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13.1 INTRODUCTION

The various interpolation formulae studied in the last unit, are derived under the
assumption that the values of the functions are given at equidistant intervals of the
independent variable or arguments and the various differences of the functiontendto
become small. However, if the interval of differencing happens to be unevenly spaced,
and in situations where the differences of the dependent variable y do not diminish in
magnitude, these formulae cease to be of use. In such situations it is desirable to have
interpolations formulae which are applicable when the functional values are given at
unequal intervals of the argument. Two such formulae are Newton’s formulae for

. unequal intervals of the argument and Lagrange’s formula. The former employs
differences while the latter utilises the function values. The differences used in Newton’s
formula are called divided differences, which are differences obtained in the usual
manner and then divided by certain differences of the argument. Besides the above two
formulas, we have discussed in the unit inverse interpolation by using Lagrange’s
formula. Finally we have studied the error of the interpolating polynominal. We begm
this unit by studying first Lagrange’s Interpolation formula.

Objectives
After reading this unit, you should be able to :

e find the Lagrange’s form of interpolating polynomial 1nterpolat1ng Sfx) at (n+1) '

distinct nodal points,

o obtain divided differences in terms of function values,

¢ form a table of divided differences and find d1v1ded differences with a given set
of arguments,

* obtain the Newton’s divided dlfferences mterpolatmg polynom1al for a given
data,

e compute the value of x (approximately) given a number 1f such that f(x)=y
(inverse interpolation), and

¢ compute the error of the interpolating polynomial and also the error in the
Newton’s interpolation formula.

13.2 LAGRANGES’S INTERPOLATION FORMULA

Let ty = flx) be a function which assumes the values yo, ¥1, Vs, .. --Ya for values of
x= xo, X1, X2, ..., X, respectively. Since there are (n + 1) palrs of values of x and y, we
can express the function f{x) as a polynomial of degree n in x of the form.

n

LX) = ap+aix+axt + ... +ax".
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Interpolation and Solution . . .
of Differential Equations This polynomial can alternately be written as

y = fx) = a0 (x~x1) (x—x2) ... (x %)

+ap (x —x) (x—x2) ... (x~x,)

+ a, (x —xp) (x — x1) ..(x — X1) (lj.l)
V P
Equation (13.1) holds for all the given values of x, that is when x = x5, y = y,and when
X = X, ¥ = ), and so on. Substituting these values in (13.1), we get
Yo = ap(xo—x1) (xo —X2) ... (Xo— Xn). o

From this we get

Yo
(xg — %) (xg — %) . (%9 — %)

ao =
Similarly, putting y =y, when x = x; in (13.1), we get

B4l

al =
(% = x) (% — %) (% — X,,)
And likewise
a, = Y2

(x; = %) (%3 = x)... (%3 — x,,)

_ Y
(x, = x0) (%, — %) (x, —%,_y)

n

' Substituting the values of ayp, a), a, ..., a, from above in (13.1), we get

y=fx) = x=-x)x-x)...(x—x,) Yo

(xg — %) (xg — x3)... (%9 — x,,) ,

(= %) (3 = x,)..(x = x,)
(2 = x0) (%) = %) (% — x,,)

1

(= %) (6 = ). (x = %) ,
(xn - xO)(xn _xl)'"(xn —xn-l) " (132)

Relation (13.2) is called Lagrange’s interpolation formula. It can be used irrespective of

the fact whether the values of x are equispaced or not and whether the differences of y
become smaller or not.
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Example 13.1

The observed values of a function are respectively 168, 120, 72 and 63 at the four
positions 3, 7, 9 and 10 of the independent variable. What is the best estimate you
can give for the value of the function at the postion 6 of the independent variable ?

Solution
- The given data can be represented in the following tabular form :
x 3 6 7 9 10
y . 168 ? 120 72 63

As there are only four corresponding pair of values available, the Lagrange’s formula for
interpolation is given by
_ G x)(=x)(x - x3) - (x—x)(x—%,)(x—x3) 1

(xo —x1)(xg —X2) (xp —X3) (%1 = x0) (%1 —x2) (% — x3)

Vx

(x—xo)(x—xl)(x—x3) N (x=x)(x-x)(x—x;)

(2 = x0) (3 — %) (%, — x3) 2 (x5 = xp) (x3 =) (x3 — x3) ?

Putting x =6 and the corresponding values of x and y, we get

e = 6-MN6-NO6-9 168 +(6—3)(6-—9)(6—10)
B-ND@B-93-10) T-37 -9 -10)

+(6—3)(6—9)(6-10) 7+ 6-3)6-76-9
©®-3)0-7(©-10) 10-3)A0-7(10-9

=12+180-72+27=147
Thus the best estimate of the function at the position 6 is 147.

Example. 13.2
~ The following table gives the values of x and f{x). Use Lagrange’s formula to find
the form of the function fx).

x 0 1 2 3 4
Ax) - 3 6 11 18 27
Solution

By Lagrange’s formula, we have

S(x) B 3 1, 6 1

ME-DE-DE-NE-4) DRI xR x-|

N 11 1 L= 18 1 N 27
2x1x(-1)(-2) x-2 3x2x1x(-1) x-3 432.1(x-4)

1 1 11 1 3 9

= +
8x x—1 4 x-2 .x-3 8(x-4)

Interpolation with
Unequal Length of
the Interval
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x2 +2x+3
(x~-D(x-2)(x-3)(x-4)

Hence f{x) =x* + 2x + 3
Example 13.3

Prove that Lagrange’s formula can be put in the form

where

2": P (x) f(x,)

T® =2 G ee

n

0 = J] -x)=@-x)(x-x).(x-x,) and

r=0

G0 = = 0@ | xmx,

Solation
Let y=f{x) be continuous function of x. Let it take the values yo, y1, V2,..., ¥»
corresponding to the values of x = xo, x1, X3, ... , X, respectively, i.e y(x) =y,
i=4012,.,n
Let g (x) be a polynomial of degree n so that
ge) =y@) =y for i=0,1,2,...,n | ’ ()

and .
g() =a+ ax + ax’ + ..+ ax" 2

Since (2) is satisfied for' values of x and y as per the conditions (1), we have

~

2 n
g(x)) =y, = ay + ayxy+a, xg+..+a,x.
. 2 n
gx) =y = a, + ax;+a,x +..+ a,x
— _ 2 n
g8(x;) =y, = gy + gy x, +a,x;+...+ 4a,x, X 3)
2 n
g(xn) =yn = ao + al x" +02x,, +..+ a"xnd

. Eliminating ag, a1, a3, ..., a, from (n +2) equations given in (2) and (3), we get

gx) 1 x x? . X"
Yo 1 Xy x3 .. x]
¥ 1 X xf . x =0 4)
Yn 1 Xn xr% v x::

Expanding the determinant (4) along the first column, we get
EOA+ ok @) +y k@) Fy k@) =0 (%)
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where ky(x), ki(x),..., k,(x) are all polynomials of degree » in x and A is a constant Interpolation with

denoted by the determinant. Unequal Length of
the Interval

1 X, x} %
1 x xt xy

A =
1 x, x2 x,

This determinant is known as Vandermonde’s determinant and its value is
(xo~x1) (xo—x3) ... (Xo—Xn) (X1 —X2) ... (X1 —Xn) oo (Kn1—Xn) .

Equation (5) will have a solution only when A is non-singular. The function g(x) can be
written as a linear combination of y, yj, ..., ya'in the form

g(x) =y, lh(x) + yih(x) + y, Iz(x) t ot Y, 4, (x) ..{6)
- Zyk I, (x) . : -7
k=0

where /i(x) is a polynomial of degree n in x.
From (3) and (6) by putting x = x, , we get

g(xy) = yo=Yolo(xy) + y L(xp) + ccct y, 1, (xy)
This give o (xo) =1 and /) (xp) =5, (xo) = ... =1, (x0) =0

In a similar manner, putting x = x;, x =X3, ..., and using (3) and (6), we obtain
Lix) =0(x) =..=1(x,)=1and [;(x;)= 0, i #j
therefore /i(x) can be written as

(x = X )X = Xp) oo (X = X5y ) (X = X1 )oee (X = X,)

! =
1) (e = %) (X = %) (X = X_) (X — Xpey1) - (X — %) ~(3) ,
Denoting (x — xy)(x — X, ) (x — %) ... (x = %) (x — x;,)...(x — x,,) by
¢ (x) and combining with (8), we get
1 (x) = 00 (9

x - xk)[(xk = %) (K = X)) e (O = X5 ) (B = Xpey ) (X — X, )]
Taking log of ¢ (x) on both sides, we obtain

logg (x)=log (x — xp)+log(x — x))+..+log(x —x; ) + ... +log (x—x,,)
Differentiating w.r.t x, we get

¢ (x) 1 1 1 1
= + +o 4o+
¢ (x) (x = xp) (x-x) (x—x;) (x—x,)

or
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I T 16 NN 1 NN Tc) WO 1¢)!

X=Xy xX-X x—x, X~ X xX—-x

¢'(x) =

S (= 5) (B~ X;) e (B %y) + (5= %) (X = X;) o (K= X,) + oo

ot (K= X) (X =Xp) e (X =24 ) (X = Xpyy) (X = X,)

tot (X X)) (A= x) e (X = X,y) -(10)
Putting x = x; in (10)
¢'(xk)=(xk _xo)(xk -Xx )(xk _xk—l)(xk "xk+1)---(xk _ x”) (11
From (9) and (11) we get the interpolating coefficient /i (x) as
@) = o’ (12)

(x = %) 9'(x;)

(12) and (7) together give

g =Y —D 3w

= (e=x) 0" (x) k=0

and therefore, the ﬁmc-tion Ax) is given by

=Y —¥ ) = YL

ko (X—x) ¢ (%) , K=o «

13.3 DIVIDED DIFFERENCES

The Lagrange’s interpolation formula discussed earlier suffers from the drawback that if
another interpolation point were inserted then the interpolation coefficient /i (x) will have
to be calculated a fresh. To overcome this difficulty we discuss Newton’s general.
interpolation formula. Before deriving the polynomial representation of this formula we
introduce the concept of divided differences, which is explained below.

Let the function y =f{x) take the values flx;), f{x;), Ax2), ..., Axn) corresponding to the
valuesof X =X, X = Xy, X = X3, ey Xn respectively where ,
X1~ Xp, X2— X1, ...(Xs—Xn1) need not necessary be equal. The first order divided
difference of f{x) in the arguments x,, x, is defined as follows :

f(x) — f(x1)

xo ‘—xl

S(xg, %) =

It is also denoted by A f(x;).
X

Similarly the first order divided differences in the arguments
(x1, X2), (¥2, x3),....(xn1 , X3) are represented by

fO)~F0r) _ &

J(x)
X~ X X

f(xl, x2) =



Interpolation with

. Unequal Length of
.f(xz, x3) = —[M = A f(xz) the Interval
Xy .~ X3 X3
- A
Fen )y = JG) =S A
xn—l =X, 'xn

With these first order differences of fx), we can form higher order differences. The
second order differences in the arguments ( xo, X1, X2)," (¥1, X2, X3),... can be defined
as

S(xos %) = (x5, x,) — S

Xg — X X1, X,

S (x)

Sf(xg, X1, X3) =

fG )= [0, %) _ A

xl —‘x3 x23 x3

JOxp)

J(x, x5, x3) =

In a similar fashion, the third order differences are defined as

XosX1sXy) = F (X1 Xy, X
S (%, Xy, X5, X3)= SGoo 31 %) = J (s %22 %3) =A3f(xo)x1,x25x3

Xo — X3
3
FOry %y, %3, %) = SO, X0,x3) = f(X2,%3,%4) A FGx0)
H ? > -
X1 — Xy X9, X3,X4

The »" ordér divided difference is represented by

f('xO’ xl""’xn-l)_f(xh x2:“"xn)
Xo — X,

f(xor x)a x2>""xn) =

With the various order divided differences of defined above, we can form a divided
difference table as follows :

‘Divided Difference Table

'Argument Entry : Af(x) A’ f(x) - ANfE)
X f&)
X S o)
S (xo, x1) ‘
X1 f@x) S (xo, x1, x2)
f(xl s x’Z) f(xo s X15 X2, x3)
X S(x2) S (x1,x2, x3)
f(x2 9 x3) f(xl » X2, X3, x4)
X3 S(x3) S (x2, x3, Xg) '
f(x3 » x4)

X4 S

Note : f(x0), f(x0, x1), ' f(xo,-x1, X7). etc are known as leading divided differences.
The first order difference is in terms of two arugments xp, x; ; The second order
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divided difference is in 3 arguments x, , x, , x, and a third order divided difference is in
four arguments x, , x; , x; , x; and so on.

Example 13.4
' Construct a difference table for the following data :

x : 0 2 3 5 6
Vx : 1 19 55 241 415
Solution

The divided difference table is as follows :

Xy Ay Ay, Ay, Ay,
0 ! 1-19 _,
0-2 90—336=9
2 19 -~ _
1955 _ 4 %:2
7.3 36 — 93 0- 0
=19
3 55 o 7-5
55241 _ oo B-2_,
3.5 0 93-1m4 2-6
s 41 3793 %:27
M=174
5-6 ,
6 415

Here under we discuss two important theorems which concern the properties of the
divided differences.

Theorem 1 : The divided differences of any order are symmetrical in their arguments,
that is, the value of any difference is independent of the order of the arguments.

Proof : The first order difference with respect to the arguments (xo, x;) is given by

F, 1) = JED =S _ SO) -~ ()
o Xy — X
- M f(xl’ xO),

X — X

—x . (1)

AlSOf(xo,xl) = xf(jox) + f(xl) — Z
0

1 X — X

S(x0)
Xy, %) X9

The right side of (1) remains unaltered if x, and x,; are interchanged and therefore
. flxg, x1) is symmetrical function in x, and x; .

f(xO’ x]) - f(xla 'x2)

Xy — X

C 1 [free) = S [ = fe)|
Xp — X, Xo — X Cox = X,

Again  f(xy, X;, X,) =




c— -~

- f(x, X, X)) =

Interpolation with
] . Unequal Length of

— S (xp) _ Sf(x) 1 N 1 the Interval
X

(xo = x3)(xp — X)) Xy — X

S(x,)

(xo — x)(xq — x)

+

J(x) + S(x) + J(x)

(o= %) (x— x) (g —x) (% — Xx;) (xz - %) (% — x)

_ Z T f(x)

Xg,X) 5 X3 (xo _xl)(,xO - xz)

The right hand side of (2) remains unchanged, if we interchange symmetrically the
arguments xo, X1, X2 .

Similary for other differences and therefore we can say that the divided differences are
symmetrical in their arguments.

Theorem 2 : Given a table constructed from y = f(x) and if f(x) is an n" degree |
polynomial in x then the »™ divided differences are constant.

Proof : Consider a polynomial of n™ degree defined by
fx) =
The first forward difference of f(x) forthe argument xy, xy, is

_ S) - f(a) f) - f) _ x - x

S (x5 x;)

= Ty ox x"2+ x4+ X!
1 0 1 0 1 . [1]

This is.a homogeneous polynomiél in x of degree (n — 1) in xo, x,. The second divided

~ differences of fx) inxy, X1, x; is given by

'f(xo,x1)—f(x1;x2) _ S, %)= (X0, %) %

- - -1 - - N
n-3 R T £ R ) VD )

-1 -
T e el T+ L+
' Xy~ X

a0 n 2. .n- 2 (. n-3 -3 Y
X X! +xl(x;'2—x(','2)+xl(x; - X )_+ +x:' (% = %)

xz—xo" . xz""‘.xo xz_xo Lo xz_xor

n-2 n-3 2 _n-4 n-2 n-3 n—4 2 n-5 " n-3
=00 XXy XXy ot Xy )+ q0g T XXy Hxgxy o+ Lt X )

4o+ x"?
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of Differential Equations which is a homogeneous polynomial of degree (# — 2) in xo, x;, x,. Proceeding in this

manner we can show that the » ® divided difference of x" will result in a polynomial of
degree (n — ), symmetrical in xo; X1, Xy, ..., X,. Hence n divided difference of x" will be
.a polynomial of degree (n — n), that is, of degree zero a constant with its leading
- coefficient as unity. Hence the proof.

13.3.1 Newton’s Formula for Divided Differences

Consider the function y = f{x) for arguments x = xo, x;, X,,..., X, Which are not all equi-

spaced. The first divided difference of (x, x;) is given by . :
' I

x) - f(x

f(x, xo) = f( ) f( 0) “\i,‘

X~ X N

Solving this for f(x), we have
JX) = f(x)+ (x = x5) f(x, x) (13.3)
The second divided difference of X, Xo, X1 1S given by

_ S(x, x) = f(x, x) [

X —-Xx : ¥

iy.e, Sx, x) = fxg, x1) + (x —x1) Ax, xo, x1) .(13.4)

S, x5, %)

Substitpting for x, x,)from (13.4) in (13.3), we obtain

S =)t G— 3 foae m) (- x) (= x) fn X x1) (13.5)

Again the third order divided difference X, Xo, X1 % is given by

f(x, xo: xl) —f(an X5 x2)

f(xa xOs xl’ xz) = -
‘and from this we obtain

fx, xo, x1) =Lx0, X1, X2) + (x — x3) fx, Xo, X1, %2) ..(13.6) ‘
Inserting fhe value of fix, xo, x;) from (13.6) in (13.5), we get
f2) = fxg) + (x=x0) fxo, x) +(x—x) (x=x) v, x1, %)
+(x— x0) (x—x1) (x—x) fAx, xp, x1, X2) .(13.7)

Proceeding on similar lines, we get
Sx) = fxo) + (x —x0) fxo, x1) + (x—x0) (x=x1) fxo, x1, X2)
+(x— x0) (x—x1) (x—x3) f{x0, X1, X2, X3) + ...
o H (x= x) €=20) oo 6= 2at) KXo, X1 Xo) (13.8) §
If fx) is a polynomial of degree #, the (r + 1)" divided difference will be zero and ’ L

_ therefore, last term in (13.8), that is, { xo, X1, X3,..., X,) Will be zero being the (# +1)
divided difference with (n + 2) arguments x, Xo, Xi,....X;. Hence (13.8) can be written as

Sfx) = fxo) + (x—x0) Axo, x1) +(x—%0) (x—x1) fxo, x1, X2)- [
+(x— x9) (x—x1) (x—x3) A x0, X1, X2, X3) + ...
FoF (x= x0) E=X1) oo (8 =Xa1) S Xos X1peey X) .(13.9)
Formula (13.8) is known as Newton’s divided difference formula. ’
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Example 13.5 . Interpolation with

The following table gives the values of log(x). Construct a table of divided Unequal Length of
differences and find the value of log 656.
X : 654 658 659 661
log x 3 2.8156 2.8182 2.8189 2.8202
Selutien
The divided difference table is as given below :
x y=logx Ay Ay Ay
654 - 28136
2.8156—2.8182
—————  =0.00065
654 — 658
658 2.8182 0.00065 - 0.00007
2.8182 — 2.8189 — =0.00001
——————=00007  654-659
658 — 659 0.000027
659 2.8189 0.0007 - 0.00065 ——— = 0000038
2.8189 - 2.8202 —————— =0000017 654 — 661
—_— =000065  658-661
659 ~ 661

661 2.8202

Newton’s divided difference formula is

fx) = fxo) + (x—x0) Axo,x1) +(x—x0) (x—x1) fxo, x1, X2)

+(x— x0) (x—x1) (x—x3) A X0, X1, X2, X3)

2.8156 + (656 — 654) x .00065 + (656 — 654) (656 — 658) x .00001
+ (656 — 654) (656 — 658 ) (656 — 659) x (~ .0000038)

2.8156 + 0.0013 — 0.00004 - 0.0000456 = 2.8168144

Hence log 656 = 2.8168144
Example 13.6

Find the interpolating polynomial for the following data using Newton’s divided
difference formula.

x : 0.0 0.5 1.0 1.5
y : 0.00 0.57 1.46 5.05
Solution :

The divided difference table is :

x oy Ay ANy Ay
0 0.0 0005
‘0—(())'57=1'14 1.14
. 14-178_
0-1.0
0.5 057
0.57-1.46 ~1.78 ’ M:()_zgg.s
05-1.0 0.0-2.0
1.0 146 178-339 107
05-2.0
1.46-5.05 _, o
1.0—2.00
20  5.05
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The Newton’s formula is given as
S&x) =00 +x x1.14+x(x-05) 0.64 + x(x—0.5) (x-1) x 0.2835
which is a polynomial of third degree in x.

13.4 INVERSE INTERPOLATION

Inverse interplation is the process of finding the value of the argument x corresponding to
a given value of the function y when the value of x is not present in the table. In fact
inverse interpolation reverses the role of both x and y variables. The y variable
becomes the argument and the x variable as the value. To study the problem of inverse
interpolation, we discuss the following two methods, namely

(i) Lagrange’s method when the values of x are not necessarily equally spaced, and

(ii) The method of successive approximations or the method of iteration when the
values of x are at equal length of the interval.

13.4.1 Lagrange’s Method

This method is similar to Lagrange’s interpolation formula the only difference being that
in this method x is expressed as a function of y. The new formula known as inverse
formula is given by

_ =y =) —y,) O=)Y-»)(y—y,)
= Xy + 1

Do =2 o = 32) (Yo = V) 0 =Y O = y2) - = Ya)

'(y—)’o)(y-—)ﬁ)---(y = Yn1)
n =Y0)On = 31) -y = Yp1)

Example 13.7

From the following table, find the Lagrange’s interpolating polynomial which agrees
with the values of x at the given values of y. Hence find the value of x when
y =2

x 1 19 49 101

y 1 3 4 5
Solution

~ Let x = g(y) be the required polynomial. Then

O-DO-HO-3) | 9
G-DE-43-9)

L0909
80) = —Ha-9Ha-5

N O-DO&y-3)y—75) « 49
(4-DE4-3)4-5)

LD =)= o
-5 -3)(5-4)

= —21—4 (P -12y% + 47y - 60) + % (- 10y% + 29y — 20)

—532 P -9y* +23y -15) + 1(;_1 (- 8y +19y-12)

which on simplification, gives

gy) = ¥ -y + 1
The Lagrange’s interpolating polynomial of x is given by

x=y -y +1

.. when y = 2, x=5>
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Example 13.8 " Unequal Length of
the Interval

Find the value of x when y = 3 from the followong table :

x : 4 7 10 12
y -1 1 2 4
Solution

The Lagrange’s interpolation polynomial of x is given by

C-DO-E-H , 0+ -D0 -

) = T - 2@ - 4 a+Dd =204
GO -DE - ,, O+rDO-DO-2
QC+D2-DC -4 4+D@-1D)@ -2

4 14 40 48 182

x3) = g@3) = 12.1333

13.4.2 Method of Successive Approximations or the Method of Iteration

To study the application of this method, iet us consider Newton’s forward interpolation
formula, given by

p(p D 2 p(p-D(p-2) .3
B LA o+ —————A , (13.9)

Yp = Yo + PAyg + +
x_xo
h

Alternatively (13.9) can be written as

where p =

1 . -1 . p(p-1Xp-2
p=b (y,, Sy ~BED o P@-DP-D) 3L (13.10)
Ayg 2 6

To obtain the first approximation of p, we take second and higher differences of yo as
zero. This gives

A= A o Gp = %) (13.11)

Replacing p by pi from (13.11) in the rightside of (13.10), we get

1 p(p -1 np -D(p,-2) 4
—_ _ Lt 7 A _ A 4.
Ay, [y Y 2 Yo 31 Yo

Py =

Proceeding on similar lines, the third approximation of p is given by

1 ' -1 -1 -2
P, = ()’p—}’o _»p - Ay, - Pr(py —D(py —2) AP y0+...)

Ay, 2 , 6

and so on for higher approximations. .

v

The application of the method is illustrated by the following example.
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Given the following values of x and y, find the value of x corresponding to
y =100.
x 3 5 7 9 11
e g 24 58 108 174
Solution

Since the value of y = 100 lies near the end value of the data, we use Newton’s
backward interpolation formula.

+1 _ -
yp :yn +pVyn +_p(p2—)_V2y" + ..

The difference table is given as follows :

x y Vy Viy vy
3 6
9
5 24 4
' 17 0
7 58 4
, 25 0
9 108 4
33
11 174
X — X
Herey, = 108,Vy, =25, Vy,=4,and p= p 2

Shbstituting in Newton’s backward interpolation formula, the value of y =100
and the appropriate values from the table, we get

(1
100=1os+px25+&2-+—1)—x4 &
The first approximation p, is given by .
100 — 108
=—— = -032
by 55 .

The second approximation p, is given as

1

by = —2—5[100—108+ 0.32 x 0.68 x4]

= -0.3026

Substituting for p; in (1), the third approximation is given by

s = 515[100—1084; 0.3026><0‘6974><4}= 03031

2

. Proceeding on similar lines, the fourth approximation is given by

0.3031 x 0.6969 x 4
2

e = 5%{100-10:” }: ~0.3031
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The two values of p; and p, are exactly the same upto fourth decimal place, further Interpolation with

approximations are stopped. Therefore, from p = (x — x, YA , we get Unequal Length of
the Interval

x=hp+x, = -03031x2+9 , Ea
= 9 — 06062 = 83938 |
SAQ 1
1. The values of x and y are given as below
X 5 6 9 11
y oo 12 13 14 16

Find the value of y when x = 10. Use Lagrange’s interpolation formula
Find the value of y when x = 5, given that
y 1) =8, y(B)=15 y@)=11, p(8)=32, »(10)=40

3. Determine by Lagrange’s formula the percentage number of criminals under 35

[\

years.
Age under % number of criminals
25 years 52
30 years 673
40 years 84.1
50 years 7 944
4. The following table gives the normal weights of babies during the first 12 months of
life :
Age in months : 0 2 5 8 10 12
1 1
Weight in [bs : 72 102 15 16 18 21

Estimate the weight of the baby at the age of 7 months.’
5. Ifyx is given in the following table, find ys when x = 8.

x 1 2 4 7 12

y 22 - 30 82 106 206

6. The following table gives the values of x and fx) :
- x 0 i 2 5

f(x): 2 3 12 147
Find the form of fx) filling the above data.

7. If f(x)= —)1:, show that f(x,, x,,...,x,) = _;%_'_)_;_ .
1540 BRihias 4

8. TFollowing are the measurements ¢ made on a curve recorded by the oscillograph
representing a change of current / due to a change in the conditions of an electric

current :
t 1.2 2.0 2.5 3.0
i 1.36 058 034 020

Using Lagrange’s formula, find the value of i when (= 1.6.

9. In the following table, 4 is the height above the sea ievel and p is the barometric
pressure. Calculate p when h = 5280.

h 0 4763 6942 10594
p 27 25 - 23 20
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=0

10. Use Lagrange’s interpolation formula to find the value of f{x) when x = 0, from
the following table :

x 3 2 1 -1
A 312 15 21

11. Find the Lagrange’s interpolation polynomial for fx)from the following data. Hence
obtain f(2)

x 0 1 4 5
Yo 8 11 68 123
12. If f(x) = x°, find the value of f(a, &, ¢)

13. From the following table of values, fiid the Newton’s form of interpolating
polynomial approximating f(x).

x ~1 0 3 6 7
fH: . 3 -6 39 82 1611
14. If f(x) = 2x°- 3x> + fx + 1; show that f(1, 2, 3, 4) = 3.

15. Use Lagrange’s formula inversely to obtain the value of x corresponding to w(x) = 83
for the values given as
W2)=94.8; y(5)=87.9; w8)=813; y(14)=68.7
16. Apply Lagrange’s formula inversely to obtain the value of x corresponding to
Jo(x) =— 0.23 from the following table:
x 95 9.6 9.7 9.8 9.9 10.0
Jo(x) : —0.1939 -0.2090 —0.2218 -0.2323 -0.2403 -0.2459

13.5 THE ERROR OF THE INTERPOLATING POLYNOMIAL

Let the function y(x) take the values yo, y1, 2 ,..., ¥n corresponding to the values of
X =Xg, X1, X2,..., X respectively. Let 3(x) be approximated by a polynomial ¢(x) of
degree n, such that

d@) =y, i=0,1,2,..,n
1.e. both ¢ (x) and y(x) have the same values at x;, i= 0,1,2, ...,n.
When we replace the original function j(x) by the approximating function ¢(x), we must

know the accuracy of the approximation and find the difference between the function and
the polynomial at points other than the nodal points x;. Since the expression }(x) — ¢(x)

.vanished for x = xo, x|, X3, ..., X,, We put

Wx) — 6x) = (x—Xo) (x—x1) (x—X2) .. (x—Xn) LX) (13.12)

where L(x) is to be determined such that equation (13.12) holds good for any value x of
xin xp < x <x,. Since (13.12) is satisfied when x = x, we have

W)= o(x)=(x~x) (x=x1) e (x=22) L( %) (13.13)
This gives '

(x—x)(x —xp)..(X—x,).




We now construct a function H(x) such that Interpolation with
Unequal Length of

H(x)=y(x) — ¢(x) — (x — xo J(x ~ x;)..{x — x,, ) L(X) (13.15) the Interval
Clearly H(x) is satisfied at x=x,, x=x, ..., X =x, and also at x = x. This implies

that H(x) has (n + 2) zeros, i.e., H(x) vanishes (n + 2) times in the interval xp < x < x,,.

Since H(x) vanishes at (n + 2) points in the interval (xo, x,) ; consequently, by repeated

application of Rolle’s theorem, H '(x) must vanish ( # + 1) times. H"(x) will vanish n

times, etc., in the interval (x, x,). In particular, ™' (x) must vanish once in the interval.

Let this point be given by x = ¢, i.e. H™! (c)=0.

Again vanishing of H™" (¢) implies that

dn+1
T 1O | =0
n+l
ie, e [(x) = 9(x) = (x = %) (X = %)) oo (X = 2, ) L(E)],_, = 0
dn + 1 \
ie, () | — 0 - (n+1)! L(¥) = O[L(%) is constant ; ¢ (x)isa
et 1 x=c 1
n+
polynomial of degree n and therefore o #(x)=0]
X
Hence y™V (¢) = (n+1)! L(¥)
n+l
or L(®) =2 ©) (13.16)

(n+1!

Equating (13.14) and (13.16), we obtain

@ -® Y
F=x)E=x))e(F-x,) (41! S (13.17)

Since x is arbitrary, we can replace it by x and therefore (13.17) can be written as

yn+1 (C)
(n+1)! (13.18)

Y(X) =p(x) =(x—x0)x =) ¥=%,)

From (13.18) we note that the part on its right side is the error due to polynomial
approximation. :

13.5.1 Error in Newton’s Interpolation Formula

In Newton’s forward interpolation formula, the arguments xo, x;, x,,..., x, are equi-
spaced, i.e.

X =x9g+ih(i=0,1,2,..n).

. X=Xy
we had also denoted Th =P

, xX—x, = ph; _
(x=x)=x-x,+% ~x = ph~h=(p-Dh
X=Xy=x—X1+X —X =(p—Dh—h=(p-2)h andso on
Hence the expression for error, (13.18), gives
_ph(p=1.h(p-2)h..(p—-n)h

y(x) —(x)= D! Y (e
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‘Relation (13.21) gives an estimate of error in Newton’s forward interpolation formula.

_ rp-p-2).(p-mp"" .
) (n+1)! e (13.19)

Since form of the function y(x) is generally not known, we cannot have any information
about y™' (x). However, we can replace the derivative y"*'(x) in terms of the differences
as follows

From the definition of the derivative, we know that

d _ Lt fe+m-f) 1
=P 50 n A
ie —“i——'-_-']'.‘A or D=zlA
& h "

Extending this concept to higher derivatives, we get
n+l : n+l
d =Dn+1 — [—I—A] = 1 An+l !
dxn+1 h hn+1 (13 .20)
Combining (13.19) and (13.20), the error is given by e

_p(p-1)(p-2)..(p-n)
(n+1)!

AtH-ly(c)

_Pp=Y(p=2)p=n) s A y(e) (13:21)
(n+1)! -

p(p=1Xp=2)lP=1)
- (n+1)! AT y(e)

Example 13.10

The following table gives the values of sin x from x = 25° to x = 30° in steps of 1°.
Using interpolation find sin 28° 24. Estimate the error.

x 1250 26° 27° 28° 29° 30°
sinx:0.42262  0.43837 0.45399 0.46947  0.48481 0.50008
Solution ~
The difference table is as given below
x y=sinx Ay Ay A’y A%y A’y
25 0.42262
0.01575
26 0.43837 -0.00013
0.01562 -0.00001 :
27 0.45399 ~-0.00014 0.00001 ’
0.01548 —-0.00000 -0.00002
28 0.46947 —0.00014 0.00001
0.01534 -0.00001
29 0.48481 . -0.00015
0.01519 \ e
30 0.50000




. Interpolation with

Newton’s forward formula is Unequal Length of
the Interval

. -1 -D(p-2

Yp=Yo+ PAYy +£(—I;,‘—A2J’o +£(£——6)(L*)A3yo + o

we take xo =27, yo =0.45399, x =284°, y,is the valueof y at x =28.4°.

XTX0 _ 14

then p =

Vg4 = 0.45399+1.4%x0.01548 -

ﬁ%ﬂxo.ooom

.\ 1.-4(1.4-%1.4-2))((_0-00001)

= 0.45399+0.02167 - 0.00004

= 0.45362
Error = Eg-g———?—'-(-]z:—af y(c) taking n =2
_ 1414-1)1.4-2) (~0.00001)
6
= 0.00000056

Now try the following exercise.

SAQ 2

I, The following table gives the values of sin x from x = 45° to 607 in steps of 5. Find
sin 52° by using Newton’s interpolation formula. Also find the estimate of the error.

13.6 SUMMARY

In this unit we have derived two very important interpolation formulas namely
Lagrange’s form of interpolating polynomial and Newton’s general form of interpolating
polynomial. Both these formulas are more general in nature and can be applied for data
for equally spaced or unequally spaced nodal values of the arguments. We have also
shown how the Lagrange’s interpolation formula can be applied with y as independent
variable and x as the dependent variable, i.e., Lagrange’s inverse interpolation formula,
so that the value of x corresponding to a given value of y can be evaluated approximately.
However, when the nodal values of x are equi-spaced, a simple inversion method known
as the method of successive approximations or the method iteration has been used for
getting inversely the value of x for a given value of y. Finally, we have derived the error
formula and its use has been illustrated to judge the accuracy of the calculation.

The main formulas derived in the unit are listed below for easy reference.

1) Lagrange’s Form

y=fx) = &= x)Ex=x)..(x-x,) ’e

(xg = x ) (xg — x3).e (x5 — x,,)

(x - xy)(x=x).(x = x,)
ey = x0) (X —x3)...(x; — x,,)

il
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(x—x)(x - %)X — %)
(xn _xO)(xn —xl)"'(xn _xn—l)

n

R+ (x) f(x,)
f(x) = Z;) m(:!—x,)qb'(x,) where

n

o) = J] G-x)=G-x)E-x)..(x-x,) and

r=0

. d
¥0x) = —= 90 | x=s,
2) Newton’s Formula for Divided Differences

Sx) = fxo) + (x —x0) fxo,x1) +(x—xo0) (x~x1) fxo, X1, X2)

+(x= X0) (x=x1) (x—x2) KXo, X1, Xpp X5)F ...

+ .+ (x= x0) (x—x1) ... (x—x51) L X0, X150 Xn) .(13.9)
3) Inverse Interpolation
. y=Jy
i) x=g(y)= Zx [H( !
r=0 d= Yi— J

. 1 -1 ~(p-2)
B p 2__(},1) Ly~ 22D g2 PP 6)(p A3y°+“'J

Ayo 2
where p = x—hxo
4) Interpolation Error
n+l
Y0 =40 = (x=x)e =3 (= x,) 2
n+1
" (o) _
- (n+1)' H( *r)
13.7 ANSWERS TO SAQs
SAQ 1
(1) /10y = 14.63 @) 593 377 (41567
(5)93.5 6)x’ ?338 —x+2 (7) 0.8908
)24.5493 (10) 6 A1) - +3x+8=18

(12)fla, b,c) =a+b+c  (13)Ax)=x"-3x"+5x*-6
SAQ 2

(1) sin 52°=10.78800
Error = 0.0000392
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