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13.1 INTRODUCTION 

The various interpolation formulae studied in the last unit, are derived under the 
assumption that the values of the functions are given at equidistant intervals of the 
independent variable or arguments and the various differences of the function tend to 
become small. However, if the interval of differencing happens to be unevenly spaced, 
and in situations where the differences of the dependent variable do not diminish in 
magnitude, these formulae cease to be of use. In such situations it is desirable to have 
interpolations formulae which are applicable when the functional values are given at 
unequal intervals of the argument. Two such formulae are Newton's formulae for 

. unequal intervals of the argument and Lagrange's formula. The former employs 
differences while the latter utilises the function values. The differences used in Newton's 
formula are called divided differences, which are differences obtained in the usual 
manner and then divided by certain differences of the argument. Besides the above two 
formulas, we have discussed in the unit inverse interpblation by using Lagrange's 
formula. Finally we have studied the error of the interpolating polynominal. We begin 
this unit by studying first Lagrange's Interpolation formula. 

Objectives 

After reading this unit, you should be able to : 

find the Lagrange's form of interpolating polynomial interpo1atingJT.x) at (n+l) 
distinct nodal points, 
obtain divided differences in terms of function values, 
form a table of divided differences and find divided differences with a given set 
of arguments, 
obtain the Newton's divided differences interpolating polynomial for a given 
data, 
compute the value of x (approximately) given a number if such that f (x) = y 
(inverse interpolation), and 
compute the error of the interpolating polynomial and also the error in the 
Newton's interpolation formula. 

13.2 LAGRANGES'S INTERPOLATION FORMULA 

Let y = JTx) be a function which assumes the values yo, yl, y2, ...,yn for values of 
x = xo, XI, x2, ..., x, respectively. Since there are (n + I )  pairs of values of x and y, we 
can express the functionflx) as a polynomial of degree n in x of the form. 



Interpolation and Solution 
of Differential Equations This polynomial can alternately be written as 

y = A x )  = ao(x-x l ) (x-x2)  ...(x -x,) 

+an (x-x0)(x-XI)  ...(x -x,-~) (13.1) 
d 

Equation (13.1) holds for all the given values of x, that is when x = XO, y = yo and when 
x = xl, y = yl, and so on. Substituting these values in (13.1), we get 
YO = ~ o ( x o - x ~ ) ( x o - x ~ )  ... (XO-x,). d 

From this we get 

a. = Y 0 

(xo - x1)(xo - x2)...(xo - x,) 

Similarly, putting y = yl when x = xl in (13. I), we get 

And likewise 

Substituting the values of ao, al, a2, ..., an from above in (1 3. l), we get 

(x - x,)(x - x 2 )  ... (x - x,) 
y * f ( x )  = Y 0 

(xo -x1)(xo - x  2)...(xo -x,) 

( x - x o ) ( x - x 2 )  ...( x -x , )  + Y 1 

(x1 - xo)(x, - x2)...(x1 - x,) 

Relation (13.2) is called Lagrange's interpolation formula. It can be used irrespective of 
the fact whether the values of x are equispaced or not and whether the differences of y 
become smaller or not. 



Example 13.1 Interpolation with 
Unequal Length of The observed values of a function are respectively 168, 120, 72 and 63 at the four the Interval 

positions 3, 7, 9 and 10 of the independent variable. What is the best estimate you 
can give for the value of the function at the postion 6 of the independent variable ? 

Solution 

The given data can be represented in the following tabular form : 

x : 3 6 7 9 10 

Y :  168 ? 120 72 63 

As there are only four corresponding pair of values available, the Lagrange's formula for 
interpolation is given by 

Putting x =6 and the corresponding values of x and y, we get 

Thus the best estimate of the function at the position 6 is 147. 

Example 13.2 

The following table gives the values of x andfix). Use Lagrange's formula to find 
the form of the function Ax). 

Solution 

By Lagrange's formula, we have 
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HenceAx) = x2 + 2x + 3 

Example 13.3 
Prove that Lagrange's formula can be put in the form 

n 

$ 0 )  = ( x - x , ) = ( x - X ~ ) ( X - X , ) . . . ( ~ - ~ , )  and 
r=O 

d 
Y(x.) = - $ ( x )  / x=& dx 

Solution 

Let y =Ax) be c~mtinuous function of x. Let it take the values yo, y1, y2, ..., Yn 
corresponding to the values of x = XO, XI, x2, ... , x,, respectively, i.e y(xi) = y  i , 
i = O ,  1 , 2  ,..., n. 

Let g (x) be a polynomial of degree n so that 

g (xi) = y (xi) = yi for i = 0, 1, 2, ... , n (1) 

and 
g (x )  = a0 + alx + a22 + ... + a,$ 

Since (2) is satisfied for values of x and y as per the conditions (I), we have 

Expanding the determinant (4) along the first column, we get 

2 g(xo)  = yo = a, + a, x, + a 2  x, +...+ a, x," 

2 g(x,) = y, = a, + a,x ,  + a 2 +  +...+ a,x," 

g (x2)  = y2 = a, + a, x, + a, x i  + ... + a, x," 

. . . . . . 
. . 

2 g(xn)  = yn = a, + a, x, + a2 X, + ... + a, x," 

d x )  + YO b (x) + YI k, (x) ..l+yn k, (x) = 0 ( 5 )  

> 

Eliminating a,, a], a2, ..., a, from (n + 2) equations given in (2) and (3), we get 



where h(x ) ,  kl(x),  ..., kn(x) are all polynomials of degree n in x and h is a constant 
denoted by the determinant. 

This determinant is known as Vandermonde's determinant and its value is 

( X O - X I )  (XO-x2)  ..a (XO-xO) (XI  - x ~ )  ... (XI  - X n )  ... (xn-1 -xn) .  

Equation (5) will have a solution only when h is non-singular. The function g(x) can be 
written as a linear combination of yo, y l ,  ..., y,, in the form 

where I&) is a polynomial of degree n in x. 

From (3) and (6) by putting x = xo , we get 

g(x0)  = Yo =Yo lo(x0) + Y l l l ( x 0 )  + a = . +  Yn ln(x0) 

This give lo (xo) = 1 and 1, (x0) = l2 (xO) = ... = In (xO) = 0 

In a similar manner, putting x = XI, x = x2 , ..., and using (3) and (6) ,  we obtain 

l , ( x , )  = 12 (x2 )  =... = In(xn)  = 1 and l i ( x j )  = 0, i # j 

therefore I&) can be written as 
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4 (x )  ahd combining with (8), we get 

Taking log of 4 ( x )  on both sides, we obtain 

~ o ~ ~ ( x ) = ~ o ~ ( x - x ~ ) + ~ o ~ ( x - x ~ ) +  ...+ l 0 g ( x - x k )  + ... +log ( x - x , )  

Differentiating w.r.t x, we get 
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of Differential Equations W(X) = -+ 4 -+  4 0 )  - 4 (X I  + ... + - 4 (X I  4 ( X I  + ... + - 

X - X o  X - X I  X - X 2  X - xk X - X, 

+ "'+ ( x - ~ o ) ( ~ - ~ l ) . . . ( ~ - ~  k - l ) ( ~ - ~ k + l ) . . . ( ~ - ~ , )  

+ ...+ ( x - x 0 ) ( x - x , )  ...( x-x,-,) 

Putting x = xk in ( 1 0) 

From (9) and (I 1) we get the interpolating coefficient I k  (x) as 

(12) and (7) together give 

and therefore, the functionAx) is given by . 

13.3 DIVIDED DIFFERENCES 

The Lagrange's interpolation formula discussed earlier suffers from the drawback that if 
another interpolation point were inserted then the interpolation coefficient lk (x) will have 
to be calculated a fresh. To overcome this dificulty we discuss Newton's general 
interpolation formula. Before deriving the polynomial representation of this formula we 
introduce the concept of divided dtflerences, which is explained below. 

Let the function y =Ax) take the values fixo), f ix ] ) ,  fix2), ...,fin) corresponding to the 
values of x = xo, x = x, , x = x2 , ..., x,, respectively where 
x 1 - xo , x 2 - x l  , ...,(x , -xWl) need not necessary be equal. The first order divided 
difference offlx) in the arguments xo, xl is defined as follows : 

It is also denoted by A f (xo).  
XI 

Similarly the first order divided differences in the arguments 
.(xl, x*), ( ~ 2 ,  x3) ,..., , x3) are represented by 



With these first order differences offix), we can form higher order differences. The 
second order differences in the arguments (xo, x l ,  x2), . (xl ,  x2, x3), ... can be defined 
as 

In a similar fashion, the third order differences are defined as 

The n' order divided difference is represented by 

With the various order divided differences of defined above, we can form a divided 
difference table as follows : 

Divided Difference Table 

Argument Entry A f  ( 4  ~~f ( 4  h3f ( 4  
X f 6 )  

- 

Note : f (xO), f (xO, xl ) ,  f (xO, .  X I  , x2). etc are known as leading divided differences. 
The first order difference is in terms of two arugments xo , xl ; The second order 
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Interpolation and Solution divided difference is in 3 arguments xo , x l  , x2 and a third order divided difference is in 
of Differential Equations four arguments xo , xl  , x2 , x3 and so on. 

Example 13.4 

Construct a difference table for the following data : 

x 0 2 3 5 6 

Y x  1 19 55 241 415 

Solution 

The divided difference table is as follows : 

Here under we discuss two important theorems which concern the properties of the 
divided differences. 

Theorem 1 : The divided differences of any order are symmetrical in their arguments, 
that is, the value of any difference is independent of the order of the arguments. 

Proof : The first order difference with respect to the arguments (xo, x l )  is given by 

Also f ( x o  , x, ) = foe) + f(3) =z f (xo ) 

X o  - - Xo x,,,x, Xo - 

The right side of ( 1 )  remains unaltered if xo and xl  are interchanged and therefore 
A x o ,  x l )  is symmetrical function in xo and xl . 
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= C - f(x0) 

x,, x, , x* (xo - x1 (XO - x2 

The right hand side of (2) remains unchanged, if we interchange symmetrically the 
arguments xo, XI, x2 . 

Similary for other differences and therefore we can say that the divided differences are 
symmetrical in their arguments. 

Theorem 2 : Given a table constructed from y = f (x) and iff (x) is an nth degree 
polynomial in x then the n' divided differences are constant. 

Proof : Consider a polynomial of n' degree defined by 

The first forward difference off (x) for the argument xo, XI, is 

This is a homogeneous polynomial in x of degree (n - 1) in xo, XI. The second divided 
differences of Ax) in xo, xl, x2 is given by 
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of Differential Equations which is a homogeneous polynomial of degree (n - 2) inxo, X I ,  x2. Proceeding in this 

manner we can show that the r th divided difference of x" will result in a polynomial of 
degree (n - r), symmetrical in xo, xl, x2, ..., x,. Hence n& divided difference of x" will be 
a polynomial of degree (n - n), that is, of degree zero a constant with its leading 
coefficient as unity. Hence the proof. 

13.3.1 Newton's Formula for Divided Differences 

Consider the function y =,fix) for arguments x 2x0, X I ,  XZ,  ..., x, which are not all equi- 
spaced. The first divided difference of (x, xo) is given by 

~ol'ving this for f (x), we have 

The second divided difference of x, xo, XI  is given by 

Substituting forJx, xo) from (13.4) in (13.3), we obtain 

AX)  = A xo) + (X - XO) AXO, XI) + (X - XO) (X - XI)  AX, XO, x i )  ...( 13.5) 

Again the third order divided difference x, xo, ~ 1 ~ x 2  is given by 

and from this we obtain 

Ax, XO, X I )  =Axe, X I ,  ~ 2 )  + ( -"c - ~ 2 )  AX, XO, X I ,  ~ 2 )  ...( 13.6) 

Inserting the value ofAx, xo, X I )  from (13.6) in (13.5) , we get 

Proceeding on similar lines, we get 

Ax) = Axo) + (x - XO) Ax0 , XI )  + (X - XO) (X - X I )  AXO, X I ,  ~ 2 )  

+ ( x - XO) (X -X I )  (X -x2) A XO, X I ,  ~ 2 ,  ~ 3 )  + ... 
+ ... + ( x -  XO) ( x -X I )  ... ( x -~n - I )  AXO, XI , . - ,X~)  ...( 13.8) 

If Ax) is a polynomial of degree n, the (n + 1)" divided difference will be zero and 
therefore, last term in (1 3.8), that is,A xo, X I ,  x2, ..., x,) will be zero being the (n + 1 ) ~  
divided difference with (n + 2) arguments x, xo, xl, ...,x,, . Hence (1.3.8) can be written as 

J(x> = AXO) + (x - XO) Axo , XI)  + (X - XO) (X - XI)  AXO, xi, ~ 2 )  I 

+ (X - xo) (x -x i )  (x - x2) A Xo, X I ,  x2, x3) + ..- 
+ ... + ( x -  xo) ( ~ - - X I )  ... (x-xn-1) Axe, x1 ,.., xn) ...( 1 3.9) 

Formula (13.8) is known as Newton's divided difference formula. 



Example 13.5 

The following table gives the values of lo&). Construct a table of divided 
differences and find the value of log 656. 

log x 2.8156 2.8182 2.8189 2.8202 

Solution 
The divided difference table is as given below : 

Newton's divided difference formula is 

Hence log 656 = 2.8168144 

Example 13.6 

Find the interpolating polynomial for the following data using Newton's divided 
difference formula. 

x 0.0 0.5 1 .O 1.5 

Y 0.00 0.57 1.46 5.05 
Solution 

The divided difference table is : 

Interpolation with 
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The Newton's formula is given as 

f ( x )  = 0.0 + x  x 1 . 1 4 + x ( x - 0 . 5 )  0.64 + x ( x - 0 . 5 )  ( x - 1 )  x 0.2835 

which is a polynomial of third degree in x.  

13.4 INVERSE INTERPOLATION 
Inverse interplation is the process of finding the value of the argument x  corresponding to 
a given value of the function y  when the value of x  is not present in the table. In fact 
inverse interpolation reverses the role of both x  and y  variables. They variable 
becomes the argument and the x  variable as the value. To study the problem of inverse 
interpolation, we discuss the following two methods, namely 

(i) Lagrange's method when the values of x  are not necessarily equally spaced, and 
4 

(ii) The method of successive approximations or the method of iteration when the 
values of x  are at equal length of the interval. 

13.4.1 Lagrange's Method I 
This method is similar to Lagrange's interpolation formula the only difference being that 
in this method x  is expressed as a function of y .  The new formula known as inverse 
formula is given by I 

+ ...+ (Y - Y O ) ( Y  - Y I ) . - . ( Y  -Yn-l)  
X n 

(Yn - Y O ) ( Y ~  - Y l ) - - - ( Y n  -Yn-l)  

Example 13.7 

From the following table, find the Lagrange's interpolating polynomial which agrees 
with the values of x  at the given values of y  . Hence find the value of x  when 
y  = 2 .  

x : 1 19 49  101 

Y :  1 3 4 5  
Solution 

Let x  = &) be the required polynomial. Then 

which on simplification, gives 

&) = y3 -g + 1 

The Lagrange's interpolating polynomial of x  is given by 

x = y - g + 1  

:. when y  = 2 ,  x  = 5  



Example 13.8 

I Find the value of x when y = 3 from the followong table : 

I Solution 

1 The Lagrange's interpolation polynomial of x is given by 

13.4.2 Method of Successive Approximations or the Method of Iteration 

To study the application of this method, let us consider Newton's forward interuolation 
formula, by 

P(P - 
yo + 

P(P - ')(p - 2, yo + ... Y , = Y o + P A Y o +  6 
X - Xo 

where p = - 
h 

1 Alternatively (13.9) can be written as 

To obtain the first approximation ofp, we take second and higher differences of yo as 
zero. This gives 

1 Replacing p by pl from (13.11) in the rightside of (13.10), we get 

I Proceeding on similar lines, the third approximation,of p is given by 

and so on for higher approximations. 
\ 

The application of the method is illustrated by the following example. 

Interpolation with 
Unequal Length of 

the Intervsl 
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of Differential Equations Example 13.9 

Given the following values of x and y, find the value of x corresponding to 
y = 100. 

x :  3 5 7 9 11 
- -. , 

y. -.- : . 6 24 58 108 174 

Solution 

Since the value of y = 100 lies near the end value of the data, we use Newton's 
backward interpolation formula. 

The difference table is given as follows : 

X - X,  
Here yn = 108, Vyn = 25, v ~ ~ ,  = 4, ,and p = - h 

Substituting in Newton's backward interpolation formula, the value of y = 100 
and the appropriate values from the table, we get 

The first approximati~np~ is given by 

The second approximation p2 is given as 

Substituting for p2 in (I), the third approximation is given by 

Proceeding on similar lines, the fourth approximation is given by 



The two values of p3 and p 4  are exactly the same upto fourth decimal place, further Interpolation with 
approximations are stopped. Therefore, from p = (x - x, )lh , we get Unequal Length of 

the Interval 

X =  h p + x ,  = - 0 . 3 0 3 1 ~  2 + 9  - 

= 9 - 0.6062 = 8.3938 

SAQ 1 

1 .  The values of x and y are given as below 

x : 5 6 9 1 1  
I' : 12 13 14 16 

Find the value of J when x = 10. Use Lagrange's interpolation formula 

2. Find the value of y when x = 5 ,  given that 

y ( l ) = S ,  y ( 3 ) = 1 5 ,  ( 4 ) = 1 1 ,  y ( S ) = 3 2 ,  y ( l 0 ) = 4 0  

3. Determine by Lagrange's formula the percentage number of criminals under 35 
years. 

Age under % number of criminals 

25 years 5 2 
30 years 67.3 
40 years 84.1 
50 years 94.4 

I 4. The following table gives the norrnal weights of babies during the first 12 months of 
life : 

Age in months : 0 2 5 8 10 12 
1 - 1 - 

Weight in Ibs 7 2  l o 2  15 16 18 2 1 

Estimate the weight of the baby at the age of 7 months. 

5. If yx is given in the following table, find ys  when x = 8. 

6.  The fo1lou:ing table gives the values of x andfix) 

x : 0 1 2 5 

f (x) : 2 3 12 147 
Find the form offix) filling the above data. 

8. Following are the measurements t made on a curve recorded by the oscillograph 
representing a change of current i due to a change in the conditions of an electric 
current : 

t :  1.2 2.0 2.5 3.0 

i : 1.36 0.58 0.34 0.20 

Using Lagrange's formula, find the value of i when t = 1.6. 

9. In the foIlowing table, h is the height above the sea level and p is the barometric 
pressure. Calculate p when h = 5280. 

h : 0 4763 6942 10594 

11 : 27 25 23 20 



Interpolation and S O I U ~ ~ O , ,  10. Use Lagrange's interpolation formula to find the value of Ax) when x = 0, from 
of Differential Equations the following table : 

X : 3 2 1 - 1 

11. Find the Lagrange's interpolation polynomial forf(x)from the following data. Hence 
obtain f(2) 

X : 0 1 4 5 

12. If f(x) = x3, find the value of f(a, b, c) 

13. From the following table of values, find the Newton's form of interpolating 
polynomial approximating Ax). 
x : -1 0 3 6 7 

14. Iff(x) = 2x3- 3 x 2 +  fx + 1 ;  showthat J'(1, 2, 3, 4 )  = 3 .  

15. Use Lagrange's formula inversely to obtain the value of x corresponding to y(x) = 83 
for the values given as 

t 
16. Apply Lagrange's formula inversely to obtain the value of x corresponding to t 

Jo(x) = - 0.23 from the following table: 

x : 9.5 9.6 9.7 9.8 9.9 10.0 

J0(x) : -0.1939 -0.2090 -0.22 18 -0.2323 -0.2403 -0.2459 

13.5 THE ERROR OF THE INTERPOLATING POLYNOMIAL 
Let the function y(x) take the values yo, yl, y;! ,..., y, corresponding to the values of -. ~ 

x = xo, xl, xz ,..., x,, respectively. Let Ax) be approximated by a polynomial 4(x) of 
degree n, such that 

i.e. both 4 (x) and Ax) have the same values at x, , i = 0, 1, 2, .... , n. 

When we replace the original function Ax) by the approximating function $(x), we must 
know the accuracy of the approximation and find the difference between the function and 
the polynomial at points other than the nodal points xi. Since the expression y(x) - $(x) 
vanished for x = XO, XI, x2, ..., x,, we put 

where L(x) - is to be determined such that equation (1 3.12) holds good for any value x of 
x in xo < x < x,. Since (1 3.12) is satisfied when x = x , we have 

- - 
y( X)- $(x) = (x -xo )  ( x - X I )  ... ( 2 - x n )  L ( T )  (1 3.13) 

This gives 



We now construct a function H(x) such that 

H(x) = y(x) - 4(x) - (x - xo)(x - XI)  ...( x - xn)L(x) 

Interpolation with 
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Clearly H(x) is satisfied at x = xo, x = xl, ..., x = x, and also at x = x . This implies 
that H(x) has (n + 2) zeros, i.e., H(x) vanishes (n + 2) times in the interval xo I x I x,. 
Since H(x) vanishes at (n + 2) points in the interval (xo, x,) ; consequently, by repeated 
application of Rolle's theorem, H1(x) must vanish ( n + 1) times. H1'(x) will vanish n 
times, etc., in the interval (xo, x,). In particular, H"' (x) must vanish once in the interval. 
Let this point be given by x = c, i.e. H"" (c) = 0. 

Again vanishing of H "" (c) implies that 

dn  + 1 
i.e, y (x) ( - 0 - (n + 1) ! L(E) = 0 [L (T) is cons$nt ; ( (x) is a 

&n + 1 x = c  
,J n+l 
U 

polynomialof degree n and therefore-4(x) = 01 
dx 

Hence y(n+') (c)  = (n + I)! L(Z) 

Equating (1 3.14) and (1 3.16), we obtain 

Since x is arbitrary, we can replace it by x and therefore (1 3.17) can be written as 

From (13.18) we note that the part on its right side is the error due to polynomial 
approximation. 

13.5.1 Error in Newton's Interpolation Formula 

In Newton's forward interpolation formula, the arguments x0, x XZ, . . . , xn are equi- 
spaced, i.e. 

x2 = x g + i h ( i = O ,  1,2 ,... n).  

X - Xo 
we had also denoted 7 = P  

x - xo = ph; 

(x-xl) =x-x0  +x0  -xl = p h - h = ( p - l ) h  

x-x2 =x-x1  +x l  -x2 =(p-1)h-h=(p-2)h andso on 

Hence the expression for error, (1 3.1 8), gives 
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Since form of the function y(x) is generally not known, we cannot have any information 
about y"" (x). However, we can replace the derivativeyl(x) in terms of the differences 
as follows 

From the definition of the derivative, we know that 

Extending this concept to higher derivatives, we get 

Combining (I 3.19) and (13.20), the error is given by 

Relation (13.21) gives an estimate of error in Newton's forward interpolation formula. 

Example 13.10 

The following table gives the values of sin x from x = 25" to x = 30" in steps of lo. 
Using interpolation find sin 28" 24. Estimate the error. 

sin x : 0.42262 0.43837 0.45399 0.46947 0.48481 0.50008 
p* 

Solution 

The difference table is as given below 

x y = sin x ~y A ~ Y  A3y A4y A'Y 

2 5 0.42262 
0.01575 

26 0.43837 -0.00013 
0.01562 -0.00001 

27 0.45399 -0.000 14 0.06901 
0.01548 -0.00000 -0.00002 

28 0.46947 -0.000 14 0.00001 
0.0 1534 -0.00001 

29 0.4848 1 /I' -0.000 15 
0.01519 

3 0 0.50000 



I 
i 

I Newton's forward formula is 

'P(P - I) yo + P(P - ')(P - 2, A3 Yo + ... 
Y , = Y ~ + P A Y o +  2! 6 

we take xo = 27, yo = 0.45399, x = 28.4O, yp is the value of y at x = 28.4O . 

x-xo 
then p =- = 1.4 

1 

= 0.45399 -t 0.02167 -0.00004 

= 0.45362 

Error = - ')(' - 2, A3 taking n = 2 
3 ! 

Now try the following exercise. 

SAC) 2 

1 .  Tl ie  f(lr[i~\~.ing table gives the values of sin :v f r ~ ~ u  .x =. 45' to 60" i r i   stet^ 0!'5". i.'i::d 
si:] 57" by usirlg Newton's interpolation formula. Also find the estimate of ;he error, 

13.6 SUMMARY 

Interpolation with 
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In this unit we have derived two very important interpolation formulas namely 
Lagrange's form of interpolating polynomial and Newton's general form of interpolating 
polynomial. Both these formulas are more general in nature and can be applied for data 
for equally spaced or unequally spaced nodal values of the arguments. We have also 
shown how the Lagrange's interpolation formula can be applied with y as independent 
variable and x as the dependent variable, i.e., Lagrange's inverse interpolation formula, 
so that the value of x corresponding to a given value of y can be evaluated approximately. 
However, when the nodal values of x are equi-spaced, a simple inversion method known 
as the method of successive approximations or the method iteration has been used for 
getting inversely the value ofx for a given value of y. Finally, we have derived the error 
formula and its use has been illustrated to judge the accuracy of the calculation. 
The main formulas derived in the unit are listed below for easy reference. 

1) Lagrange's Form 

(x-  x0)(x -xz)...(x - x,) + Yl 

(XI - Xo (XI - x2 I... (1, - X" ) 



Interpolation and Solution 
of Differential Equations 

n 

$(XI = n (x - x,) = (x - x o )  (x - xl) ...( x - x,,) and 
r = O  

2) Newton's Formula for Divided Differences 

+ ... + ( x -  XO) (x-XI) . a .  (x-x,-~) AXO, XI,.., ~ n )  ...( 13.9) 

3) Inverse Interpolation 

ii) 1 P(P P(P -')(P -2) yo +.-*  

yo + P = - ( Y p - Y o -  AY o 6 

X - Xo 
where p = --- 

h 
4) Interpolation Error 

13.7 ANSWERS TO SAQs 

SAQ 1 

(l)y(lO).= 14.63 (2) 593 - (3) 77 (4) 15.67 

(5) 93.5 363 2 (6)x + x  -x+2 (7) 0.8908 

SAQ 2 

(1) sin 52" = 0.78800 
Error = 0.0000392 


