Solution - ,

Bessel’s formula for central differences is given by k - E

I
. “Hlp-=—
o= Ny, +&y, | PP )[p 2)

_ 3
Yp= Yo+ PAY, + T 2 - 3 A y’_l
P2 -Dp-2) Ay, +A'y
+ . =2 -l
4 2 -
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Differentiating w.r.t. p, we get and Integration

1
dy 2p_1 Aly +A2y 3p2—3p+‘—
= = Ay, + = ¢+

2 A3
ANy
dp 2 2 3 -
N 4p* —6p> -2p+2 A'y , +A'y
24 2
x—X
Here =0
P=
@-=—1—, h =001
dc h
Atx=175, x,=7.5,p=0. Putting p=0, we get
dy 1 1 Ay +A%y, 1 .,
D e Ay —— 22 EAY Ty
dx‘x“xo 0.01 [ &%, 2 2 iz "7
1 |
t o (A“y_2 + Aty 1)+ ]

The central difference table with x, = 7.5 gives Ay = 0.002; A?y,=0.001;
Ay = —0.001; A% y_;=0.002 ; A’y_; = 0.003 ; Ay, =-10.004.
Substituting these values, we get ‘ ’

/ ;'_(7.5)=%|x=7”5=100(0.002-—————-' 0'°°l4+ 0.001 +%x0.002

+ € (—0.004 + 0.003)
24

= 0.212
Example 14.10
The following table gives the values of x and f{x)
x 3 5 1 27 34
fx): -13 23 899 - 17315 35606
findf' (10).
_ Solution

Since the values of x are not at equal length of the interval, we use Newton’s
divided difference formula. The divided difference table is given by

_ Table 14.6 '
¥ af A Af . AY
3 -13 : ’ .
18
5 23 16 »
: 146 10998
11 899 | 3996 . - 0.0002
© 1025 ' 1.003 '
27 17315 69.04
' 2613
34 35606
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 As the fifth differences are zero, Newton’s divided difference formula is given by
F®) = F(x)+(x = %) [ (x5 %) + (% = %)% — %) f (%0, X1, %))
(X - x)x ) x —x) f(X, %, X5 X3)
+ (8 = %) x = X)X —x)(x = x3) f(x%0, X, %5, %3, %,)
Differentiating w.r.t x, we get
£ S0) = S0 5) + 25 = 5% = %) S0, o )
+ [3x2 ~2x(Xy + Xy + X)) + XX, + XX, + xlxz] S (x5 X1 Xp5 X3)
+ [4x3 —3x%(x, + X+ Xy +X3)
+ 2x(xp%) + XXy + XXy + XXy + XXy + XpX5)
—-(xoxlx2 + XgXp X3 + XgXy X5 + X, X, %5 ) ] f(xo, Xy, Xy, X3, x4)
Inserting xo = 3, x =5, x =11, x =27, and x = 10, we get
f' (‘10) = 18+12x 16 th23,x 0.998 — 426 x 0.0002 =232.869

In finding the derivatives of a function by the methods of interpolation, we derived a
number of numerical differential formulae from interpolating polynomials fitting the
data. These formulae'which involve lengthy calculations gave derivatives of the
function both at 2 step point as also on off-step point. Suppose it is required to find
the derivative of a function only at a step point aiso known as a nodal point, then we can
use simpler methods involving finite difference operators to obtain differentiation
formulae. In the section below, we illustrate the application finite difference operators.

14.3 METHOD BASED ON FINITE DIFFERENCE
OPERATORS

Recall that in the earlier unit, we introduced the finite difference operators E, V, A, u and
d. There we also gave the relations among various operators namely

1 1
E=1+A=(1—V)'1,p=%[E2 +E 2] etc.

In order to construct the numerical differentiation formulae using these operators, we

shall first derive relations between the differential operator D where Df(x) = f'(x), and the
various difference operators.

By Taylor series, we have

2
f(x+h) = f(x)+ hf (x) + % F1x) +..

hZDZ

=[l+hD+ + ...]f(x)
=" f(x) (1432)

Since, Ef(x) = A x+ h) we obtain from Eqn.(14.32), the identity
E=¢” (14.33)
which gives the relations




AT AN A
hD=logE=log(l+A)=A—~2—+—3——T+... (14.34)
hD:logE:——log(l-V):V+—2—+—3—+T+... ; (14.35)

We can relate D with 6 as follows :

1 1
We knowthat 5=£2 - g 2 Using identity (14.33), we can write

hd - hd

e? —e? }f(x)

orhD=2sin h! (—2—]

(14.36)
' KD
Similarly M = cos h[T} : (1437
Wealso have ;8 = sinh (hD)or AD = sinh ~!(u8) (14.38)
) .
and u? = coshz(—h?D—] =1+sinh2[%] =1+67 (14.39)

Using the Maclaurin’s expansion of sin/™'x, in relation (14.36), we can express 4D as an

P . . O
infinite series in 3 Thus, we have

hD = sinh’l(éj
2

23 292 ¢5 272 27
=6_1.8 +13.6 +1.3 528 . (14.40)
2231 2451 287

Notice that this formula involves off-step points when operated on f{x). The formula
involving only the step points can be obtained by using the relation (14.38), i.e.,

hD = 2 sinh™ (ud)

12’8’ . 12320°8° 1232572787 . (14.41)
31 5! 71

Using the relation (14.39) in Eqn. (14.41), we obtain

3 5 7
hozu[a-s_+6__é—+...]

6 30 140 (14.42)

Thus, Eqns. (14.34), (14.35), (14.40) and (14.41) give us the relations between AD and
various difference operators. Let us see how we can use these relations to derive

numerical differentiation formulae for f (x), f (x,) etc.

Numerical Differentiation
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We first derive formulae for f; - From Eqn. (14.35), we get

oo (R R A
th(xk)=hfk"-[A““2_+“?"_4“+ ]fk

Thus forward difference formulae of 0(4), 0(#%), 0(4*) and 0(4*) can be obtained by
retaining respectively 1, 2, 3 and 4 terms of the relation (14.34) as follows :

0(k) method : if, = f,,, - fi | | (14.43)
0(h?) method : Af, = -;-(- for +4f —3F)  (449)
0GH*) method : A, = = (2 ~ fiva + 18 = 11£) (14.45)
0(~*)method : Afy =1L2("3fk+4 +16fi3 =361 +48f0 —25£1) (14.46)

. TE of the formula (14.43) is

’ h ”
TE = 103 = 5 ) = £ = =5 £°®) (14.47)
\
and that of formula (14.44) is

TE = f(xk)———[ F ) = 4F ) =37 )] = —f’"(zf) (14.48)

Similarly the TE of formulae (14.45) and (14.46) can be calculated. Backward difference
formula of 0(k), 0(/?), 0(K’) and O(k*) for f (can be obtained in the same way by using
the equality (14.35) and retaining 1,2,3 or 4 terms, We are leaving it as an exercise for
you to derive these formulae.

Central difference formulae for f, k’ can be obtained by using the relation (14.42), i.e.,

' &’
hfk = ].1[8——6— +...]fk

Note that relation (14.42) will give us methods of 0(#*) and 0(4"), on retaining 1 and 2
terms,

(k) method : A} =2 (o = i) | (14.49)
;1 - ‘
0(h4) method .: Af, = TS (~foz +8S0y +8f 1 + fiia) / (14.50)

We now illustrate these methods through an example.

Example 14.11

Given the following table of values of f{x) = ¢*, find f'(0.2) using formulae
(14.43), (14.44), (14.49) and (14.50).

x @ 00~ 0.1 0.2 0.3 0.4
fx): 1.000000 1.105171 1221403 1.349859 1.491825
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Here 7= 0.1 and exact value of " at x = 0.2 is 1.221402758. , T

Using (14.43)  £'(0.2) =‘f (0-3)0_1f 02)

1.349859 —1.221403
0.1

=1.28456

or £102)=

TE = -% £(0.2) = —%e“ = —0.061070
Actual error = 1.221402758 — 1.28456 = —0.063157
Using (14.44), £'(0.2) = % [- £(0.4) + 4£(0.3) - 3£(0.2)] = 1.21701
W |
)
Actual error = 0.004393

e = 0.004071

TE = — £7(0.2) =

-0.01
3

Using (14.49) £'(0.2) = é [£(03) - £(0.1)] = 1.22344
-

6

Actual error = - 0.002037

001 o

TE=-"—f"(02) = - = —0.0020357 ;

Using (14.50),
£02)= TIE [~ £(0.0) +8£(0.1) ~8£(0.3) + £(0.4)] = 1.221399167

_ R 7 0.2)  0.0001 202
30 30

TE

=0.4071x107

Actual error = 0.3591 x 10~

Numerical differentiation formulae for f,” can be obtained by considering

BPD? = A2+ A+ ihpt A5 4 (14.51)
12 6 .
YR BN (14.52)
12 6
52 _ 8% 8% ' (14.53)

: 12 90
We can write the forward difference methods of 0(%), 0(7), 0(#*) and 0(%*) for f"y
by using Eqn. (14.51) and retaining 1, 2, 3 and 4 terms as follows :

0(k) method: B> £, = £,., — 2fxus + S ‘ (14.54)

0(h*) method : K £ =~ fy3 +4f 1. =S fru + 2.3 (14.55)
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3 " 1
0(h’) method: A% £, = T3 U ks = 56 1 + 1141y =104/ +355) (14 56)

0(#*) method: 7’ £, = %(_sfkﬁ +51fis 136 f43 1941, — 1441, +431;)

(14.57)
Backward difference formulae can be written in the same way by using Eqn.

(14.52). Central difference formulae of 0(#”y and 0(%*) for £, are obtained by
using Eqn.(14.53) and retaining 1 or 2 terms in the form :

0(h*)method:A* f; = (foa =205 + S (14.58)

. ' » ‘
Q(h4)method:h2fk = Tz_(—fk—Z +16f =301, +16f 11 — frn2) (14.59)
Let us consider an example.
Example 14.12

For the table of values of f{x) = ¢*, given in Example 14.11, find " (0.2) using the
formulae (14.58) and (14.59).

Solution
Using (14.58),

77(0.2) = ﬁ [£(0.1) - 27(02) + £(0.3)] = 1.2224

E= -hzf"/ (0.2) _ —(0.01)60'2
2 12
Actual error = —0.0009972

T =-0.0010178

Using Eqn. (14.59),

[ 7(0.0)+16£(0.)=30£(02)+16(0.3) = FO] _ | 51375

/S 02= 0.12

4 IV
TE = ﬁ%o._z) =0.13571x10"°

Actual error = 0.27758 x 107
Maximum and Minimum Value of a Tabulated Function

We know from calculus that the maximum or minimum value of a function y = AXx) is
obtained by equaling the first derivative dy/dx to zero and solving the resulting equation
for x. The same logic applies to finding the maximum or minimum value of a tabulated
function. We compute the various differences from the given table, insert them- in the
appropriate interpolation formula, find the first derivative of this formula and put it equal
tozero and solve for p. The value of x then is found from x = x, + ph.

By the same definition, we can also find the maximum or minimum value of a function
by setting equal to zero the first derivative of Lagrange's formula.

Example 14.13

From the following table, find the value of x for which y is minimum and find this
value of y.

x @ 3 4 5 6 7 8 »
y 0205 0.240 0.259 0.262 0.250 0.224
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The forward difference table is

Table 14.6
x y Ay Aly A’y
3 0.205
. 0.035 |
4 0240 - _ ~0.016
| 0.019 0.000
5 0.259 ~0.016
| 0.003 0.001
6 0.262 ~0.015
~0.012 0.001
7 0.250 ~0.014
~0.026
8 0.224

Takingx,=3, h = 1, yp = 0205, Ay, = 0.035, A’y, = -0.016 and A’y, =0,
and substituting in Newton’s forward difference formula, we get

y= 0205+ p x 0.035 + P—(P—ZJQ (~0.016) W

Differentiating (1) w.r.t p, we have

Y _ 0035 - 0.016[2—1’2-1-J

dp 2 ’

For y to have the minimum value, we put -:l =0. This gives
p .

0.043
0.035 ~0.0082p —-1) =0, ie, p = —— = 2.6875
@ -1 P 0.016

Now x=x, + ph =3+2.6875x1 = 5.6875
Hence y will have minimum-values for values of x = 5.6875

Putting the value of p = 2.6875 in Newton’s formula, the minimum value of y is
given by

2.6875(2.6875 - 1)
2

= 0205 + 2.6875 x 0.035 +

=0.2628
And now the following exercises for you

(-0.016)

SAQ 1

1y The position f{x) of a particle moving in a line at various times x, is given in the
following table. Estimate the velocity and acceleration of the particle at x = 1.5 and

35
x 0 1 2 3 4
fixy: 25 -9 0 7 15

2) Construct a difference table for the following data
x 13 1.5 1.7 1.9 2.1 23 2.5

f(x) :3.669 4482 5474 6.686 8.166 9974 12.182

[
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Taking 7= 0.2, compute 77 (}.53) and the errer, it Axi = ¢

200 &

f::ina an 0() formula.

’ir'\\y;r: table ¢

wing table,

Use Lagrange’s interpolation to {ind /' (x}) and f"{(xjat x=2.5. 5.0 from the
following table

" o] -~ &
X { s 3 4
o 1 D1
fix} i 16 sl

Find the first and second derivatives of vx atx =15 from thetable

x i5 17 19 21 23
Jx R ZENEN e LIEY 4796

angle § radia
seconds, find it

difterent
eration when 7 = wf:. >;=3couds.

val

seconds 0.0 0.2 G4 .6 0.8 iRt 12
& radians 0.0 0.12 0.49 112 2.02 3.20 4.67

In a certatn machine a slider moves along straight rod. Its distance x ¢m

along the tod is given by the following 1able for various values of the time 7 seconds:
tseconds: 0.0 0.1 0.2 0.3 0.4 0.5 0.6
X cm : 3613 3162 3.2

287 3.364 3.365 3.381 3324

Find the velocity of the slider and also its accejeration at time 7 = 0.3 seconds.

9
X 1.2 i3 14 £.2 1.6
Jxy o 1.5095 1.6984 1.9043 | 2.1295 2.3756
Also find x for which y is maximum and find ihis value of 3
10) The following table gives the values of x & y. find the vaine of x for which y is
minimum and find this value of y.
X ;o 0.60 0.65 Q 0.7
y 1 0.6221  0.6155 0.6138 0.6170
11) The elevation above a datum line of seven points of roads 300 units apart, are 135,

149, 157, 183, 201, 205, 193 units. Find the gradient of the road at the middle point.
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144 NUMERICAL INTEGRATION

In the section below, we shall derive the most general quadrature formula using Newton’s
- forward interpolation formula as the integrand.

14.4.1 Newton — Cote’s Quadrature Formula

Given a set of (n + 1) values of x and y,ie. (X0, Yo}, (X1,¥1) -, (X, ¥o) of a function
y=f(x) where fx)is not explicitly known and we are required to evaluate the definite

integral
= f: ydx | (14.60)

Let the interval of integration (a , b) be divided into » equal sub-intervals with (n + 1)
ordinates corresponding to (n +i) arguments. Let a = x, < xo + A< x, + 2h<.. ...
< Xy + nh = b sothatany x in the interval is givenby x = x, + ph and

dx = hdp.

Approximating y by Newton’s forward interpolation formula, we get .

+nh +nh ' - - -
= J:O 4 ydx= Ixo " {iy0+pAy0 +______p(p D Ay, + plp = Dip - 2) Ay, +...]dx
0 %0 31
(14.61)
Replacing dx by hdp, changing the limits in terms of p, we obiain
- : :
I=h K [J’o + PAy, +£(£2—l Ay, + ---Jdp (14.62)
Performing the desired integration and substituting the limits, we obtain
[ 2 32342 4
n nwon ANy ln 3 503 (14.63)
1=H nyy+—A +(——— | =+t Ky +... -
[ny" 2 3 2] 2 3!(4 Yo

(14.63) is known as Newton — Cote’s quadrature formula.

From this general formula, we can obtain a variety of important quadrature formulae viz.
Trapezoida!l rule, Simpsen’s 1/3 rule, Simpson’s 3/8 rule etc. ; by setting n» = 1, 2, 3
respectively. It may be remarked here that the formulae obtained by putting» = 1, 2 and
6 are found to be of very good accuracy for use in practical problems.

14.4.2 Trapezoidal Rule

Putting » =1 in (14.63) meaning thereby that the interval of integration extends only to
one sub-interval from x, to x, + # and there are only two functional values of y namely
¥ and y,. Approximating the curve passing through these two points by a straight line,
i.e. a polynuinial of degree one, so that the differences higher than the first will be zero,
we obtain

+h -
27 yax = h(yw%Ayo) =h[y+ﬂ7yi]

Xo
h 14.64
= 5 o + 21) (7 )

For the next interval (x, + A, x, + 2A), we get

(Yot 2h _ ‘ 1 _ . Va2 _yl
-[x0+h ydx = h[y1 + —2—Aylj = h(y, +—T—
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(NN

on + ) ‘ (14.65)

Proceeding on similar lines, value of the integral for the last in.terval (Xact> X,) Will be
given by

% h 14.66
[0 var = S0n+ 3 (14.60)
) n-1
Adding all such expressions, as given in (14.64), (14.65) and (14.66), we obtain
X, h
Lﬁ ys = = [y 420 + 32+t 9pa) 4 ] (14.67)

(14.67) is known as Trapezoidal rule.

Geometrically this rule signifies that the curve y = fx) is approximated by n straight

lines joining the points.(xo, yo) , (1, y1) 5 (x1, 1) , (X2, ¥2) ;.. ; (%15, Yn-1) and
(xa, ). It also establishes the fact that the area bounded by the curve y = fx), the two
ordinates x = x, and x = x, and the x - axis is approximately equal to the sum of »
trapeziums (Figure 14.1).

Y

n-1 n

We can remember this formula as

(%J [First ordinate + last ordinate + 2 (sum of the remaining ordinates)]

14.4.3 Simpson’s 1/3 - Rule

This rule is obtained by putting » =2. This means that the interval of integration extends
from x, to x, and so there are only three ordinates y,,y,, and y, in this interval.
Hence with only three values, the differences above the second will all be zero. We then
have from (14.63)

2 1 (8 2
J‘:o yax h[Zyo + 24y, +5[? —2JA yo]

1
2h|:)’o + Y — Y t 3 Oy — 2y + yo):|

h .
=300+ 40 +32) (14.67)
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‘Similarly for the next interval with three ordinates from x; to x,, we get

X4 h ‘ :
J;z ydx = 3 O, + 4y, +3,) (14.68)

and finally for the last interval of three ordinates, namely y,; , Va1, Vs, We Obtain

[ yax = g nz + 4¥ua + Vi) (14.69)

Xn-2

Adding all such expressions from x, to x,, where n is even, we obtain

o h '
J‘xo yde= 2y +400 + 35+t 3n) $2 0¥ Yt 9} 4 ] . (14.70)

Formula (14.70) is known as Simpson’s 1/3 - Rule.

1t is important to note that while using this rule the interval of integration must be divided
into even number of sub-intervals each of width A, so that there are odd number of
ordinates. This rule is also called a closed formula for the simple reason that the end
ordinates are also included in the formula. We can remember this formula as

h (First ordinate + last ordinate + 2 (sum of even ordinates) + 4(sum of the
3 remaining odd ordinates]

14.4.4 Simpson’s 3/8 - Rule

Putting n = 3 in (14.63), we find that with three sub-divisions or four points, we will
have a polynomial of degree three. Neglecting all differences above the third, we get

3 3 3 2 1 3 -
dx =3h +—=Ay, + — A + — A
xoy _ [YO 5 Yo 4 Yo 3 }’0]

3 3
=3h[)’o +E(yl - yo)"‘z(}’z -2y + )

1
+ E()ﬁ -3y, +3y, _J’o):l

3h
= -—8“()’o+ 3y +3y; +y3)
Similarly

273 3h ’ X
J;a ydx =—8-(y3+3y4 +3ys + ¥, ) andsoon.

Summing up all such expressions, we get

% 3h »

Lo yix = —= [0 + ya)+ 20 + v+ ot ya)
+3( + ){2"’ VatYstot Yooy + Vo) ] (14.71)

Formula (14.71) is known as Simpson's 3/8 - Rule. It is important to note that while

applying this rule, the number of sub-divisions should be taken as multiple of 3.

14.4.5 Weddle's Rule o

Putting » = 6 in (14.63) and ignoring all differences above the sixth, we get
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X6 9 2 3 123 4 11 5
ydx=6[ +3AY0 +=Ayy +4A y +— Ay, +—A
o Yo Vo 2 Yo Yo 60 Yo 20 Yo

+ —.—A
6 140 y"}

. . . 41
In the above relation, the coefficient of A® y,, 1.e.-4—0 differs from T30— by a small

. 1 . : o
fraction o Hence if we replace AL by To® Yeae committing an error of
_fl__ A® Yo. If his chosen such that the sixth differences are small, this error becomes
.. . 41 .
negligible and can be ignored. We therefore replace —— by —1% as the coefficient of

. 140
A Yo.

. (%6 3h ' '
> J.xo ydx =W(}’o+5)ﬁ+)’z+6)’3+)’4+5)’5+y6)

For the next set of seven ordinates, we get

12 3h
r ydx:-la‘(}% +5y; + ¥g +6¥9 + Y1 + 5y + Vi)

X6

Adding all such expressions, we obtain the value of the integral from x, to x, as

" 3h '
Ko yle=— [0 + 531+ 32 + 635 + 3+ 5p5+ 3)

+ (Vs + 5y + ¥y + 6y + Yo+ 5y + Yt oo ] (14.72)

The formula (14.72) is known as Weddle’s Rule . Tt must be noted that # should be
taken as a multiple of 6.

Applications of Simpson’s Rule

It is appropriate to mention that Simpson’s rule has a number of applications in practical
problems. Ifthe y — values, i.e. the ordinates denote the velocities of the body at equal
interval of time, then Simpson’s rule gives the distance covered during the time. If the
ordinate values pertain to equi-spaced cross-sectional areas, then this rule provides the
volume of the solid. Problems of computing the volume of revolution of areas as also the
moment of inertia of the areas can also be solved with the help of this rule.

This rule finds use to a number of civil engineering problems. Problems relating to the
calculation of the amount of earth which is to be moved to make a level highway, make a
dam or the earth needed to fill a depression are some of the areas of application. On the
basis of surveys and contour maps, profiles of the earth level along different sections are
made and the average height is calculated by Simpson’s 1/3 rd rule upto the desired
level. From the information so gathered it becomes easy to complete the total volume of
the earth to be moved.

Example 14.14
Compute the value of the integral

rA(e’ +sinx— logx) dx By
0.2
(i) Trapezoidal rule (ii) Simpson’s 1/3 —rule

(iii) Weddle’s rule.
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Solution
- . . L . : . 14-02
We divide the interval of integration into six equal parts of width e " 0.2.

The values of the function fx) = ¢" + sin x — log x are given at equal length
of the interval in the table below

x : 02 0.4 0.6 0.8 1.0 1.2 1.4
Slx):1.92386 1.896746 2.0544 2.33641 2.73573 3.26187 3.93350
i) By Trapezoidal Rule

I =%3 [1.92386 +3.93350 + 2(1.896746 +2.0544
+2.33641+2.73573 + 3.26187)]

_ % (5.857364+2 x12.2851) = %(5.85736 +24.5703)

= TI(T (30.42767) =3.04276

ii) By Simpson’s 1/3 - Rule

I :%3 [1.92386 +3.93350 +4(1.896746 + 2.33641+3.26187)
+2(2.0544 + 2.73573)]

- 1—15—(5.85736+4 x7.49502 + 2 x 4.79013)

= —11?(5.85736+ 29.98010 +9.58026) = il? (45.41772)
= 3.02784
iii)) By Weddle’s Rule

_3x0.2
10

I [5.85736 + 5 (1.896746 +3.26187) +2.0544

+2.73573 + 6x 2.33641]

=Ig6(5.85736+25.79308+4.79013+ 14.01846)=~6—>f—519£)—52-()—3—=3.02754

= 4.05151
The actual value of the integral is
14 . . 4
IOZ (¢* +sinx— log x) dx = [e - cos x+x(1 ~ log ,x)]}).z

=4.05095

- The error in the trapezoidal rule = 4.05095 — 4.07152 = ~0.02057
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_ The error in Simpson’s 1/3 - rule is 4.05095 —4.05214 = —0.00119.

The error in Weddle’s rule is 4.05095 — 4.05151 = —0.00056.

Thus, we find that Weddle’s rule is more accurate than Simpson’s rule and Simpson’s
rule is better than Trapezoidal rule.

Example 14.15
A body is in the form of a solid of revolution. The diameter D in cms. of its

sections at distances x cm. from one end are given below. Estimate the volume of
the solid.
x 0 2.5 5.0 7.5 10.0 12.5 15.0
D : 5 5.5 6.0 6.75 6.25 5.5 4.0
Solution

Here h = 2.5. Since the body is rotating, the volume of the solid generated is
given by

5 2
J:)ng——dx
4

I

~|a

15
JO D? dx
2.5
T[(25 + 16) + 4(30.25+45.5625+30.25)

+2 (36+39.0625)]

= %‘- [ 41 + 4 x 106.0625 + 2 x 75.0625]

5w

T (41 + 42425 x 150.125) = 402.5578 cm’

Example 14.16

A rocket is launched from the ground. Its acceleration is registered during the first
80 seconds and is given in the table below. Using Simpson’s 1/3 - rule, find the
velocity of the rocketat £ = 80 seconds.

f(sec) : 0 10 20 30 40 S0 60 70 80
flem/sec?): 30.0  31.63 33.34 3547 37.75 4033 4325 46.69 50.67

Solution

Here A = 10sec. v» = 30.0 , yz = 50.67. Using Simpson’s 1/3 - rule the
velocity of the rocke. 1s given by :

1?0[30.0 + 50.67 + 4(31.63 + 35.47+40.33 +46.69) + 2(33.34 +37.75 + 43.25)]

- _132 (80.67 + 4 x 154.12 + 2 x 114.34) = ? (30.67 + 616.48 + 228.68)

- % x 925.83 = 3086.1 om/sec.

Example 14.17

A curve is drawn to pass through the points which are given in the following
table :




: : Numerical Diﬂ'erenﬁalionfal’ld::
x 0 1 2 3 4 i 5 6 Integration : T

'y 0 2 2.5 23 2 1.7 1.5

The x - coordinate of the C.G of the area bounded by the curve, the end ordinates
and the x - axis is givenby 4 x = J: xydx, where A denotes the area. Find the’
valueof . Find also

i) y - coordinate of C.G of the area,

ii) the volume of revolution of the area about ox, and

iii) the radius of gyration of the area about ox .

Solution

x=0

The area OA4ABO = Eydx

6
Volume of revolution about OX = Ionyz dx

Let P(x,y) be any point on the curve and PQ an elementary strip of width dx. If p is
assumed to be the density, then the mass of the strip is

ydx.p
6 .
.. Total mass = J'O pydx
The coordinates of the centre of gravity are located at the mid-point of the strip and are

given by (x , %J , if (¥, y) are the coordinates of the C.G of the area, then

-J'nydx I: pydx. 2 %fgyzdx
* = 06 ¥ =% Z = 6
.[o ydx ‘J.o -pydx .[0 ydx

PQ can be taken as a uniform rod of length y. Hence its movement of inertia about the

x - axis is given by

= % (mass of therod) x PQ? = % pydx.y?

. Moment of inertia of the wholearea = g Lf ysdx
If k istaken as the radius of gyration, then
P8y 1 J: 3
_ ‘Moment of inertia _ 3 ‘Lfydx_ 3 o V&

k= = -
Mass J'6 J‘6
: P Jy yix ) Y&x
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“To evaluate the various integrals that have appeared in different formulae above, we
prepare the following table. The area of the curve is computed using Simpson’s 1/3 -
e Table 14.7
x y xy | v Y
0 0.0 0.0 0.0 0.0
1 20 2.0 40 80
2 25 5.0 6.25 15.625
3 23 6.9 5.29 12.167
4 2.0 8.0 4.00 8.00
5 1.7 85 2.89 4913
6 1.5 9.0 2.25 3.375

a) Area under the curve = % [0+ 1.5+420+23+1.7)+2@25 +2.0)]

=—:1¥ (1.5 + 24 +9) = 11.5 units

W
|
|
{

b) C.G of the area is calculated as follows :

-

g [0.0+9.0+4(20+69+85) +2(5.0 +8.0)]

= L 104.6 = 34.87

3 i
7 = A8 s
1.5 |

Again _ﬁ Yidx = % [0+225 +4(40 +529 + 2.89)+2(625 +4.0)]

=-;- (225 + 48.72 + 20.5) = -7-1—;1 - 2382 (
5 =+ B8 03565
2 115

i

c) Volume of revolution = ¢ Jg ydx = 3.14x23.82 _ t]

74.7948 cub.units

i

d) Radius of gyration :

ﬁ yide = % [3.375 + 4(8.0+12.167+4.913)+ 2 (15.625 + 8.00)] _

= % (3375 + 4x25.08 +2x 23.625) = %— x 150.945
=50.315
The radius of gyration k? =é x 5(1)'13;5 = 1.4584
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14.5 ERRORS IN QUADRATURE FORMULAE Integration

The error in the quadrature formula is given by

b b
E=[fma - |4 dr

where ¢(x) is a polynomial representing the function y = fx) in the interval (a, b)

) Error in the Trapezoidal Formula

Let y=f(x) be continuous and possess continuous derivatives in the interval
(x0, xy). Expanding y by Taylor’s series around the point x,, we get

— 2 »
Y=y +(x=x) ¥, + 9——2’7‘°—)~ Vo +.. (14.73)

where y, , ¥, ... are the first, second ... derivatives of yat x = x.

Integrating (14.73) over the interval (x, , x;), we get

X, xo+h % +h - 2
yde= [ ydx= jxo (y0+(x—x0) Vs +Myg +)dx

Xo Xo 2
woow
=YOh+7!}’o+¥J’”o+--- (14.74)
Xg+h .
Also L ydx = areaof the trapeziumin theinterval (x, , x, g /)

0
=L a1 yy) = 4, (sa
=500t n) =4 G y) (14.75)

Putting x = x, + hand y = y, in (14.73), we obtain

N
=y, + hy, tor Y 0) + ...

Inserting this value of y, in (14.75), we get

h N
Al=5[yo + Yo + hy, +—5 Yo +)

‘ 2 3 ’
=hy, + %— Vo + —}-;— Vo . (14.76)

. the error in the interval (xo, x, + /) from (14.74) and (14.76) is given by

Xo +h h3 ”
; L‘o ydx~ 4, = T Yo + .
3
i.e. the principal part of the error in the interval (xo , xo + &) is given by — — y;

12

Similarly, the principal part of the error in the next interval (x;, x,) is given
3

h . .
by - T ¥ » where y{ is the value of the second derivative of y at
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x = xpSumming all these errors, the total error E of the formula is given by

h3 ” ” n
E =——1—i—(y0 + 3+t y,)

Assuming that y" (&) is the largest of the n quantities yg , ¥; ,..» Yoy’

we obtain
nh3 I3
E<-"0 5 ®
ie. E<_£b_1:2“—) Ky where h = 229 4.77)
n

the error in the trapezoidal formula is of the order of #,

it)  Error in the Simpson’s 1/3 - Rule

Expanding the function y = {x) by Taylor’s series about the point x = xo and
integrating this series over the double strip (x; , x5), we obtain

Xo+2H ) ’ X —X )2
J;:; ydx = ° (J’o + (x—x0) Yo +’(“_——O_J’(’)' +de

%o 2
4Rt . 8K . 16K w 32K
=2hy, + o ’_’0 YtV T + ... (14.78)
~ h2 ' h3 "
= yoh + ‘5‘ Yo T ‘3|" Yo

Also area 4, of the double strip over the interval (xo , xo + 2#) by Simpson’s 1/3 -
Rule is given by

h . ,
A =-—-(y0 + 4yl + y2) (14.79)

Puttmg x= xo + A, and y=w;andx=x,+2h y=y, successwely in Taylor’s
series we obtain

) h2 h3 ”
» y0+hJ’o+‘2—")’o HETRC

' y 4K* . 8K
and Y2 =Y +2hy0 +——2’—y0 +—§'—y0 +...

Substituting these values of y; and y, in (14.79) , we get

h ’ h2 .4 h3 ~ }'4 rner
4= 3 Yo + 41+ By, +‘2_!'.Vo +‘§TY0 +'4_!‘J’o * o

| At . 8K . 16K
y0+2hy0 +-2——y0 + 31 Yo + a0 Yo @+ ..

4R o 2K w SK
Vo t—— +_1_8—-‘y0 (14.80)

=2hy0+2h2y(', + 3

Using (14. 78) and (14.80), the error E, of the Slmpson s 1/3 Rule in the interval
(%o, X2) is given by
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2 4 5 5 e
dx — 4 =|— -2 |h +
J:) yax 1 (15 18] Yo

i.e., the principal part of the error in the interval (xo, x;)

Similarly, the principal part of the error in the interval (x;, xi)is

1.5
__L reee

= Y, and so on.

90

Summing up all these errors, the total.error E of the formula is given by

5
e tee

‘ h rree e
=~ % o + 2y + Y7+ Yayi)

rere rree et

Assuming that y (&) is the largest of each one of ¥4, ¥1 5. Y2y
we obtain '

_ ﬁs_ ree _'_ (b - a) 4 It .. _ _.
E<-oony” @=-22 " @) ¢ 2nk=b-0)

i.e., the error of Simpson’s 1/3 - Formula is of the order of A*.

iii) In the case of Simpson’s 3/8 - Rule, the dominant term of the error of the formula
for the interval (xo , x3) is given as

_ 3h5 e
__80 Yo

iv) Error in Weddle’s Rule : In this formula, the dominant error of the formula in
the interval (xo, xq) is
h7 reer
T a0 N0

The calculation of errors in the last two cases are left to the students as an exercise.

SAQ 2

. f) d x .
D) Evaluate |, 15 2 o using

i) Trapezoidal ruie, ii) Simpson’s 1/3 rd rule, iii) Simpson’s 3/8 rule,

iv) Weddle rule. Compare the results with its actual value.

el dx
2y  Ewvaluate }

R using
X

i) Simpson’s 1/3 rule by taking 2= "'
1) Simpson’s 3/8 rule by taking 4= 1/6.

Hence compute an approximate value of x in each case .
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7) Apply Simpson’s rule to evaluate

. 2.0
3) Using the trapezoidal rule, evaluate J 06 d v from the following data
RE

X 0.6 0.8 1.0 1.2 P 1.6 i.8 2.0
y: .23 158 203 432 625 836 1023 1245

4) Using Simpson’s rule, evaluate r; sin’® x 4x from the following data :

X : 0 /4 /2 3n/4 n
sinx: 0.0 07071 1.0 07071 0.0

5) Find an approximate value of log.5 by calculating to 4 decimal places by

Simpson’s rule the integral [O _dx
U 4x+35

tn

divide the range into 10 equal parts.

6) Evaluate J;'é”d X by Simpson’s rule, given that

2

- 3 Oy 1 LA
e=272, ¢ =739 ¢ = 2009, ¢ = 348

Compare the approximate value with the exact result.

dx

¢ j4 x?
dividing the range into 4 equal parts.

to two decimal places by

8) Obtain the approximate value of log,2 by computing by Simpson’s rule

1 dx

07 by dividing the interval of integration into eight equal parts.
+ x

Compare the approximate value with the exact result.

9) A solid of revolution is formed by rotating about x - axis the area enclosed by the
ordinates x = 0 and x = 1, the x - axis and a curve which is passing through the
points given by
0, 1.0), (0.25 ,. 0.9896). (0.50, 0.9589), {0.75 , 0.9089), (1.0, 0.8415)

Calculate the volume of the solid formed by using Simpson’s 1/3 rule.

10) A curve is drawn to pass throﬁgh the points given by the following table :

x: 1.0 1.5 2.0 25 3.0 35 4.0
y: 20 2.4 2.7 2.8 3.0 2.6 2.1

Calculate 1) the area bounded by the curve, the x - axis and the ordinates x =}
and x=4

i) thex and y coordinates of the centre of gravity of the area
i) the volume of revolution of the area about x - axis

1v) the radius of gyration of the area about x — axis




11)

12)

13)

14)

16)

17)

Numerical Differentiation and
The velocity v (km /min) of a moped which starts from rest, is given at fixed Integration
intervals of time ¢ (mts) as given in the following data :

t: 2 4 6 8 10 12 14 16 18 20

v: 10 18 25 29 32 20 - 11 5 2 0

Calculate approximately the distance covered by the moped in 20 minutes, using
Simpson’s 1/3 - rule .

The following table gives the velocity v of a body at time 7

t (seconds) 0 2 4 6 8 10 12
v (metres /sec): 4 6 16 34 60 94 136

Find the distance moved by the body in 12 seconds. Also find the acceleration at
t=2seconds .

A mound of earth 3 metres high in the centre is in the form of a solid of revolution
with a vertical axis. The radius of the section of a mound at various heights is
given in the following table. Estimate the volume of the mound using Simpson’s
rule for numerical integration :

Heightin(mt): - 0.0 05 1.0 1.5 2.0 2.5 3.0
radiusin (mt) : 6 45 3 0.5 0.0

2

The velocity of a train which starts from rest is given by the following table, the
time being reckoned in minutes from the start and speed in miles per hour :

f(mts) : 2 4 6 8 10 12 14 16 18 20
v(milesh): 10 18 25 29 32 20 11 5 2 0

Estimate approximately the total distance covered in 20 minutes.

~ Estimate the length of the arc of the curve 3 y= x’ from (0, 0)to (1, 1/3) using

Simpson’s 1/3 - rule, taking 8 sub-intervals.

2

1 .

Hint: Length of the arc = J:) 1+(—Z—‘V) dx
Xy

]
|

When a vessel has a depth of water % feet, the area of the horizontal section into
which it is cut by the plane at the water level is 4 square feet. The following
measurements were made :

B 10 11 12 13 14
A 10000 11200 13100 14800 15300

Calculate the volume of water discharged when the depth of water falls from 14 feet
to 10 feet. ‘

. d( .
The specific heat of a substance at temperature z° is a9 where @ isthe

dt

quantity of heat required to raise 1 gm of the substance from some fixed
temperature 7 ° . The specific heat of water (s in joules) at temperature 7 ° is given
by -
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t°: 0 10 20 30 40 50 60 70 80 90 100
s 14.219 4.195 4.184 4.174 4.173 4.174 4.178 4.184 4.190 4.197 4.205

Show by using Simpson’s rule, that to raise 1 gm of water from 0° to 100 °, the
number of joules required is 418.5 approximately.

14.6 ROMBERG INTEGRATION

In the earlier sections, we have derived a number of quadrature formulae with the help of
finite difference methods. We have noticed that though trapezoidal rule is the easiest
Newton-Cote’s formula but it lacks the degree of accuracy generally required. There is a
way to improve the accuracy of results obtained by the trapezoidal and Simpson’s rules.
This can be achieved by a method known as Romberg integration. This method is a
simple modification to the quadrature formulae for finding their better approximations.
As an illustration, let us discuss its application to the numerical evaluation of definite
integrals, for example in the use of trapezoidal rule.

Consider the definite integral

I=fydx

Let I; and I, be the approximate values of I obtained by evaluating the integral by
trapezoidal rule with the sub-intervals of width A, and 4, and corresponding errors E,;
and E; respectively. Then

I= 11 + E1 = 12 + E2 (1481)

But

E, =_(”1‘_2")h12 y" (&) and E2=—Q1_2—a)h§ Y (&)

Since the term y"(E) isalso the largest value of "(&), we can very reasonably

assume that " (£) and y" (&), are very nearly equal.

Hence we have from (14.81)

E _ K E K
E, B E-E K-k

Also E, - E, = I, — I, , weobtain

ht
h; —hf

By -E) = —"— (-1)
2 1 hzz_hlz 1 2

1

Substituting for E; in (14.81), we get
’ 2
I=1I + hz—}ihlz— (L - 1)

2 (14.82)

Relation (14.82) is a better approximation to / and the second term on its right side is the
new truncation error. '
Equation (14.82) can also be written as

_ 11(h22 ‘h12)+h12(11 -1) - I, hz2 -1, h12
K _h? B _h? | (14.83)

I
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To make computational work simple and systemétic, weset iy =hand h, = L .
This gives 2
LG/ - 4L -1,
(h/12)* - n* 3

ie., I(h, %h} = 4'1(”/23)’1(}’) where I(h) = I, and I(h/2)=1, (14.84)

We apply this method repeatedly, successively halving 4, and make use of relation
(14.84) for every pair of values. The calculation work can neatly be performed as per

the following table.

I(h)

Kh,h2)

K h,h2,hH4)

I(h2)

I(h2,h4) L h,n2,h4, 1H8)
I h/4) K W2, b4, hi8)

(W4, hi8)
I(H8)

The computational work is continued till two successive values move sufficiently close to
each other. This method is called Richardson’s deferred approach to the limit and its
systematic tabulation is known as Romberg integration or Romberg formula.

Example 14.15

1
Evaluate J = J' 0 correct to three decimal places by Trapezoidal rule

1+x

with A=0.5, 0.25, 0.125. Use Romberg integration to get an accurate value for
the definite integral. Hence find the value of log 2.

Solution

We compute the value of the given integral by trapezoidal rule, taking 2= 0.5,
0.25, 0.125 respectively.

’ 1
i) h = 0.5, thevaluesof ¥ = 1—_'_—; are tabulated as follows
x 0 0.5 1.0
y : 1.0000 0.6667 0.5000

/= g[yo + 2y + y,)= % (1.0000 + 2 x (0.6667)+0.5)

= —}I x 2.8334 = 0.7084
1

ii) x = 0.25, the tabulated values of x and y for the function y = T4 eas
follows.
x: 0.0 0.25 0.5 075 1.0

y: 1.0000 0.8000 0.6667 0.5714  0.5000
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I = % (1.0 + 2 (0.8 + 06667 + 0.5714)+0.5) = 0.6970

iii) x = 0.125, the tabulated values of x and y for the function Y = 1+ x

are as follows : .
x: 0 0.125 025 0375 05 0.625 0.750 0.875 1.0

y: 1.0 0.8880 0.8000 0.7273 0.6667 0.6154 0.5714 0.5333 0.5

I=—é— [1.0+ 2(0.8889+0.8+0.7273 + 0.6667 + 0.6154 + 0.5714 + 0.5333)] +0.5

- = 0.6941.

We have now three values of the given definite integral. The calculations by
Romberg integration are ' ’

I(h) = 0.7084 ; I(h/2) = 0.6970 ;I(h/4) = 0.6941

(/2= I(h) _ 4x0.6970 —0.7084 _ ..,

I(h,h/2) =
( ) 3 3
1(h/2,hi4) = 41(h/4)—1(h/2) _ 4x0.6941 — 0.6970 06931
' 3 : 3
Finally 3
I(h, h/2, hi4) =4x°'69313_ 06932 _ .6931
The tabular representation of the method is i
Romberg
No. of Strings Trapezoidal Firstorder Second order
1 10.7084
0.6932
2 0.6970 0.6931
, 0.6931
3 0.6941

Note : The added advantage of the method is that accuracy of the computer values
is known at each step.

The value obtained above is correct to its last place of decimal.

14.7 GAUSS - LEGENDRE INTEGRATION FORMULA

Consider the definite integral

b
I = .[a ydx where y = fix)

Divide the interval of integration (a, b) into n equal parts each of width 4 so that

(b — a) = nh. Suppose the function y = fix) takes up the values y5, y1, ¥2,.c0s Yn
corresponding to the valuesof x as xo=a, x =a+h,x,=a+ 2h,.,

Xg = a + nh = b.Weknow from calculus that if D is the differential d/dx
Operator then the inverse operator 1/D defines integration. Using this concept, we have
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b Xo+nh
1= foyds = [T @dx = 5 [fG + 0k - S0

1 n N
=L s - 1) = — @D )

h

- - .. = | =Ml_+ﬁ
ey [a+ay -1] f(xo)[. E=1+Aand D ]

h

Expanding (1 + A)" and log (1 + A) in powers of A, we get

3!
2 3 4
A _é_.'.A__A_.'.
2 3 4

nhA(l+ nolp - DE=2) 40, ]f(xo)

hli(1+nA+_n_(r%—_ll Az +i(n__l)(L%)_ A3 +"-]‘_1}f(x0)
I=-! -

_ 2 6
- 2 3
A(l_A__ A___A__,_ )
2 3 4

—nh(l+n—1 a+ @@= o, (D=2 A3+...]

2 6 24
A A A 3
Xl ——+— —+...
( T3 72 )" f(xg)

R xnh(l+ n2—1-A+ (n—l)én—Z) A

24 -
A A A AA N

=1+ ———t— | — == | %
2 3 4 4 3 8

8 nh[l+ neol,  (@-D@n-2) o (r-D(r-2){n-3) A3+---Jf(xo)
2 6 24

L =Dn-2@n=3) 5, J f(x0)

2 3 _ _ _
="’{1+A—A—+—A—...]x (1 + "2 L l)é” 2 p2

—)(n-2)(n-3
+(n )(n24 )7 —3) Ay ] S(x9)
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' _ a2
_ k| 1478, P@n23) o mn-2)
2 12 24

+...]f(x0)

This relation is called Gauss— Legendre integration formula.
Particular Cases

i) Putting » = 1 inthe above formula and neglecting second and higher order .
differences, we get

xo+hf(x) dx =h(1+AJ F(x0) =(1+ E—

1
% > 5 ]f(xo)

=_;’—(E+1) f(£0)=§[f(xo +h) + f(x) |

h
=—(y, +
) On + yo)

Since second and higher order differences have been assumed to be zero, fx) isa
polynomial of first degree in x and therefore the value of the integral denotes the
area of the trapezium with parallel sides along the ordinates y, and y; , and with A
as the distance between them. This, therefore gives the trapezoidal rule.

ii) Putting » =2 and neglecting differences greater than two and above, we get

Xo+2h ‘ A?
[ Fdx = 2}{1 +A +?J f(xo)
%o

= Zh(l +E-1+ —(E;—l)z]f(xo)

Con EHED g

= g [f(x0) + 4f(x, +B) + f(xo+ 2h) |

h
= '3_(}’0 +4y, +¥,)

Since differences of order three and more have been omitted, f{x) can be taken as a
polynomial of degree less than three. Now if x) is a polynomial of degree 2, which
represents a parabola, the formula is exact. This represents Simpson’s rule.

14.8 EULER - MACLAURIN FORMULA ¢

Consider the functions f{x) and F(x) connected by the relation A F(x) = fix). If A™is
the inverse difference operator, then the above relation can be written as

Fx) = A" fix) (14.85)

Suppose x takes up (n + 1) equi-distant values x, , x; , X3, ..., X; with interval of
differencing #. We know that

Fx) —~Flx)) = AF(x) = fxo)
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Fx)) ~Fx) = AF(x) = fix)

Fx,) —F(x,1)) = AF (@) = f(%u1)
Adding all the above relations, we obtain

Flag) =) = S0 + foe)+.+ foan)

«' : n-1 ’

} ' = Z f(x) : (14.26)
: . =0

Again from (14.85), we have

FG) = A" F() = (E-1)" ()= (-1 f(x)
=H1+hD+ hzé!Dz + ] —1} J(®)

[, w0 RO BDT .
=(hD) [1+7+ s J)

. 2
1 _1{ [hD W D h3D3] [hD ‘D WD J
D71~ + + +

+ +
h 2 6 24 2 6 24

WD B D* WD Y
— + ...
(2 e T J }f ®

1 hD h*D?* KDt
—= D" |1 - A -l
h [ 2 12 720 |7

1 14.87
;[jf(x)dx— —f(x)+—f( )—Tﬁf ®). ] (14.87)

Putting x = x, and x = Xo successivély in (14.87) and subtracting, we obtain

F(x,) - F(x,) =+ I fwdx -2 (e, - S

+—(f Gen) = £ (%)) — (—f () = f"(%) - (14.88)

720
Relations (14.86) and (14.88) together give
n-1
> I f flx )dx——(f(x) Fx)
i=0"

+——(f ) - £'() —72—0-(f ) - S ) ..

Réwriting the above, we get
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- M) dx=S FE) L (F ()= F ) - () — ()
¥ - ry 2 12 |
+7—’;33(f"(xn) = L)+,
=5 ey s g+ f(xo))—%(f'(x,,) — £
i=1

h3 ” m
+ﬁ(f (x) — f (xp)+...

Replacing fx) by y, we get

1 e +nh 1
- 0, ydx:_[yo +y,+2(y +y2+"‘+yn—l)]
h'% 2
h ’ ’ }13 m ”m
o _E(yn — Yo) +m On — o) + .

Xp+nh h h2 ' '

J yadx=— + 2+t 4+ ¥,) 4 ) == (Va = Wo)

Xp 2 12

Kt " m '
A T (14.89)

720

Relation (14.89) is known as Euler - Maclaurin formula. The first term on the right side
of (14.89) constitutes the Trapezoidal Rule. and the other terms signify the successive
corrections in the value. This formula is useful for finding the approximate sum of any
number of consecutive values of a function, i.e., the series of the type

y(xg) + y(x, + h)%- e+ y(x +nh)

Example 14.16

1 dx
Use Euler — Maclaurin formula to compute the value of the integral IO 352
Hence find the value of = . ' ¥

Solution ‘ .
We divide the interval (0, 1) into six parts so that h = 1/6. Let y = 5. .
Computing the values at each point of the subdivision, we get 1 tx
x: 0 V) 173 12 2/3 5/6 1

y: 10 0.9730 0.9 0.8 0.6923  0.5902 0.5

Computing the derivatives of y, we get

dy _2x  _dy _20xa*-1) d’y _24x(1-x)
dx

(+ 27 df  (+2y > df  (+x)

!

¥, =0, y5 =-05, y7 =0,y =0.
Substituting these values in (14.89), we get
1 dx 1

01+x? 12

[1.5 + 2 (09730 + 0.9 + 0.8 + 0.6923+0.5902)]

1 1( ,1j
__._x__ — —
36 61 2
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]

=0.78425 + 0.00116 = 0.78541

The actual value of the integral = /4
n = 4x 078541 = 3.14164

Example 14.17
| Apply Euler - Maclaurin formula to evaluate the series
1 1 1 ,
= Tt 3 +..t 2 &
‘ (201) (203) (299)
} Solution , )
‘ Here xp = 201, x, = 299, h=2 and'y=-—2—,.n=49 }"=‘;3—,
x
" 24
y (0)=-—
x

Substituting these values in Euler - Maclaurin formula, we get

299 | 2 { 1 2 2 2 1 }
— = + + tot — t—>
2012 2032 2057 2972 299

| 201 2 ¥

(2)2[ 2 2 ] (2)4[ 24 24 }
- - + - +
12 { 201> 299° 720 [ 201°  299°

sz~ ) lair o
2012 2032 T 2992 2012 299? 3201 299°

8 [ 1 1 J
t—— = — | +
15 { 201° 299°
or

L 6 (0.0000247518+0.0000111855) %(0.00000012 —0.00000004)

x 2_01

1 1

—— — —— + 0.0000359373 +0.00000005 = 28
201 299 ' ‘

S = —;—(0.00497_512—0.00334448+ 0.00003598) = 0.00083329

AL 3

el dx
{Carmpute the value of the integral |0 1ol by using the trapezoidal rule with
v X

2 ey oo
iz {3 N

-~

025 and 0.125. Obtain better estimate by using Romberg integration.
Compare vour result with the true value.

" Apply Romberg method to evaluate J' 5",0g xdx - 8iven the data as follows :

4.0 4.2 1.4 - 4.6 4.8 5.0 5.2
feax s 13863 14351 1.4816 1.526 1.5686 1.6094 1.6486
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of Differential Equation 3y Use buler Moclaurin lormuls to tind the valoe o she ntoeel
ﬁflt .
Posm oy ' ‘
Ji i
by taking / = w/4 and /8. Compare the apnroximated value with the cxact
.
valuc.

4)  Find the sum of the serics

£y -
O

L7 &
4 22

pr—

using Euler - Maclaurin summation forrauwla,

i o

5)  Use¢ Euler - Maclaurin formula te prove that

)
1= " o
A i
PUEES]
PO
01 Use a three-powmnt Ganss - Legendro iU = e ntegras o s g Y
/ - e {F
i

Compare this result with that obtained by Simpson’s rule using seven poinis,

14.9 SUMMARY

In this unit we have covered the following:

1) Ifa function (x) is not explicitly defined list is respresented by the table of values,
then its derivatives as well as integrals can be obtained by the methods of numerical
differentiation and numerical integration.

2) When it is required to find the derivative of a function at an off step point, the
methods derived from the interpolation formulas are useful. However, if the
derivative is needed at the nodal point only then the methods based on the finite
difference operators prove very handy.

3) To evaluate a definite integral of a function numerically a general Newton-Cote’s
formula has been derived. Particular cases of this formula for different values of #
where 7 denotes the number of subdivisions into which the given range of integration
is divided are obtained For n=1, 2, 3 and 6, Newton-Cotes formulas are named as
Trapezoidal rule, Simpson’s 1/3 rule, Simpson’s 3/8 rule and Weddle rule
respectively.

4) The error of each of the above rules has been discussed. To improve the accuracy of
the results a general scheme known as Romberg method has been studied.

5) Integration formulas like the Gauss-Legendre formula and Euler-Maclaurin Formula
which make use of the concept of finite difference operators are used to evaluate the
definite integrals. : _ -

14.10 ANSWERS TO SAQs

SAQ 1
1) We required to find f' (x) and f'(x) at x = 1.5 and 3.5 which are off-step points.

Using the Newton’s forward difference formula with x, =0, x= 1.5, 5= 1.5, we get
' (1.5) = 8.7915 and f' (1.5).= — 4.0834. ,
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Using the backward difference formula with x, =4, x = 3.5, s =—0.5, we get f(3.5) =  Integration
.7.393 and /' (3.5)=1.917. :

2) The difference table for the given problem is :
x %) Af A AYf AY
: 1.3 3.669
1 0.813
1.5 4.482 0.179
0.992 0.41
17 5.574 0.220 \ 0.007
: 1.212 : 0.48
1.9 6.686 0.268 - 0.012
1.480 0.060
2.1 8.166 0.328 : 0.012
1.808 0.072
23 9.974 0.400
; 2.208
; 2.5 12.182

Taking x, = 1.5 we see that s = 0 and we obtain from the interpolation formula

NA+Nﬁ_&ﬁ+J

iy ]
f@ﬂ—;%&—z Jo 2

[0'992 B 0.2220 . 0.(;48 _ 0,012

] =4.475

7 Exact value is '’ = 4.4817 and error is = 0.0067

3) Using formula (14.43), we have

B £(6.0)= [ / (6'1)0—1f €9 ] = 37480

iy Using formula (14.58),

fED-2/(63)+ 162 | _ s
(0.2 '

fmm=[
4) Using formula (14.45), we have

—3£(500)+ 4 £(510) — £(520)
2h

£'(500) = [ } =0.002

Using (14.57), we have

2£(500) - 5f(510)-;~ 4£(520)—- £(530)
hZ

fYﬂw)=[ ]=.05x104
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il ial . ' ”
of Differential Equation Exact value f (x) _ l _ 0'002; f (x)=_ LZ =-0.4x 10—5
X X

Actual error in £'(500) i s 0, whereas in £’ (500) it is 0.1 x 10~°. Truncation error in

m

- K , 2 o1V
f(x)is h3f =-5.33x107" and in f'(x) itis %=8.8x10“9

5) Inthe given problem x,=1,x,=2,x,=3, x;=4, and =1, fi=16, f,=81 and
£ =256.

Constructing the Lagrange fundamental polynomials, we get

3 2 3 2
x —9x° +26x-24 x° —8x° +19x-12
J; Ll(x)=[ ]

Ly(x) = ‘[ 6 )

(x> =7x*+14x-8 x> —6x+11x-6
Lz(x)=—{ 5 5 Li(x)= —

By (x) = Ly fo + L + Ly (D), + Ly () s 5

P(x) = Ly(x) fo + Li(0) fy + Ly(x) fo + Ly (%) £,

Pi0) = i) fo + L + L0, + B,

We obtain after substitution,

P =(2.5)=62.4167; P(2.5)=19; P;(5) = 453.667; P,(5) = 234
The exact values of f'(x) and f''(x) are (from f{x) = x4 1

F12.5)= 625, £1(5)=500; £(2.5) =75 ; £™(5) = 300.

dy _ . dzy _
.6) 7o |em1s =0.12916 5 Z| = —0.00465
2 N
7 4o - : : _ : 2
d—tl’=0'6 = 3.82415 radians/sec ; P 6.75 radians/sec
dx d’x
8) W"=0~3 05333 /sec ; _dt—z)t=0'3 = 456 /sec

9)  f (14)=2.1509 , p= -10612, f(x)|,—p 1385 = 0.2965.
10) p=1847, x = 0692, y = 0.6137

11) The difference table is given by
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x y Ay A’y Ay A'y Ay
135
. 14
300 149 -6
8 24
600 157 18 -50
26 - -26 70
900 183 -8 20
18 -6 -16
1200 200 ~14 4
| 4 -2
1500 205 -16
-12
1800 193
It is required to find the gradient, i.e. d_y _
d % |%=900
Using Stirling’s formula ay = 0.085222
d x | =900 :

SAQ 2

1) (i) 1.4108 (i) 1.3662 (i) 1.3571 (iv) 1.3735. Actual value tan™ 6= 1.4056

2) (i)0.7854 ,m = 3.14156 (i) 0.7854, m = 3.14156.
3) 7922 4 1.264 5) 16101  6) 53.87; 53.6
1 2
7) 1.096 8) 0.6932,0.6931 9) Required volume is foxy dx=23192

10) Consult solved problem 14.17 (i) 7.78 sq. units (ii) X =2.53, y =131
(iii) Volume = 64.07 cub. units (iv) Radiation of gyration &* = 1.29

11) If s(km) is the distance covered in 20 minutes, then

ds : 20
_;]—t —vand..s—jo vdt.

For the application of Simpson’s rule, the number of ordinates must be odd. As the
moped starts fromrest .. at = 0, v = 0 and (0, 0) can be added as an
additional point. '

Ans. distance covered = 309.33 kms

12) The distance moved in 12 seconds = 552 metres ;
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The acceleration of the body is 9V is calculated by forming the 1
difference table as given dt téz .
t v Av Alv Alv |
0 4 i
2 \,
2 6 8 j
10 0 "
4 16 8 : ,
| {
18 0 4 ;
6 34 8
26 , 0
8 - 60 8
34 0
10 94 8
42
12 136
, .
av -1 Av, -—iA2 v0+—1— Avy | Hereh =2, vy =6, Avy =10
dtjt=2 h 2 3

Alvy =8, Avy =0

dv

av =l(10 _1 X 8) = 3 metres /sec’

13)  Volume = 20.67 cub.mt
14) As the number of ordinates is 10 which is even, we introduce one more ordinate so
that Simpson’s rule is applicable. The train starts from rest at zero time, the

velocity is zero and therefore the point is (0, 0).

Ans. 5.16 miles
d dyY
15) 3}’=13 —}i=x2 LS = 1+[——Z) dx

The table of the values is given by

x . 0 0125 0.250 0375 05

s [d_y le : 0 1.000122 1.001951 1.009839 1.030776
dx
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0.625 0.75 0.875 1.0

4

2
d
1+ [7';—] : 1.073586 1.147348  1.259437 1.414214

1
s = 5[1.0 +1.414214 + 4(1.000122 + 1.009839 + 1.073586 + 1.259437)

+2(1.001951 + 1.030776 + 1.147348)]

= 314- [2.414458 +17.371936 + 6.36017 )] = 2L4 x 26.146544

=1.0894393

16) 51833-; cub.ft

SAQ 3

1) 0.7853962, Exact 0.7853985
2) 1.8278 3) h=mn/4, value = 0.83733 ; h = n/8, value =1.000003

4)  0.00499
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