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12.1 INTRODUCTION

Let y = f{x) be a discrete function of the independent variable x. When x takes up the
values x o, xgtA,...,i.e. x; =xp +ih i =0, 1,..., n let the corresponding functional values of
ybe yo, yi, ¥2,..., yn. The values of x are called the arguments and those of y are defined
as entries; the constant difference between any two consecutive values of the
independent variable x, namely 4 is called the interval of differencing. The process of
estimating the value of y for a value of x lying in the interval x, < x < x, is defined as
interpolation. If however, a value of y is calculated for a value of x lying outside the
range (xo, X»), then the process of obtaining y is called extrapolation. The term
interpolation is, however, considered to include extrapolation.

If the function y = f{x) is known explicitly, then the value of y corresponding to any value
of x can be very easily determined. But the problem in interpolation is slightly different.
The function is generally given in the form of a set of tabular values (x;, yo), (x;, ¥1),

(x2, ¥2),..-, (X, yn) satisfying the relation y = f{x) where the actual analytic form of f{x) is
not known. In such a case the function f{x) is replaced by a simpler function ¢(x) so
constructed that it takes the same values as f{x) for the values xy, x,, ...,x,. The function
¢(x) is known as an interpolating function or a formula of interpolation. This function
can take a variety of forms. It can be represented either by a polynomial or a finite
trigonometric series or a series of exponential functions etc. When ¢(x) is denoted by a
polynomial, the process of replacing f{x) by ¢(x) is called polynomial interpolation and
when ¢(x) is a finite trigonometric series, the process is called trigonometric
interpolation. As polynomial functions are the simplest of the functions, we will
eventually take a polynomial to represent ¢(x).

The study of the subject of interpolation is based on the concept of differences of a
function, which ave now proceed to define.



Interpolation and Solution Ob]ec“ves

of Differential Equations After studying this unit, you should be able to

o write forward differences in terms of function values from a table of forward
differences and identify differences of various orders at any given point from the
table,

e write a backward difference in terms of function values from a table of backward
differences and locate differences of given order,

o expand a central difference in terms of function values and form a table of central
differences,

»“ establish relations between A ,V, 8, E , wand D,

o define factorial polynomials and calculate anti- derivative of a function,

o obtain the interpolating polynomial of f{x) for a given data by applying any one of
the interpolating formulas,

o compute f{x) approximately when x lies near the beginning of the table,

-« compute f{x) approximately when x lies near the end of the table, and

o estimate the value of f{x) when x lies near the middle of the table using Gauss’s
forward and backward central difference formulae and Stirling’s & Bessel’s
formulas. '

12.2 DIFFERENCES

Suppose we are given a set of values ( x;, y;), i = 0,1, ..., n for the function y; = fx,). Let
the nodal points be equi-spaced, that is x; =xp + ik, i = 0,1,..., n with n = x,,— x¢ /h.

For equally spaced nodes, we shall discuss three types of differences, namely, forward,
backward and central. We define these differences and also discuss their representation in
the tabular form as given below.

12.2.1 Forward Differences

Ifyve, y1, ¥ 2,.k..,y,, denote a set of values of y corresponding to values of the argument x
as xg, xy,...,xprespectively, then y;, — ¥yo, ¥2— y; ¥3— ¥2,..., ¥n — Vu_1 are defined as
the differences of y. Denoting these differences by Ay, Ay, Ay, ..., Ays; respectively, we
have

Ayo = yi—yo = f(xo+ h)—f(x)
Ay =y, =y =f(x+h)—f(x)

Ayn—l =Y, Vo =f(x,,+th)-f(x,,)
The symbol A is called the forward difference operator and Ay, Ay,, Ay,,..., are called
the first forward differences of y,, y;, y, .. respectively. The differences of the first

forward differences are called the second forward differences. Similarly we can define
third forward differences, fourth forward differences etc. Thus

A’yg = A(Ayg) = A(p; - yo) = Ay — Ay,
=Va=yi—(M=Ye)=Y2-2y + ¥
A’yo =A(A%yo)=A(y2 =2y +y0) =Ay, —2Ay, + Ay

=y3~Y2=2(y2=y1)+(¥1—=yo)=y3s =3y, +3y1 — o

And similarly A%y, = AN yo) = Y4 —4y3 +6y; — 4y + yg
In general the n forward difference of y; is the difference of (n—1 )" forward difference
of yp and is denoted by

A'yo = MA™ yo)



It is-obvious from above that the differences of any order can be expressed in terms of the
ordinates and their co-efficients will be the co-efficients of the binomial expansion of
(a—b)". In terms of the above rule, the value of A"y is given by

n
A Yo =JVn 'nclyn—l +n(:2 Yn2s s +(__1)ny0
where "¢, is the combination of n things taken r at a time and is written as

n!
np =————
& ri(n-r)!
The following Table illustrates the procedure in which the forward differences of various
orders are framed.
Table 12.1 Forward Difference Table

x  y=Ax) Ay Ay ANy Ay Ay Ay

Xo Yo
Ao
X1 h AZJ’O
Ay, Ao
X3 Y2 A2y1 A4y0
Ay, A3)’1 AS}{o
X3 ¥s Ay, Adyy A%o
Ay; A3}’2 AS}’l
X4 Va A%y, 4 Ay,
Ays Ays
Xs ys A%,
Ays
X6~ e

In the difference Table, y, the first entry, is defined as the leading term and Ay, Ay, Ayo
etc. are called the leading differences. As an 1llustrat10n let us construct a difference
Table for the polynomial function y = x* ~ 2x? + 5x +7 for values of x from 0 to 8 in

steps of 2.
Table 12.2 Difference Table for the Function

X y Ay Azy A3y' , A4y
0 7
10
2 17 32
42 48
4 59 80 0
122 438
6 : 181 128
250
8 431

From the above Table we note that third order differences of the polynomial of degree
three are constant and fourth and higher order differences are all zero. The above problem
can be generalised in the following theorem.

Theorem 1
If y = fx) is a polynomial of degree 7 in x represented, by /(¥ = Z a,%"  then the

n™ order finite differences of y are constant and their value is glven by n! a,,h h being
the interval of differencing.

Interpolation




Interpolktion and Solution Proof

of Differential Equations n .
: f(x)=> ax =a,x"+d, x"" +.+ax+a,
r=0

where a's are constant. Now

Af(x)=a,Ax" +a, Ax"" +..+a,Ax +Aa,

—a, [+ =2 e [Gam ™ = Jora, [x+h-xo
=a, [nx"" +. . +h" }m [(n—l)hx"_2 +oth" Wtah

n~1

Thus the first difference of fx) is a polynomial of degree (n—1) in which the D"
degree term will be a,h.nx""", Similarly the A*fx) will be a polynomial of degree (r—2)
and (n—2)'" degree term will be a, A’n(n—1 )x"~2. Continuing with the process, A"f(x)
will result in polynomial of degree n —n = 0 i.e. a term independent of x and its value is
a, n(n —=1)..1. k" = a, h".n!. It should be noted that these results hold only when the
values of the argument x are equi-spaced.

Conversely if the n™ finite differences of a tabulated function are constant when the
values of the independent variable are taken in arithmetic progression, that is, at equal
length of intervals then f{x) can be represented by a polynomial of degree n.

12.2.2 Backward Differences

-

The differences ¥, — Yo, Y2 — Y15 Yu — Ya1 When represented by Vy, Vy,,...Vy,
respectively, are defined as first backward differences so that ‘

Vy1 = y1—yo0 = fxo + h) — f(x0)
Vy: =y2—y1 =fx1 + A) —fxy)

V){n =VYu— V-1~ f(xn-l + h) "f(xn—l)
The symbol V is called the backward difference operator. In a similar manner, one can
define backward differences of second and higher order. Thus we get

Viyi=V(Vy) = V(yi-yi 1) = Vyi=Vyir = yi =yt ~ (Vi1 —¥i-2)
= Yi—2¥i Yo

Viyi= V(V,) = Vy, = 2Vy, 1 + Vy,
=Yi=YVi-1=20i-1~Yi-2) ¥ (Yi-2—-yi-3)
= yi—3yi_ +3yi—£")’i-3

With the same values of x & y as in Table 12.1, the successive backward differences can
be exhibited in the tabular form as follows

Table 12,3 Backward Difference Table
Xy Yy Vy vy Vy vy VY

Xo Yo
Vy
X »n Viy,
' \4%} ' Vs
X2 »n Vi, Vi
Vys ' V3y4 ‘ VS}’5
X3 » V2y4 V4y5 ) V6y6
Vy, - V3J’5 VSJ’G
C X4 Ya V2y5 V“yﬁ
. Vys V3J)6
X5 Vs V2y6
Vys
X6 Ye




12.2.3 Central Differences

We define another system of differences known as Central Differences. While Forward
and Backward differences are gainfuily used for interpolating the values near the '
beginning and the end points of the given data, the central differences are best suited for
interpolation near the middle point of the tabular values. The central difference operator 3
is defined by the foliowing relations

0 = Vo2 = Yoarr = [0 + (1 D)= F g + (1= D))
and  pi1/2 =Vne1 = Yn = Flxg +(+1)h)s f(xg +nh) (12.1)
. Setting n=0, 1, 2,..., we obtain
Mg =Y — Vo = F(xp +h)— f(xp)

Sy3ja = vy =y = f(xg +2h) ~ f(xo +h)  Andsoon

In a similar manner higher order central differences can be defined as
o 8%y, =8(8,)= W12 = Yn172) = Fparz = Fnana
= Vit = Yn= Yn ¥ Ynot = Yur1 = 20t Yno
53yn =62 yp)=6(Vpy1 ~2¥n + ¥py)

=dyn+1 — 20y, + 8yn-1 and so on.

The difference Table of the central differences is exhibited as under:

Table 12.4 Central Difference Table

x y 8y ¥y oy dy oy
X2 Y2
dy_3n
Xy ¥4 , 62y.1
)R 53}’—1/2
Xo Yo 82y0 84y0
By 53}’1/2; 85)’1/2
A X1 N 52}’1 54)’1
5}/‘3/2 83ys/z
X3 Y2 52}’2
dysn
X3 Y3

It is clear from this Table that the central differences on the same ﬁorizontal line have the
same suffix. Furthermore the differences of even order are manifested only for integral
value of the suffix and those of odd order are exhibited by half values of the suffix.

12.2.4 Other Difference Operators

We have already discussed the operator A,V and 8. We study another two operators
namely the shift operator £ and the averaging operator p and these are defined as under :

(a) Shift (Displacement) Operator £
The shift operator £ is defined by the relation

Eyn=yn+1 or Ef(xn)=f(xn+ k) .

Interpolation
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1

10

“The effect of the operation of Eon y, or f(x,) is to shift or displace the functional
value y, by one step to the next higher value y,.; orf(x,+h). A second operation
with E gives '
E'f(xn) = E (Bf(xa)) = Ef(xu+h) = f(xn+2h) = yye2
In general the » ™ operation with E is represented by
E"(yu) = Yner=E" (¥

(b) The Averaging (Mean) Operator |t

The averaging operator L is defined by the relation

1 -
Hyn =3 (Vns172 + yn—l/z)ZE(EI/ZJ’n +E2yp)
1

(EI/Z + E'—I/Z)y’I

0

and udy, = l‘(}’nn/z"‘ yn—l/2)= HYnetrza = H¥Vn-1/2

1 I 1
=5(yn+1 +¥.) 5 Vo ¥ V) = E(ym V0= Vn = Vn1)

|
=E(yn+l =V )
The averaging operator y gives the mean value at n of the two adjacent values at
n+1/2and n-1/2.
12.2.5 Operational Relations

From the definition of finite differences, we obtain
V1= Vo =y, =Vy, =8y,

It is clear from this relation that the value y; — y, is the forward difference of y,, the
backward difference of y;, and the central difference of y;, This means that it is the
notation that has changed and not the value y; — y,. We now discuss the relationship
between various operators.

(i) Relation between £ and A

(12.2)

Consider the relation y; — yo - Ay, , we get

yi =ya+tAys = (1+A)y,
But v = Eyp :. Eyp = (1+A)y, and this gives E=1+A  (12.3)

(ii) Relation between £ and V

Againy, — yo=Vy, or  yo=y;-Vyi

this gives (1 — V) y; = yo = E'y,

or 1-v= E!

or V= 1-E"! (12.4)
(iii) Relation between E, 5 and A

Equation (12.2) gives

Y=Ye =W,
But » =E"?ynandyyg=E" 2y

Substituting for y, and y,, we get

1/2 ~1/25 - 1 -1/2
(E"“-E 1/‘2)y1/2 = & y;/, This gives § =©£gV2_ g7V (12.5)




Again  s-pl/2_p~V2_ g2 g _p-1/2

A = SEV? (12.6)
(iv) Relation between E, A and D y
Defining the differential operator D by D = Zx_ , wWe have

D) = £() = 1)
X
2 .
AgainEf (x) = f(x + h) = f(x) + hf'(x) + Z;—' S (x).....[by Taylor's Theorem]

h’D

C=f(x)+hDf(x)+ S(x)+..

2!
=(1+hD+h21') +.)fx) =e"” f(x)

“E=e"™ = (1+A) (from 12.3) (12.7)

Taking log in the above equation, we get
log E =log (1+A) = hD

or D =(A-A+A =AY
2 3 4
or D=1A-A"+A—A* ... ]
h 2 3 4

This relation is a very important relation as this expresses the derivative of the
function fx) in terms of the differences of the function fx).

(v) Relation between o1, &
We have 8 = E'/? — E7V/2 = ¢™/2 _ ="/ _ 25inh 112D— (12.8)

again :l(Em FE?)= _l_(ew/z pemI?) cosh 7P
2 2 2 (12.9)
Squaring (12.8) and (12.9) and subtracting, we get

2 52

u2 ——5—=cosh2 h—D—sinhzﬁQ=l or,u2 =1+ —
4 2 2 4

Example 12.1
Prove that

(i) VE=EV=A-=E-

. . (A ), Ee : : Lo
(i) e*=|—le .F,the interval of differencing being unity.
e

Solution -
(1) VEyr = VyrH F Vel — Ve = Eyr —Vr = (E_l)yf = Ay"
SVE=A=F-1
Again EVyr =F (y,—y,_1) S Vert= Ve T Ayr
SEV=A

Interpolation
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2 .
(ii) [%Je" =N E"e" = Ne™ = AAe™™) = A(e” — ™)

=Ae” —Ae™ =™ —e* —(¢F —e¥ )= —2¢* 4!

' ' x 2 ’
=e’(e—2+e")=e”(ez—2e+l)l=__—e Cind)) (1)
e e
. E x ex+1 ex+1 ex+|
Aga]n 2 x = = +1 = +1
A'e”  A(Ae”) A(e™ —~eT) (Ae™ —Ae™)
. ex+1 ex+1 ex+l
=ex+2 _ex+l _(ex+1 __ex) =ex+2 _2ex+1 +e* =e.x(e2 ~2e+1)
e
(e~1)" (2)
e - e
Multiplying (1) and (2) we get . =e*
. e (e-DF
Example 12.2
'Evaluate :
Axm —Lpzam 13 poom 133 jam L tomterms.
A 2 24 24.6

The interval of differencing being unity.

Solution
We know that A™' x™ = 0, that is (m+1)th difference of x™ is zero. Similarly all

differences of x™ greater than (m+1)th are also zero.
-.the given series can be written as an infinite series in which all terms after and

including (m+1)th term are also zero. Hence the given expression becomes

1.3

Ax™ —%Azxm + E?A3xm +...0

ag-L 11342 gm
2 24

1
=A(+A) 2x™  (From binomial theorem with - ve fractional index)

=AET2x™ = A(x-1/2)"

=(x+1/2)" - (x~1/2)"

Example 12.3
Prove that
. Af (x)
@) Al =log(1+ =2
i) og f(x)=1log( IS )

. B Aux

12
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Solution -

()  Alogf(x)=logfix+h)-logf(x)=lo %)h—)J
oa[EO)_ (M@)o
]g(f(x)J lg[ e ] FE=14A
log(l+l¥( )]
J()

(i) Aﬁ=m_@=(ﬂ£%+@)

Qe Tl e e

12.3 EFFECT OF AN ERROR IN A FINITE DIFFERENCE
TABLE

Let o, Y1, V2, .., ¥a be true values representing a function and suppose y; is in error by €,
so that its erroneous value is y,+€. To see as to how this error builds up and propagates
in the successive differences of the y’s, we consider the following Table.

Table 12.5 Studying the Error in the Differences

y Ay Ay Ay Ay Ay Ay Ay
Yo
»n
Y2
Vs Ay+15e

A7yo—3 S5¢
yat A%y, —20€

Ay +35¢
Ys A’yy+15e

Ve

B4

B

It is obvious from the above table that the co-efficients of the €’s in each of the column
are the co-efficients of the binomial expansion with alternating signs and that the sum of
the errors in every difference column is zero. The Table also shows that the error
propagates fanwise and gets magnified with the order of difference and the maximum
error occurs in the same horizontal line along which the erroneous tabular value lies.

13




The values of a polynomial of degree 5 are tabulated below. If A3) is known to
be in error, find its correct value.

Example 12.4

Interpolation and Solution
of Differential Equations

x: 0 1 2 3 4 5 6
Ao 1 2 33 254 1025 3126 7777
Solution

The Difference Table is presented as under

Table 12.6
X y Ay Ay Ay Aly A’y A%
0 1
1
1 2
31
2 33 200—4¢

. 360-3¢ 220+10e
3 550-2¢ 420+6¢€ ~200-20¢
780+3 ¢ . 20-10e
4 1025 440-4¢
2101 0—c
5 3126 2550
4651
6 7177

A(x) being a polynomial of degree 5 in x, the fifth order differences namely A’y are
constant and they must be same in magnitude. The sum total of the fifth differences in
A’y is 240 and so each entry under A’y must be 240/2, i.e. 120. This shows that both the
entries under A’y are in error. We also know that the sixth differences of y must all be
zero. We have also seen in Table 12.6 that the maximum error in the difference table
under A% is —20€.

o —220-20e =0ore =-10

Thus the corrected value is 254-10 = 244,

12.4 FACTORIAL POLYNOMIAL

The continued product of # factors of the type x(x~h) (x-24) ,..., (x— n-1 h) in which the
first factor is x and the successive factors decrease by a constant is called the factorial
polynomial of order  and is denoted by x*”. Thus
A= x(x—h) (x=2h) ,..., (x~(n—1)k)

In particular

¥ = x(x—h) (x=2h); = x(x—h);  xP=xand x¥=1
These polynomials are very important due to the fact that they play the same role in the
calculus of finite differences as the function x” plays in ordinary calculus. It may be noted

that various differences of factorial polynomials are again factorial po lynomlals The
truth of this statement is established by the following results.

(a) AP =phx™D p=1,2,3, ...

14



Now Ax(n) = (x+h)(n) _(x)(n) ' Interpolation
= (x+h) x(x=h) ,..., (x~A(n-2)h) —x(x=h) ,..., (x—(n—1)h)
= X(ih) ,..e, (x—(-2)) [(H) - (1)

= x(x—h) ..., (x~(n=2)h) [nh]

= nhx"" , , (12.10)
Similarly |
A% (”)—A(Ax(")) Anhx® )y = nh AxD = p(n-1)12 x@
and

A" x® = n(n-1)(n-2).,..., LA = nli"
Important Note

(i) Ifh=1,then
x® = x(x-1) (x=2) ,..., (x=n+1)
and Ax® = p XD
An (n) _ nl ’
(ii) The result proved at (12.10) above bears close analogy with the result
Dx" = nx"" where D is the differential operator defined as D = d / dx

1,
(b) In ordinary Calculus 77 * "or D' ¥" defines a function whose derivative is x".

. 1 n+l

co—x" =
D n+l

By the same logic and with the above terminology of calculus, we get

" For this reason % %" or D 1x" s called the antiderivate of x”

l (n+l)
— x A_l (") _
A n+l1

lx(n) is called the antidifference of x* and stands for a function whose first

difference is x @,

12.4.1 Methods of Expressing an Algebraic Polynomial in Factorial Notation

To transform a given polynomial in terms of factorial notation, we discuss three methods
and their procedures are explained by taking some examples.

Example 12.5
Express y = 2x° —3x” +3x+7 in terms of factorial polynomial and hence show that
Ay=12.
Solution
First Method (Method of Forward Differences)
Lety =a+ bx"+ex@ + a&x® (1)
where a, b, ¢, d are constants to be determined.

Taking successive differences of y, we get

Ay = b+ 26 +3ax® @
A2y =2¢ + 6d xV &
4)

A3y=6d

15




Putting x = 0 in (1), (2), (3) and (4), we get

y(0) = a, Ay(0) = b, A’y(0) = 2¢, A’y(0) = 64.

AgainA y = 2 [(x+1)* = x*]=3[(x+1)*=x2]+3[x+1-x]+0
| =2 (3x*+3x+1) =3(2x+1)+3 = 6x°+2

Interpolation and Solution
of Differential Equations

A%y = A(Ay) = A(6x7+2) = 6[(x+1)*—x*] = 12x+6

A’y =12 (x+1-x) =12

From the above relations, the values of a, b, - a..d d are given by
A*p(0)=6d=12 .. d=2
A’y(0)=6=2¢c .. c=3
Ay(0) =2 =5 b2
y(0)=a=17
sy =2x0 23.:243x+7 = 2xP) + 3xP + 25D + 7

Second M-sthod (Direct Method)

y = 2x°-3x%+3x+7 = a+b xV + cx® + dx®

=a+ bx + cx-(x-1) + dx (x~1) (x-2) (5)
Putting x = 0, 1 and 2 successively on both sides in the above relation, we get
a=T7,a+tb=9,a+2b+2c=17

a=7,b=2,¢c=3
Equating the co-efficient of x* on both sides, we get

d=2
22x 3+ 3x +7 = 2x3) + 3@ + 2V 4+ 7

Third Method (Method of Synthetic Division)

In this method, we write the given polynomial in terms of factorial notation i.e.;

23 =3x2 +3x + T =a + bx + cx(x-1) + dx(x—1)(x~2)

It is clear from above that when we divide both sides by x, the quotient on the left
side is 2x? —3x + 3 and on the right is b + c(x—1) + d(x—~1)(x-2) while the
remainders respectively are 7 and a.

~ Again when these quotients are divided by (x-1), the resulting quotients of the two
~ sides will be 2x—1 and ¢ +d(x—2) respectively. The corresponding remainders will
be given by 2 and 5.

Lastly when the quotients 2x—1 and c+d (x~2) are divided by (x—2), the quotients
will be 2 and d and the remainders 3 and ¢. From the above discussions, we getd=2
¢=3, b=2 and a=7. Substituting the values of @, b, ¢ and d we get the desired
polynomial in factorial notation.

The above procedure can be put in a very simple and compact form known as
synthetic division as follows :

2

2 -3 3 7
0 0 0 0’
1 2 3 3 7=a |
2
2 2 —2=b
4
2=d| 3=c

16




Important Note : Interpolation

While using the method of synthetic division, arrange the given polynomial in
descending powers of x and write zero for the co-efficient of the missing term.

Example 12.6
Express f(x) = x* —x+1 in terms of factorial notation. Also obtain the anti
difference of f(x)

Solution

Using the method of synthetic division, we have

0 1 0 -1 1
0 0 0
1 1 0 -1 T
1 1
2 1 1 ‘ 0
5 _
1 3

Thus in factorial notation, the given polynomial can be written as

F)l=x® +3x@ + 1 = x3 —x+1
The anti-difference of f(x) is

i fo)= %(x(” +3xP 4 1)

@ 1
=—4—+x(3)+x”+k

where k is the constant of integration.
Example 12.7
Obtain the funcgion whose first difference is x>+3x2+5x+12
Solution:

Let f(x) be the required function so that
Af(x) = x>+ 3x2 + 5x + 12

Using the method of synthetic division, the factorial notation of
x* + 3x? + 5x + 12 is given by

0 ] 3 5 12
0- 0
1 1 3 5 12
1 4
2 1 4 |9
2
1l 6

Af(X) = x(3) + 6x(2) + 9x(1) + 12
Orf(x)=i(x(3) +6x@ +9xV 1+12)

17
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x(x—l)(x 2)(x 3)

4 e
X +2x(3)+9 5 +12xD + &

10.

7 +2x(x—1)(x—2)+—z-x(x—1)+12x+k

SAQ 1

Evaluate

. " i I
(1) A" (ax" + bx" ")

Gy A T —ax) (1=hx"y (1=ox™y Ci-ax®y]
LN A? sin{x + +h) : L L
(iit) —sin(x + h) + ——————=  where interval of differencing is /.
E Esin{x + i) .
(/ Al 3 )
What is the difference betwe"n ‘ ‘1“_:' 1“ and o and find the values of these
functions when u, = x° \ / vty

The interval of differencing being unity and w, = 27, prove that

Au, = u,
r 2
. lI|\ u'\.x ”34\‘ x' X ) X ) 2 —{
Show that 4y b b T = LUy + XUy + AUy
It ‘)l 3 Il_ 21 |
Show that
I ALY
. A G Af(x)
(1) AI TR [: - fx : (1) yv.=y, +4y +A~}"0+A3yr)
LS f) fix+h)
Evaluate

(i) A" [(1=x) (1=2x) (1-3x) (1-4x)], the interval of differencing being 3.

G of Sx+12 ) afn=1y
(i) A“(v—2—-——~ﬁ—i (iii) Atan™ —-——«% (iv) A'e”
X +5x+16) Non

o 3,02 : SR .
Express x” + x° —5x + 2 in a serics of factorials.

Express f(x) = 3x* + x7. + 4x + 5 in factorial notation and hence show that A*f(x)
is constant. Find also the anti-difference of f(x).

Obtain the values of A'y, interms of vy, v:...
.yL S

One entry in the following Table is incorrect and v 1s a cubic polynomial in x. Use the
dlffereme Table to locate and correct the error.

x: 0 1 2 3
y: 25 21 18 18

5 6 7

45 76 123

[ NS SN

~1

. Find and correct the error in the data

20736, 28561, 38416, 50625, 65540, 83521, 104976, 130321, 160000

. Locate and correct the error in the following Table



o ] 35 4.0 5 5055 ,
S o S :Q B 4. ) 2L ) 2 Interpolation
o3l 527 547 675 ' 723

-1 15 20 25 30 35
v 1997 2151 2247 2352 2463 25.8¢

egree which satisfies the lowest set of

17, With the usual notation. prove the following results:

PN 1 3 \.. YV
[ AP TRAYS \ Y
oy PECRETE AN 22408
N /
& Prove the following identities
. . X (o
I f v oL < Lo o b
T NCR fa X b LN b m e gy A e  Agy b e D AT
: - -’ R O R

- 45A T 7 terms

T SN
—(x=33"7

THint, Left side is 28 (1+A) 7 1"]
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12.5 NEWTON’S FORMULAE FOR INTERPOLATION

We now derive two very important interpolation formulae which are very frequently used
in many engineering and scientific problems. These formulae known as Newton’s
forward Interpolation formula and Newton’s backward interpolation formula are obtained
by using the forward and backward differences of a function.

12.5.1 Newton’s Forward Interpolation Formula

Let y, = f(x) be a function which assumes the values yq, 1, ¥2,..., ¥n, When the
independent variable x takes up the values xo, x1, X3 ,...,x,. We further assume that the
values of x are changing at equal length of the interval, that is these values change in
arithmatical progression so that x; = xo + ih (=0, 1, 2,...,n).

Let y(x) denote a polynomial of the nth degree in x, taking the same values as y.
corresponding to x= xo, Xj, Xz, ..., X,. S0 that '

Y(x0) = Yo, Y(X1)= Yi,.0es Y(Xn) = Vn

Since y(x) is a polynomial of the nth degree in x, it may be expressed as

Cy(x) = ao + ay (x- x0)* a3 (x~ x0)(x— X1)

+ a3‘(x-¥ x)(x— x1)(x— x2)*,...,

+ a, (x— x0)(x— x1)(x— X3),...,(Xx—Xn_1) (12.11)

where ay, a), as, ...,a, are (n+1) constants which can be determined as follows :
Putting the values of x as x, x;, x3,..., x, successively in (12.11), we obtain

Yo = y(X0) = ap (12.12)
y1 = y(x1) = ap +a1 (x1-x0) (12.13)
Y2 =y(x2) = ap +a; (x2—x0)+ az (x2—x0) (x2—x1) (12.14)

Y3 = y(x3) = ao +a; (x3—x0)+ az (x3-xo) (x3-x1)

+ as (x3—xo) (x3—x1) (*¥3-x2) (12.15)
and so on. From the above relations, the values of ag, a1, a2, as,..., can be found in
terms of y, and various forward differences of y,.

Now ay = y, from (12.11) (12.16)
To get the values of ay, subtract (12.12) from (12.13) , we get

Y=Y = Ayy = ai(xy — Xo)
= a,h (because x; = xo +ih, i =0,1...)
A
g = 20 ,
h (12.17)
‘Similarly from (12.13) & (12.14) on subtraction, we obtain

Y= Y1 =A yi = a(x2—x) +ax(x2-xo) (x2-x,)
=a1h+a2.2h.h=a1h+2a2h2

=Ayqg + 2a2h2



Ay, -4dy, A .
This gives @, =~ v Yo - = :3 (12.18) Interpolation
. A3

Similarly the value of a; is given by @; = 3 h30 and so on.

Substituting the values of ay, a1, a,, as,...,in the polynomial expression (12.11), we get

2

A A
Y= yo+—2(x—x0)+ ,h’;" (x—xo)x— %)
AP
+ 3,;3)0 (x =% ) x=x N x— %)+ ... (12.19)

Let us now put x—xo = ph or x = x¢ + ph, we get
x—x1 = x—xo —( x1—x0) = ph—h = (p-1)h

x—x3 = x—x1 —( x2-x1) = (p—=1)h—=h = (p~2)h and so on -
Hence writing y(x) = y (xo+ph) = y, in (12.19), we get

-1 ~1(p-2
yp=y0+pAyo+p(p )A2y0+p(p Xp-2) 3,

2' 3' 0 + ...

(12.20)

L PP -IXp-2).p—n-1) A",

n! S _
Relation (12.20) is known as Newton’s forward difference interpolation formula.
Another Method

The above formula can also be derived by the application of symbolic operators
discussed earlier.

Let y,= fix) be a function of x taking the values yo, y1, y2, ¥3,..., corresponding to the
values of x = x4 xg+h, xo+2h,..., Suppose it is required to evaluate fx) for a value of
x = xo + ph, where p is any real number. Denote this value of y, = f(x) by y, so that

yp = yx,,+ph = f(xo +ph)

Writing Yx,+ph = Sflxg + ph) = E”y,p =y, denoting E=I1+A

we get

v, =EPyy =(1+A)? y, =[l+pA+ p(";“l)/f + p(*”‘l;(f”'z)& +...]J’0

1 —1)(p-2
=y0+pAyo+%A2yo+p(p )P )A3y0+..-.

3 (12.21)

X—X,

h

where p =
Note o
(i)  if y; is assumed to be a polynomial of degree n, then A™'y, and all differences of

higher order will be zero. Hence (12.21) becomes '
p(p-1) Ay, + pp-)p-2) Ay +..

Yp =Yo + PAyy + o 3

L PP —)(p— 2n)!-~-( p—(n-1)) A"y,
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which is the same as (12.20) above.

(ii) This formula is usually applied for interpolating the value of y near the beginning
of a set of tabular values and for extrapolating values of y short distance backward
i.e., to the left from y,. The students should note that for speedy evaluation of the
result, x, should be chosen such a value in the table that gives the value of p lying
between 0 and 1. '

12.5.2 Newton’s Backward Interpolation Formula

Newton’s forward formula discussed above cannot be used for interpolating a value of y,
which is very close to the end values in the given table of values. For this we discuss
another formula which is derived as follows.

Let y = f(x) be a function of the independent variable x taking the values yy, y1, ¥2,....Vn
corresponding to the values xo, xo+h, xo+2h,... , xo+nh of x. Suppose it is required to
evaluate f(x) when x = x,, + ph where p is-any real number. We have then as before

Vp = flxn + ph).= E°f(x,) wEPy, = (E"") 7Py,

=(1-V)?y, (- E'=1-V)

—(+pV+ p(p'+1)Vz L PP HD(p+2) 3 oy,

! 3!
(using binomial theorem for —ve index)

Therefore we get

+1 +1)(p +2)
p(z;' )szn +%V3yn +. (12.22)

Yp=Yn+PVy,+
_ xX—X
where P =7

n

Since this formula utilises y, and its backward differences, it is known as backward
interpolation formula. Its use is suggested primarily to interpolate the values of y near
the end of a set of tabular values and also for extrapolating values of y a little distance
ahead (to the right) of y,.

Example 12.8
The foliowing Table gives the values of tan 0 for interval 0.10 <0 < 0.30.

0 : 0.10 0.15 020 025 03

tan © : 0.1003 0.1511 0.2027 0.2553 0.3093

Calculate the value of : (i)tan 0.12 (ii) tan 0.26
Solution ‘

The difference Table is as under :

0 tan 0 A A” A’ A
0.10 0.1003
0.0508
0.15 0.1511 0.0008
0.0516 0.0002
0.20 0.2027 0.0010 ; 0.0002
' 0.0526 0.0004
0.25 0.2553 0.0014
0.0540
0.30 0.3093




Interpolation

(1) Taking & = 0. 10, 6= 0.12 and the length of the interval 4= 0.05, in the formula

-6 -
_0-6 _012-010_ ,
h 0.05
Using Newton’s forward interpolation formula

18y + ph) = f160) + pai8s) + EL=L 42 6, + ﬁ(’"léﬂ N f(8,)

+ p(p- 1)(.02; 2)(p-3) A 70,)+

.......

we get

tan(0.12) = 0.1003 + 0.4 x 0.0508 + 2204 =1

x 0.0008 +
04(04-1(©04-2) oo, 0.404-1)04-2)04-3) 0

6 24
= 0.1003 + 0.02032-9.6 x 1075+ 128 x 10°°-832x10"¢

=0.125284

(i1) Since 0 =0.26 is near to 0.3 which is the end value of the Table, we use Newton’s
backward interpolation formula. We take 6 = 6, + ph where 6, = 0.30 and
h=0.05, we obtain

Substituting the values of 8, 6,,and A, we get

_0.26-030 _
0.05

-0.8

Using the line of backward differences
yn =0.3093, Vy, = 0.0540, V2y, = 0.0014, V3y, =0.0004 and V*y, = 0.0002

Newton’s backward formula gives
0.8x0.2

tan(0.26) =0.3093-0.8x0.0540— x0.0014 -
0.8x0.2x1.2 «0.0004 — 0.8x 0.2221.2x 2.2 «0.0002

. =0.2660

Example 12.9

The following Table gives the population of a town during the last six censuses.
Estimate using Newton’s interpolation formula, the increase in the population during
the period 1946 to 1948.

Year : 1911 1921 1931 1941 1951 1961
Population : 12 15 20 27 39 52
(in thousand) :

Solution

In order to determine the increase in population during the period 1946 to 1948, we
will first separately determine the population during the years 1946 and 1948. The
difference of these two populations will determine the increase in population.

23




Interpolation and Solution The difference Table is given as under :

of Differential Equations Year P opul- ation

x y Ay Aly Ay ' Ay A’y
1911 12
3
1921 15 2
5 0
1931 20 2 3
7 3 -10
1941 27 S -7
_ 12 —4
1951 39 1
13
1961 52

(i) Population in the year 1946

To simplify the computational procedure we choose the origin x, at 1941 which is
close to 1946 and which will give the value of p less than 1.

Here xo = 1941, x = 1946, h = 10 and y, = 27. The line involving differences will
be Ay1941 =12 and A2y1941 =1,
In the formula

x—x, 1946-1941 5 1
= + h, = 0 = —=—=—=03
FERTPLPTT, 10 102
.. Newton’s forward formula gives
y(1946) =27 +0.5x12 + % x1=27+6-0.125=32.875

(ii) - Population in the year 1948
Here xp = 1941, x = 1948, h =10 and y, =27

X=X 1948-1941

_ 0.7
p= 10

5o y(1948) =27 +0.7x12 + méﬂ X

1=27+8.4-0.105=35.295
Thus the increase in population during the period 1946 to 1948 is
35.295-32.875 = 2.42 thousand.

Example 12.10

From the following table, estimate the number of persons earning wages between
60 and 70 rupees. '

Wages in rupee: Below 40 40-60 60-80 80-100 100-120
No. of persons : 250 120 100 70 50
(in thousand)

Solution

First we prepare the cumulative frequency Table, as follows :

Wages in (Rs. 1 less than (x) : 40 60 80 100 120
No. of persons in thousand(y): 250 370 470 540 590

24



The difference Table is framed as follows : Interpolation

x y Ay A’y A’y Ay
40 250
. 120

60 370 -20
100 -10

80 470 -30 20
70 10

100 540 =20
50

120 590

We now calculate the number of persons who earn wages less than rupees 70. Here
we take x =70, xo= 40, h =20 and, therefore in the formula x = Xo+ ph, we get

x-x, 70-40
h 20

p= 1.5

1.5x0.5

Y5 =250+1.5x120+

% (<20) + 1.5x 0.S6>< (-0.5)

(-10)

L 15X 09)x (0.8 x(-15)
24

= 250+180-7.5+0.468 = 423.593 = 423.6 approx.

.. The number of persons whose wages are below Rs. 70/= are 423.593 thousand.
Hence the required number of persons whose wages are between Rupees 60 and
Rupees 70 are 423.593-370 = 53.593 thousand.

Example 12.11

A third degree polynomial passes through the points (0, 1), (1,1), (2,1) and (3,-2).
Find the polynomial, evaluate (4,?). ‘

Solution

The data when written as functional relation y = f(x) can be represented by

x: 0 1 2 3 4
y: ~1 1 1 -2 ?

The values of x, y and the differences of y are tabulated as under:

x .y Ay A’y Ay
0 -1

2
1 1 | -2

0 -1
2 1 -3

3
3 2

Here xj =0, # =1 and the formula x =xo + ph gives p =x

By Newton's forward interpolation formula, we have
Y

~N(p=2) p3
p(p2 DAy, + 7 0

Y, =Yo + pAy, t

25
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x(x 1)( )+ x(x - 1)(x 2)( 1)

ory, =—142x+

=—1+3x—x> —%(x3 -3x? +2x)=——%(x3 +3x% ~16x+6)

which is the required polynomial.
To compute f(4) we take x, = 3, x =4, h=1sothat p = x ;xn -

Using Newton’s backward interpolation formula, we get

f@ =@+ P+ 2DV 1)+ 2 NP D g 1)

=-2-3-3-1=-9

Substitﬁting x = 4 in the polynomial representation y, =— 9 which gives both
these values to be exactly equal.
Note

From the equality of the results it is clear that if the tabulated functional is the
polynomial, then interpolation and extrapolation give the same resulit.

12.5.3 Determination of the Missing Values of the Function f(x)

When one or more values of a function f{x) are missing in a tabular representation in
which the values of x are increasing at equal length of interval, that is in arithmatical
progression, we can determine the missing values by using the shift operator £ and the
forward difference operator A. The procedure is best illustrated by the following
examples.

Example 12.12

Estimate the missing Figure in the following Table, assuming fx) to be a cubic

polynomial.

x 1 2 3 4 5

S(x) 2 5 7 - 32
Solution

Since the Table contains a set of four known values of x and f(x), we can represent
f(x) by a third degree polynomial in x. In this situation, the third difference of f(x)

namely A*f(x) or A%y, will be constant and all differences of order four and more
wili vanish.

.. A%, = 0 for all values of x. Considering the leading differences, we have
A'yo =0. Since A=E-1, we get (E~1 )*yo = 0. This gives

(E' — 4E> + 6E* - 4E +1)y, =0
or Vs =4y; + 6y, — 4y, + Yo=0

Substituting for yo =2, y1 =5,y = 7, y4 = 32, we get
32-4y; + 42-20+2=0o0ry; =14
Hence the missing functional value of y at x =4 is 14.
Example 12.13
e 10 =10, iy = 8, pt; = 10 and pis = 50, find 11, and n




Solution Interpolation

Since four values of i, are given, we can represent |1, as a polynomial of degree

three in x. In this case the third differences of . will be constant and all
differences of order four and more will be zero.

i.e. Ap, =0, A’p, =0 forall values of x. -

Considering the leading differences, we get
A*uo = 0 or (E—1)*u, = 0. Expanding this, we get
(E*~4E*+6E*~4E+1)po = 0 or pg —4p3+6p,—4p+pe = 0
Substituting the known values of pg, p, and p; and simpiifying, we obtain
Py — 4py =18 i o ey
Again taking A’po=0or (E-1)°pg=0 7
ie. (B> - 5E* + 10E* —10E*+5E-1)pe =0
or Ms — Spy + 10#3—10H2+5}11 —po =0
Substituting the given values of p, we get on simplification
Ma—pp =12 - (@

Solving (1) and (2), we get n; = 10 and py =22

SAQ2

1. Inthe bending of an elastic beam the normal stress y at distance x from the middle
section is given by the following Table :

x 0.0 0.25 0.50 0.75 1.00
y 0.46 0.39 0.25 0.12 0.04

Use Newton’s forward interpolation formula to deduce the value of y where x = 0.04

2. The pressure P of wind corresponding to velocity ¥ is given by the following data.
Estimate P when ¥ is equal to 25 and 35 ‘

Vo 10 20 30 40
P .1 2.0 4.4 7.9

3. Following are the data from the steam Table :

Temperature T°C - 140 150 160 170 180
Pressure Pkg/em® @ 3.685 4.854 6302 8.076 10.225

Using Newton’s formula, find the pressure of the steam for temperature of 142°C.

4. The following table gives the values of density of saturated water for various
. i temperatures of saturated steam

Temperature T'C : 100 150" 200 250 300
Density d hg/em® 958 917 865 799 712

ew T ——

Find by interpolation the density when the temperature is 130°C and when the
temperature is 275°C.
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W

10.

11.

12.

The following data gives the melting point of an alloy of lead and zinc, where ¢ is the
temperature in °C and p is the percentage of lead in alloy.

p 40 50 60 70 80 90
t 184 204 226 250 276 304

Using Newton’s interpolation formulé, find the melting point of the alloy containing
84 percent of lead.

Estimate exp(1.85) from the following Table :

x 1.7 1.8 1.9 2.0 2.1 2.2 23
Exp(x): 5474 6.050 6.686 7.389 8.166 9.025 9.974

The distance in nautical miles of the visible horizon for the given heights in metres
above the surface of the earth are given by the following Table :

x (height) 100 150 200 250 300 350 400
v (distance) : 12 16 21 27 36 50 72

Find the value of y when x = 225 metres.

The amount A of a substance remaining in a reacting system after an interval of time
t in a certain chemical experiment is given below :

t (min) : 2 5 8 11
A (gm) : 948 879 813 751

Obtain the value of A where £ = 9 min, using Newton’s backward difference
interpolation formula.

The following data give 8 , the indicated H.P. and v, the speed in knots developed by
a ship. ‘

v o 8 10 12 14 16
g 1000 1900 3250 5400 8950

Find & when v =9, using Newton’s forward interpolation formula.

The population of a certain town, as obtained from the census data, is shown in the
following Table.

Year (x) : : 1921 1931 1941 1951 1961
Population in thousand (y) : 19.96 39.65 5881 7721 9461

Estimate the population in the year 1936 and 1963. -

The following Table gives the values of f(x) for five values of x.

x 0 1 2 3 4
f(x): 4 12 32 76 156
Find £(5).

The area 4 of a circle of a diameter d is given for the following values.

d 80 85 90 95 100
A 5026 5674 6362 7088 7854
Calculate the area of a circle of diameter 105.




E

3.

16.
17.

18.

19.

21

22.

23.

. , , ) . I lati
Using Newton’s backward interpolation formula, find the value of exp(-1.9) from the nerpolation

following Table of values of exp(—x)

x : 1.00 1.25 1.50 1.75 - 2.00

Exp(-x): 0.3679 0.2865 0.2231 0.1738 0.1353
. From the following Table, estimate the number of students who obtained marks

between 40 and 45 :

Marks : 30-40 40-50 50-60 60-70 70-80

No. of students : 31 42 51 35 31

15. The following Table gives the corresponding values of x and y. From the difference

‘Table and express y as a function of x.

x 0 1 2 3 4
y o 3 6 11 18 27

Find the polynomial of degree three whose values equal to 1, 3, 12, 15 corresponding
to the values 1, 3, 5, 7 of the argument respectively.

Find the polynomial of degree three that shall assume the values 3, 12, 15 and -21
when x is equal 0 3, 2, 1, —1 respectively.

The observed values of a function are respectively 168, 120, 72, 63 at the four
positions, 3, 7, 9, 10 of the independent variable. Estimate the value of the function at
the position 6 of the independent variable. -

Find the missing term in the following Table:

x o 0 1 2 3 4
y o i 3 9 - 81

. Find the values of y for x =15 and x =25 from the following :

x 5 10 15 20 25 30
vy o 7 10 - 17 - 28

In the Table below, the values of y are consecutive terms of a series of which 43 is
the sixth term. Find the first and the tenth terms of the series.

x 3 4 5 6 7 8 9
y 4.8 8.4 145 236 362 528 739

Find the number of men getting wages between rupees 10 and 15 from the following
data :

Wages in Rs. : 0-10 10-20 20-30 3040
Frequency : 9 30 35 42

Using a pelynomial of the third degree, complete the record given below of the
export of a certain commodity during five years :

Year : 1987 1988 1989 1990 1991
Export (in tons) : 443 384 - 397 467 (Take 1987 as )
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24. In the Table below, estimate the missing value :

X 0 1 2 3 4

y o 1 2 4 - 16

Explain why it differs from 2° = 8

[Hint : The function is y = 2”. Hence for x = 3, the actual value is 8- that the
assumption of a third degree polynomial in x holds only approximately. ]

25. Assuming that the following y, values belong to a polynomial of degree 4, compute
the next three values.
ko 0 1 2 3 4 5 6 7
Ve 0 i 2 i 0 - - -

26. Given po =3, i, =12, p, = 81, p3 =200, py = 100, find A* 1, without forming the -
difference Table.

12.6 CENTRAL DIFFERENCE INTERPOLATION
FORMULAE

In the preceding section we defined the central difference operator 8 and also the
formation of the central difference table. We also discussed Newton’s forward and
backward interpolation formulae which are applicable for interpolation near the
beginning and end of the tabulated values. The forward and backward formulae fail to
give very accurate results when the interpolation is done to estimate the value of a
function near the middle of the tabulated values. To achieve more accuracy near the
middle of the table, we develop a few central difference formulae which utilise
differences very close to the central line of the Table.

In Section 12.2.5 above, the operators A8 and E were connected by the relation 6 = AE iz
Hence, in A notaion, we can write 4y, = AE~ 2 Yz =B and &y_y)y = - AE? Yo =4ly,

-1
and 52y0 =(AEZ2 )2y0 = AZE‘lyo =Azy_'.l and so on.
Replacing 8 by AE™""? in the central difference Table 12.4, we obtain an.equivalent
central difference table in A—operator notation as follows.

Table 12.7 Central Difference Table

x y Ay Ay Ay Ay Ay Ay
Ya=x-3h  ygs
Ay 5=dy.e1»
x_2=xo—-2 h Va A2y~3=82y_2
Ay 2=dyn Ay =8%.3n
X_. |=xg—h
Xo
Xy =x°+h
Ayy=dysp Ay=8%3n,
x=xgt2h  y, A’y =84,
Ay=dysy

x;m#?ﬁ »

It is clear from Table 12.7 that the differences given both in terms of A and 3-have the
same values in the corresponding positions. This table-in terms of A operator is also
known as central difference table for the simple reason that we consider the functional
value of y on either side of x;.

In next section we develop two difference formulae due to Gauss namely Gauss's forward
formula and Gauss’s backward formula.




12.6.1 Gauss’s Forward Formuia for Central Differences

Fixing the origin at the pomt x = xo, the Newton’s forward interpolation formula is given
by

Y, =Y + DAY, + p(p2 P o 3o + 22~ 3)(p LI (12.23)
where p is given by the relation .
p= X=X,
h

Gauss’s forward formula can be written as
Yp =yot+ wiAyo + szzy,l + w3A3y_1 + w4A4y_2 + wsASy_z + .. (12.24)
where w’s are to be determined. ,
In the relation (12.24) we express various differences on the right 51de in terms of yg, -
Ay, and hlgher order differences of y,, so that
Ay ;= NE 'y = A2(1'*"A)_1yo
= A (1-A+AZ=A3+A A+, )y
= Alyo — Alyo + Ay ~A’yo +A%y0 +,..., @@
A’y = AEly, = Aéyo ~A*yo +A%ye —Abyo + ... (i)
Aty , = A*E7%y, =A(1+A) Py
| =A%1-2A + 3A% - )yo
=A% —2A°%y, +3A"”y0 + o (iii)
A y_2 = A (1+A) 2y, = A’yy =248y +..... (tv)
Substituting for A%y_;, A’y_;, A'y_,, A’y_,, ...in (12.24) we get

Yy =Yot wiAye + w; (Ayo —A%yo + Ay — Ayp ... )+ ws (Alyo — Aty +

=Y + WlAyo +W2A2y0 +(W3 - Wz)A3y0 +(W4 - w3+ W2)A4y0 +(W5 - 2W4 +
w3 — w2)A’yo + ... (12.25)

Comparing co-efficients of like terms of (12.23) and (12.25), we obtain

-y p(p-1) _
= D, W, = 'Lz!—'—)—pCZ
—Ip-2)-

Wy — Wy =—-————'—p(p 3),(p ) or C()3=pc3 +pC2 =p+lc3
1)(p—2)(p -

Wy — O3 +@y = P(P )(p4' )(p 3) or (04=p6'4 +wy —w
p Pt and so on

C4 + = C4 .

Interpolation
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Substituting the values of ®, ©;, ®3 and ®y,..., the Gauss's forward formula can be
written as

yp = Yo +pAy0 + pcz Azy—l + P+IC3A3y_1 + P+lc4A4y_2 +

This formula expresses the fact that y, and the even differences lie on the central line and
odd differences just below the central line as shown below. :

Ay, Asy_z

Note

(i) The differences along the central line are increasing and the subscripts are half the
order of the differences with a negative sign.

(ii) The differences just below the central line are increasing and the subscripts are
obtained by subtracting 1 from the order and dividing the result by 2 and replacing
it with a negative sign. '

(iii) The pattern of the co-efficients of various differences is 7c;, “c;

p+2
P Cj Cég, .-

(iv) The formula is useful for mterpolatmg the value of y for the values of p (0< p< 1)
measured forwardly from the origin.

1 +1
p c; Pey,

W) et =t

I'

12.6.2 Gauss’s Backward Formula for Central Differences

As above, Newton's forward Interpolation formula is given by

Yp=Yotp Ay +p02 A2y0 + p+10'3 A 3yo +p+Ic4 A yo + sy (12.26)
p! xX—Xp
where =—+*——and p=
TP T T P

we have from Table 12.7
Ayo—-Ay_ =AMy,

or Ayo=Ay _ | +A%y,

Similarly
Azyo—Ay1+Ay1
Nyo = ANy + Ay,
A'yo=A"y_; + A’y andsoon

Substituting for Ayy, Azyo, A3y0, A4y0 ,..., in (12.26), we get

Yo=yo+p Ay, + Ay )+ 7. (Alya+ Ay )t (Alya+ Aty +

c Ay + Ay D+,
—yo+PAyx+(p+”c)A ya+ (¢, +”c3)A3y-x+
(c3v+pc4)A}’—1
Again A’y | = APy, + A'y,

Aly_1 = Ay, + Ay,




- yp — y() +PAy—1 + p+lc2A2y-l + P+lc3 (A3y_2 + A4y_2) +I)+lc4 (A4))_2 + In‘erpolaﬁon

ASy_z)"' -

= yot+t pAy + "“c:Azy_l +p+1c3A3y_2 +

+1 +1 4
(17 c3+p C4)Ay—2+ LREREY

= yo + pAy_ + " eaA?y PPy, + P Ay, 4+, (12227)
The formula (12.27) is known as Gauss’s backward interpolation formula.

. Note : This formula expresses even differences along the central line and odd differences
o above the central line as shown below :

.....

(iii) This formula is used to interpolate the values of y for negative values of
p(—1<p<0) i.e., for values of p lying between —~1 and 0.

Example 12.14 ’
Apply Gauss’s forward formula to find the annuity value for 27 years from the
following Table : .
No. of years : 15 20 25 30 35 40

Annuity value: 103797 12.4622 14.0939 153725 163742 17.1591

Solution

Taking 25 years as the origin and 5 years as the length of the interval, we have

27-25

xX=x,+phor p= =04

We are now required to find the value yy4 '

The difference Table is as given below

x y Ay A’y Ay Ay Ny
15 103797
2.0825
20 12.4622 ~0.4508
1.6317 0.0977
25 14.0939 ~0.3531 ~0.0215
1.2786 00762 0.0054
30 153725 02769 20.0161
1.0017 0.0601
35 16.3742 ~0.2168
| 0.7849
40 17.1591

The Gauss’s forward formula is

Y, =Y, + PAy, + %ﬂﬁy-l

N (p+1)§(p—1) Ny +.
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Yo0.4=14.0939 + 0.4 x 1.2786 + 0.12 x 0.3531 - 0.056 x 0.0762 — 0.0224 x 0.0161

=14.0939 + 0.5114 + 0.0424 — 0.0043 — 0.0004 = 14.6430
Example 12.15 R

~ The following Table gives the value of x and y. Use appropriate central difference
formula to find the value of y when x is 38.

x 30 35 40 45 50
y 159 149 141 ) 13.3 12.5
Solutiqn

As the valug‘of x = 38 is closer to x = 40 and is in the backward direction, and

p= 38-40 _ 2 _ -0.4 isnegative and lies between —1 and 0, we employ

5 5

Gauss’s backward interpolation formula. The central difference Table is given as
under :
x y Ay Ay Ay A'y
30 15.9

-1.0
35 14.9 : 0.2

-0.8 . -0.2
40 14.1 0.0 0.2

- -0.8 - ) 0.0
45 13.3 0.0
0.8

50 12.5

Using Gauss’s backward interpolation formula,

Vo = Yo +’PAy_1' F P Ay P AYY P ANy
Substituting for p and the value of the central differences, we get -

(-0.4+1)

3(0.4) =14.1+ (~0.4)(~0.8) + —2—(0.0) + (-02)

(~0.4)(~0.4 +1)(=0.4 - 1)
6

—0.4 +2)(=0.4 +1)(=0.4)(~0.4 1)
24

4 x (0.2)
=14.4132
SAQ 3

1. Use appropriate Gauss’s formula to find p(32), given that n(25) = 0.2707,
1(30)=0.3027, W(35) = 0.3386, (40) = 0.3794.

2. Interpolate by means of Gauss’s forward formula the values of y(41) given the

following Table :
x 30 35 40 : 45 50
y 3678.2 2995.1 2400.1 1876.2 1416.3
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3. The following Table gives the values of x and y. Find y at x = 3.75 aterpolation

X 2.5 3.0 3.5 4.0 4.5 5.0
y 24.145 22.043 20.225 18.644 17.262 16.047

4. Find y;o from Gauss’s forward formula, given that y,; = 18.4708, y,s = 17.8144,
Y29 = 17.1070, y3; = 16.3432, y;,=15.5154.

5. Use Gauss’s forward central difference formula to find f(33) given the following

. Table :
x I 2 3 4 5
. f(x): , 15.30 15.10 15.00 14.50 14.00

6. Use appropriate central difference formula to find y(25) when the values of x and y
are given by the following Table :

x 20 24 28 32
y 14 32 35 40
7. Use Gauss’s backward central difference formula to evaluate (34) for the following
data :
X 25 30 35 40
y 0.2707 0.3027 0.3386 0.3794

8. Interpolate by means of Gauss’s backward formula the sales of a concern for the year
1976, give that

¥ 1941 1951 1961 1971 1981 1991
Sales (in lakhs of rupees) 12 15 20 27 39 52

9. Use Gauss’s backward formula for central differences to find sin45° given the
following Table :

00 20 30 40 ° 50 60 70 80
sin®: 034202 050200 064279 076604 0.86603 093969 0.98481

10. The following Table gives the values of x and logx. Find the values of log 337.5,
using an appropriate central differences formula. -

X : 310 320 330 340 350 360
log x : 2.4914 25052 25185 2.5315 2.5441 2.5563

12.6.3 Stirling Formula

Gauss’s forward formula is given by

' pp-1).
Y = Yo+ Ay, + 2Ny

2' -+(p+—1)‘D(P:l)_A3y

a4t

Lt 1)2(_1) -D(p —72)> Al

. L@+ Dp(p-1(p-2) s o, (12.28)

120

-2

Gauss’s backward formula is

- p(p+1)
Yp=Yo+ POy + —’;—-Azy_l

N (p+ l)g(p -1) Ay, +
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(p+2)(p+)p(p-
24

Taking the mean of (12.28) and (12.29), we get

| Ayo+ay) p2 o, p(P? -1 Ay +Ay,
Yo =Yo +p[—2— +—2—A Y+ 6 2 +... (12.30)

4 V o
Ay ,+... ; (12.29)

Relation (12.30) is known as Stirling formula and it is the mean of two Gauss’s formulae.
It is obvious from (12.30) that this formula-gjves the mean of odd differences just above
and just below the central line and even differences on the central line as shown below :

Ay, A’ Y A Y3
Ay, ‘ A3y-l ASy—z

12.6.4 Besselfs Formula

Gauss’s forward formula is

p(p-1)
2

(p+Dp(p-1) A3

Y, =Yoo+ PAy, + Ay, + 6 Ya

+(JH1)10(10—1)(}?—2)&:
24

This formula can be alternately written as

+ ~1) (A2y_; + A? +1 -1
v, =20220 4 pay, W ACRDICE SRS VN LDl Y
2 2 2 6
L rDp(p-p-2)( Ay, + 8y, ) | (1230
24 2 '
we know that
Ayo =y - yo or Yo =y1— Ay 7 (12.32)
Alyhy = Ayo=A%y, or A%y, = Alye-Aly_, (12.33)
A’yy = Ay —&', or A'y, =A%y A%y, \ (12.34)
Relation (12.31)with the help of (12.32), (12.33), (12.34) and after some adjustments can
be written as
Y, = };’ +2501-4%0)+ pAyy +5 p(pz 2p-D ey

;P(p 1)( y()_A3y_1)+ (p+1)16’(p—l)A3y_

Yo + ¥ 1 lp(p D, .2 2
= Ayo + — Ay 1+ A
= ( 2)}) 55 =A%y Yo)

40 )( L p+1JA3y_l+..{.
2 2 3
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2 2
_YotNn | p——l- Ay0+p(p'1) Ay, +Ay,
2 2 2 2

1
-~ |p(p-1
(" sz v )Aay_l+(p+1)p(p—l)(p—2) Ay, +Aly,) | (1239

* 6 24 1235) 5

Relation (12.35) is known as Bessel’s formula. This formula involves odd differences
below the central line and the mean of even differences just on and below the central line

as exhibited below :
Central line

Yo AZ)’—I—A4)’-2 —A6)’—3

|:—:| Ayo 5 A3)’—1 2 AS)’—z P
Y1 ATy, Ay, ' A"y,

The following examples illustrate the use of central difference formulae.
Example 12.16

Employ Stirling formula to compute y,, from the following data
O0x=1+ IQg)o sinx ). .

x° : 10 11 12 13 14
10%, : 23967 28060 31788 35209 38368
Solution v _x—Xg o2
Taking the origin at xo = 12°, x=12.2° and A=1,wehave P~ 5~ =
The central difference table is given by the following.
p 10°y, 10°A() 10°A%(y,) 10°A2G) 10°A%y,)
-2 23967 - )
4093
-1 28060 -365 :
372 5
0 31788 / 8\_307/ > -13
T~ —" 7 T~ 4
1 35209 _ A . 262
3159
2 38368

Stirling formula is

Ave + A 2 2\ A3 3
Vo +Ay +P_Azy_l_'_P(P DAy, +Ay,
2 2 6 2
2,2 _
+PTP7 =) 4a
24

yp=y0+p
y_2+ ........

1

3421+ 3728
=——131788+02| ———
Yo2 10° [ ( > ]

+0.02(=307) — 0.016(45 + 58) 0.0016(—13)}

= 107(31788 + 714.9 —6.1-1.6 + 0)=0.32495
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Use Bessel's formula to find £12) for the data given in the following table :

x + 0 5 10 15 20
=) : 0 - 0.08716 - 0.17365 0.25882 0.34202
So,lution‘ : , | | '
Here x, = 1.0, x= 12, h=S5 and therefore p= x—hxo = 12;10 =04.
The central difference table is given by the following: ‘
x _p MM N 8f) A Ay .
0 -2 0.0
) 0.08716
5 -1 008716 000067
0.08649 —0.00065

10 0 0.1736\ —0.0013\ 0.00
| /v 0851 0.00065 ————
151 0.2588 —0.00197/v

0.08320 -
20 2 0.34202

Substituting the values in the Bessel’s formula, we get

712y = 217365 42- 0.25882 (04~ %) < 0.08517 + 24041 - 0.001972— 0.00132
.\ [(0.4 + 1)(064)(0.4 -1) s 0.4(0.4 - '61)(0.4 - 2)] 0.00065)
=0.216235 - 0.0085 + 0.0002 — 0.000004 = 0.207930.
SAQ 4

1. Use Stirling’s formula to find £28), given that f20) = 49225 ; f{25)=48316 ;
A3)=47236; A35) = 45926 ; f40) = 44306

2. The following table gives the values of y for certain equi-distant values of x. Find the
value of y when x = 0.638, using Stirling’s formula.

x: 061 062 063 064 065 0.66  0.67
y o 1.840431 1.858928 1.877610 1.896481 1.915541 1.934792 1.954237

3. The values of x and e * are given in the following iable. Calculate the value of ™
when x = 1.7475.

x :1.72 1.73 1.74 1.75 1.76 1.77 1.78
e” :0.179066 0,177284 0.175520 0.173774 0.172045 0.170333 - 0.168638

4, Use Stirling’s formula to find y(32) when the values of x and y(x) are given by the
*following table :

x 20 25 30 35 40 45

_ y(x) : 14.035 13.674 13.257 12.734 12.089 11.309
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Use appropriate central difference formula to 9), given the following table . Interpolation
x o0 5 10 15 20 |
fAx) 0 0.08716 0.17365 0.25882 0.34202

6. Use Stirling’s formula to find 3(32.1) for the following data : |

x 20 30 40 50

V(x): 512 439 346 243

Find aiso 1(35) by using Bessel’s formula

7. The following table gives the values x and tan x, using Stirling’s formula to show that
tan(16°)=0.2867

x° 0 5 10 15 20 25 30

tanx : . 0 0.0875 0.1763 02679  0.3640  0.4663 0.5774
8. The probability distribution function values p(x) of a normal dlstrlbutlon are glven as

follows :

x : 02 0.6 1.0 1.4 1.8

plx) - 039104  0.33322 024197  0.14973  0.07895

Using a suitable interpolation formula, find the value of p(1.2).

9. Using Bessel’s formula, find the value of f5) when the values of x and f{x) are given
by the following table :

x 0 4 8 12
Axy - 143 158 177 199

10. The values of an elliptic integral f(¢) for certain values of the amplitude ¢ are given
in the table below. Find the value of the integral when ¢ =23°.5. Use Bessel’s
formula. -

$° 21 22 23 24 25 26 -
£$):0.370634373 0.388705151 0.406834931 0.425026420 0.443282329

11. Use Bessel’s formula to estimate , given the following table of
x: 41 45 ' 49 - c - 53
vy 3.4482 3.5569 3.6593 3.7563

12.6.5 Choice of Application of an Interpolation Formula

In the preceding sections we have studied a number of interpolation formulae of a very
great practical importance. We are now required to know which one of these formulae
will yield better and most accurate result when applied to a particular problem.

We have observed that the coefficients of various terms in the case of central difference
interpolation formulae decrease faster than those in the case of Newton’s formulae. In
the case of Stirling formula, the decrease in the coefficient after a few terms is more rapid
_than those of Bessel’s formula. The coefficients in Bessel’s formula converge faster
than those of Newton’s formulae. Hence, in the solution of the problems, wherever
possible, it will be advisable to use central difference formulae like St1r11ng s and
Bessel’s formulae in preference to Newton’s formulae

- In every interpolation formula, we have derived an interpblatin’g polynomial. The choice - v
of the interpolation fomipla used, depended upon the position of the interpolated value in




Interpolation and Solution € giyen data. Nonetheless, the following points will be of considerable help in the use
of Differential Equations of an interpolation formula

(1) If the interpolation is desired at a point which is near the beginning of a tabulated
value, then Newton's forward interpolation formula is best suited.

(2) ifthe value to be interpolated is near the end of the table then Newton's backward
interpolation formula will be the ideal choice.

(3) For interpolation close to the middle of the table, Stirling’s formula gives the best

resultif _ 1 <p < 3 and Bessel’s formula gives a very accurate result for

7 =

$a

05,55y —<p<>
p=0.5, say 4—17—4.

12.7 SUMMARY

In this unit, we have derived interpolation formulas for data with equi-spaced value of the -
argument. Three types of differences, namely forward, backward and central have been
defined and based on them various interpolation formulas have been stacked. We have
also defined factorial polynomals which have very important role in the calculas of finite
differences. Different methods of expressing algebraic polynomial in factorial notation
have been discussed. Finally the choice of the application of an interpolation formula
which is very important for getting most accurate results from the data re discussed to
enable the reader to decide the selection of the appropriate formula. We have also
discussed the effect of error which may occur in a finite difference table.

The interpolauon formulas derived in this unit are listed below:

1)  Factorial Polynomial

x = x(x—h) (x=24) ,..., (x—~(n—-1)h)
where 4 is the interval of differencing

2) Newton’s Forward Differences Formula

-0 . ~I)(p-2
yp=y0+pAyo+p(p )Azy0+p(p 3)'(p )A3y0+"_

25
L 2P =P 2).(p-(n-1) A"Yo
n!
where
— x—xO
P=

2) Newton’s Backward Differences Formula

yp =y, +pVxn_+£(%t2V2yn +_p_(£_+¥ﬁv3yn +...

where p= XXy
h
3) Central Difference Interpolation Formulas
i) Gauss’s Forward Formula for Central Differences
_ 2 +1 3 +1 4
Yp = Yo+ pAyo + ”czA y-1 + P Ayt e A2t
’ O<p<1)
ii) Gauss’s Backward Formula for Central Differences '
Yo =yo+ pAy_ + P’y + PNy, + P ey o
(-1 < p <0)
40




. (iii) Stirling’s Formula Interpolation

Ay, + Ay_ 2 2 02 My + Ay, )
¥, =y +p| 2 1], P Azy_1+P(P ) 1*A&y2 |,
e 2 , 6 2
——< ys._
( it 4)

(iv) Bessel’s Formula

' Yo + W 1] p(p—l)(Azy_1+A2y0]
= + p—— Ay, +
Yp 5 (p > Vo 5 >

o

- ( _l\( )
' PP LD -D(p-2) By, 4y

¥ 6 Ay 24 2
GP<Y

12.8 ANSWERS TO SAQs
SAQ 1
(1) () an! (i) bed (10!) (iii) 2(cos-& — 1) [sin (x+h) + 1]
(2) 6xh% ¢ 6K [(x+h)? ‘

i) 24x3'°(10!)

Giy . 2(5x + 16)

(x+2)(x +3)(x+ d)(x+5)
6) (iv)(e - 1)" &
(M 2 = 3xD +4x® +x®
b (8) 3x® +10x® +8xM+5
and differences % O _12_ x(s') + 4x(2)f +5x® 4+ &
;'ff“ - (9) ya—4dys by, -4yt yo
(10)19
(11) y4 = 65536
(12) The error in the tabular value for x = 4.0; true value is 5.75
(14) 239, 371.
- (15) X*+2x°+3x

SAQ 2
(1) %0.4) = 0.308384 (2) p(25)= 3.0375; p(35—)=6.0375
(3) p(142)=3.899 (4) 935.759 (5) L(84) = 287 nearly

(6) 6.360 (1) 23711 (8) 79.2
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(9) 1352 (10) (1936) = 49.31 ; (1963) = 97.95
(11) fs) =284 (12) 8666 (13)0.1496
(14) No. of students getting marks between 40 and 45 is 17.

(15) y=x2+2x+3

16 - _%(Jﬁ ~23x> + 63x - 57)

(A7) -9 +1Tx + 6 (18)147 (19) 31
(20)13,22 @) ®1)=3.1,10) = 100
- (22) 24 _ ' (23) ;=389  (24) 825
(25) 5,26,77 : - (26) 259
SAQ 3
(1) 03165 (2) 2290.1 (3) 19.407
@) yso=16.9216 (5) 14.8912 (6) 33.4921
(7) 03310 ’ (8) 32.625 lakhs of rupees
(9) 0.70711 (10) 2.5283.
SAQ 4
(1) 47692 (2) 1.892692  (3) 0.174209 (4) 13.062 (5) 0.1566
(6) y(32.1)= 4152295 ; (35)=1394.375 (8)0.19445 (9) 162.41
(10) 0.415922792 (11)3.5893




