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12.1 INTRODUCTION 
1 

Let y =Ax) be a discrete function of the independent variable x. When x takes up the 
values x o,xo+h ,..., i.e. xi = xo + ih, i = 0, 1 ,..., n let the corresponding functional values of 
y be yo, yl, y2, ..., y,. The values of x are called the arguments and those of y are defined 
as entries; the constant difference between any two consecutive values of the 
independent variable x, namely h is called the interval of differencing. The process of 
estimating the value of y for a value of x lying in the interval xo I x I x, is defined as 
interpolation. If however, a value of y is calculated for a value of x lying outside the 
range (xh x,), then the process of obtaining y is called extrapolation. The term 
interpolation is, however, considered to include extrapolation. 

If the function y =Ax) is known explicitly, then the value of y corresponding to any value 
of x can be very easily determined. But the problem in interpolation is slightly different. 
The function is generally given in the form of a set of tabular values (xh yo), (xl, yl), 
(~2 ,  y2),. . ., (x, y,) satisfying the relation y =Ax) where the actual analytic form of f(x) is 
not known. In such a case the functionAx) is replaced by a simpler function $(x) so 
constructed that it takes the same values asAx) for the values xo, xl, ..., x,,. The function 
$(x) is known as an interpolating function or a formula of interpolation. This function 
can take a variety of forms. It can be represented either by a polynomial or a finite 
trigonometric series or a series of exponential functions etc. When $(x) is denoted by a 
polynomial, the process of replacingAx) by $(x) is called polynomial interpolation and 
when $(x) is a finite trigonometric series, the process is called trigonometric 
interpolation. As polynomial functions are the simplest of the functions, we will 
eventually take a polynomial to represent $(XI. 

The study of the subject of interpolation is based on the concept of differences of a 
function, which we now proceed to define. 



Interpolation and Solution Objectives 
of ~ifferential Equations After studying this unit, you should be able to 

write forward differences in terms of function values from a table of forward 
differences and identify differences of various orders at any given point from the 
table, 
write a backward difference in terms of function values from a table of backward 
differences and locate differences of given order, 
expand a central difference in terms of function values and form a table of central 
differences, 

" establish relations between A ,V, 6. E , p and D, 
define factorial polynomials and calculate anti- derivative of a function, 
obtain the interpolating polynomial ofxx) for a given data by applying any one of 
the interpolating formulas, 
computeAx) approximately when x lies near the beginning of the table, 
computeAx) approximately when x lies near the end of the table, and 
estimate the value ofAx) when x lies near the middle of the table using Gauss's 
forward and backward central difference formulae and Stirling's & Bessel's 
formulas. 

12.2 DIFFERENCES 

Suppose we are given a set of values ( x, , y,), i = 0,I. ..., n for the function y, =Ax,). Let 
the nodal points be equi-spaced, that is x, = xo + ih , i = 0.1 ,..., n with n = xn- xo /h. 
For equally spaced nodes, we shall discuss three types of differences, namely, forward, 
backward and central. We define these differences and also discuss their representation in 
the tabular form as given below. 

12.2.1 Forward Differences 

Ifyo, y l ,  ~ 2 ,  ...,yn denote a set of values of y corresponding to values of the argument x 
as xo, xl ,..., ~~respectively, then y l  - yo, y2 - y l  1'3 - y2 ,..., y,, - yn-] are defined as 
the differences ofy. Denoting these differences by Ayo, AyIJAy2, ..., Ayn-1 respectively, we 
have 

AVO = YI - YO = f (xo + h) -f (xo) 

The symbol A is called the forward difference operator and Ayo, Ayl, Ay2 ,..., are called 
the first forward differences of yo, yl, y2,, , . respectively, The differences of the first 
forward differences are called the second forward differences. Similarly we can define 
third forward differences, fourth forward differences etc. Thus 

And similarly A4y0 = A(A3yo)  = y4 - 4 y 3  + 6 y 2  - 4 y 1  + yo 
In general the nth forward difference of yo is the difference of (n-l)th forward difference 
ofyo and is denoted by 

~~y~ = A ( A ~ - ~  yo ) 



It is obvious from above that the differences of any order can be expressed in terms of the 
Interpolation 

ordinates and their co-efficients will be the co-efficients of the binomial expansion of 
(a - b) ". In terms of the above rule, the value of Anyo is given by 

where "c, is the combination of n things taken r at a time and is written as 

The following Table illustrates the procedure in which the forward differences of various 
orders are framed. 

w -  Table 12.1 Forward Difference Table 

In the difference Table, yo the first entry, is defined as the leading term and Ayo, A ~ ~ o ,  A ~ ~ O  
etc. are called the leading differences. As an illustration let us construct a difference 
Table for the polynomial function y = x3 - 2x2 + 5x +7 for values of x from 0 to 8 in 
steps of 2. 

Table 12.2 Difference Table for the Function 

From the above Table we note that third order differences of the polynomial of degree 
three are constant and fourth and higher order differences are all zero. The above problem 
can be generalised in the following theorem. 

Theorem 1 

I f y  =AX) is a polynomial of degree n in x represented, by f (') = , then the 
nth order finite differences of y are constant and their value is n ! anhn,  h being 
the interval of differencing. 



Interpolation and Solution Proof 
of Differential Equations n 

f ( x )  = a r x r  = a n x n  + a,,-, 0 - 1  + ... + a,x + a,  
r = O  

where a's are constant. Now 

Thus the first difference offlx) is a polynomial of degree (n-1) in which the (n-l)th 
degree term will be a,,h.nxN-' . Similarly the d2Ax) will be a polynomial of degree (n-2) 
and ( ~ 2 ) ' ~  degree term will be a,, h2n(n- 1 ) x " -~ .  Continuing with the process, A"f(x) 
will result in polynomial of degree n - n = 0 i.e. a term independent of x and its value is 
a, n(n -I)...]. hn = a, hn. n!. It sllould be noted that these results hold only when the 
values of the argument x are equi-spaced. 

Conversely if the nth finite differences of a tabulated function are constant when the 
values of the independent variable are taken in arithmetic progression, that is, at equal 
length of intervals thenflx) can be represented by a polynomial of degree n. 

12.2.2 Backward Differences 

The differences y - yo, y2  - y I ,  ..., y,, - yn- when represented by Vyl,  Vy2,.. .,Vy,, 
respectively, are defined as first backward differences so that 

VY I = yl -yo =.f(xo + h) -.fixn) 
Vy2 =yz - Y I  =fi.xi + h ) - A x ~ )  

V Y ~  = Y n  - Y n - I  =f(xn-~ + h )  -.f(xn-~) 
The symbol V is called the backward difference operator. In a similar manner, one can 
define backward differences of second and higher order. Tlius we get 

2 v y;  = V(Vy,) = V(y; - yj - ,) = Vyi-Vyi-' = yi -y,-' - (yi - 1 - y; - 2 )  

With the same values of x & y as in Table 12.1, the successive backward differences can 
be exhibited in the tabular form as follows 

Table 12.3 Backward Difference Table 



12.2.3 Central Differences 

We define another system of differences known as Central Differences. While Forward 
and Backward differences are gainfully used for interpolating the values near the 
beginning and the end points of the given data, the central differences are best suited for 
interpolation near the middle point of the tabular values. The central difference operator 8 
is defined by the following relations 

1 1 
6yn = y,+l/2 - yn-l/2 = f (no + ( n  + ->h) - f (no + ( n  - ->h> 

2 2 
- 

and 6 y n + i / 2  - y n + ]  - y n  = f ( x 0  + (n + ~ ) h ) - r  f ( x o  + nh ) (12.1) 

Setting n = 0, 1 ,2  ,..., we obtain 

In a similar manner higher order central differences can be defined as 

1 

=yn+1 - yn - yn + yn-1 = yn+1 - 2yn + yn-l 

3 2 
8  Y n  = & ( J  Y , ) = S ( Y , * ~ - ~ Y .  + Y n - l )  

= - 28yn + 8yn- l  and so on. 

The difference Table of the central differences is exhibited as under: 

Table 12.4 Central Difference Table 

It is clear from this Table that the central differences on the same horizontal line have the 
same suffv. Furthermore the differences of even order are manifested only for integral 
value of the suffix and those of odd order are exhibited by half values of the suffu. 

12.2.4 Other Difference Operators 

We have already discussed the operator A,V and 6. We study another two operators 
namely the shift operator Eand the averaging operator'p and these are defined as under : 

(a) Shift (Displacement) Operator E , 
The shift operator E is defined by the relation 

Interpolation 



Interpolation and Solution The effect of the operation of Eon yn or f(xd is to shift or displace the functional 
I of DiKerentiaI Equations value yn by one step to the next higher value yn+ 1 or f (x,  + h) . A second operation 
I ', - with Egives 
I 

I 
E2f(xn) = E (Ef(x,,)) = Ef(xn+h) = f(xn+2h) = Yn+2 
In general the r th operation with E is represented by 
E '(Y,,) = yn+r = E'' ( ~ r )  

(b) The Averaging (Mean) Operator v 
The averaging operator p is defined by the relation 

i 

1 
= - ( ~ n + l - Y f i ~  ) 2 

The averaging operator p gives the mean value at n of the two adjacent values at 
n + 112 and n - 1/2. 

12.2.5 Operational Relations 

From the definition of finite differences, we obtain 

Yl -Yo = AYO = VYI = @I12 

It is clear from this relation that the value yl - yo is the forward difference of yo , the 
backward difference of yl and the central difference of yl12. This means that it is the 
notation that has changed and not the value y, -yo. We now discuss the relationship 
between various operators. 

(i) Relation between E and A 

Consider the relation y ,  - yo = Ayo , we get 
yl = Y o  +Aye = ( l+A)yo  
But Y I  = EYO :. Eyo = (1  +A)yo and this gives E= 1 +A ( 12.3) 

(ii) Relation between E and V 

Again y ,  - yo = V y ,  or Yo =YI-VYI  

thisgives ( 1  - V )  yl = yo = 

or 1-V= E' 

or V =  1-E' 

(iii) Relation between E,  6 and A 

Equation (12.2) gives 

Y1 -Yo = &1I2 

~~t y1 = E ~ ' ~ ~ , ~ ~  and yo = 

Substituting for yl and yo, we get 

( E " ~  - E - ~ / ~ ) ~ ~ / ~  = 6 ylI2. This gives 6 = E1/2 - E- 1/2 (12.5) 



Again 6=El12  -E-l12 = E-l12(E-I)=E-I12A 

A zz 8 ~ ' ' ~  

(iv) Relation between E, A and D 
d 

Defining the differential operator D by D = --- , we have 
dx 

d 
Df (x) = - f  (x) = f '(x) 

dx 

Interpolation 

h 
Again Ef (x) = f (x + h) = f (x) + hf' (x) + - f"  (x) ......[ byTaylorls Theorem] 

2! 

h 2  D~ 
= f (x) + hDf ( x )  +- f (x)+ ... 

2! 

- ~ = e ~ ~  = ( l+A)  (from 12.3) . . 

Taking log in the above equation, we get 
log E = log (l+A) = hD 

This relation is a very important relation as this expresses the derivative of the 
fuimction~x) in terns of the differences of the functionJx). 

(v) Relation between p , 8 

we have 6 = ~ ' / 2  - E - 1 1 2  - - e h D / 2  - e - h D 1 2  = 2 sinh - hD 
2 

1 1 hD again ,, = - ( p 2  + ~ - 1 / 2 )  = - ( e h D / 2  + e - h D / 2 )  = COSh - 
2 2 2 

Squaring (12.8) and (12.9) and subtracting, we get 

Example 12.1 

Prove that 

( i)  VE = EV = A = E-1 

, the interval of differencing being unity. 

Solution 

(i) VEy, = V ~ , + I  = v , ~ ~  - y ,  = EY, - y, = ( E - l ) ~ ,  = Ay, 
... VE = A = E-I 

Again EVy, = E (y,-y,-l) = y,+l-y, = Ay, 

:.m = A 



Interpolation and blution 
of Differential Equations 

(ii) [ $ ) e x ~ ~ 2 ~ ~ 1 e x ~ ~ 2 e x = ~ ( ~ e ~ ) ; ~ ( e ~ e x ~ 1  1 

E e x  e "+' "+I x+l 

Again - = - - - - 
A 2 e X  A(Aex) ~ ( e " "  - e x )  (AeX" - Aex) 

Multiplying (1) and (2) we get eX(e-1)2 .- e =ex  
e (e-I$ 

Example 12.2 
Evaluate : 

1 2 1.3 3 ,  1.3.5 
AX"--Ax +-Ax -- A~x"'  + ...... tom terms. 

2 2.4 2.4.6 

The interval of differencing being unity. 

Solution 
We know that AM' xm = 0, that is (m+l)th difference ofxm is zero. Similarly all 
differences ofxm greater than (m+l)th are also zero. 
:.the given series can be written as an infinite series in which all terms after and 
including (m+l)th term are also zero. Hence the given expression becomes 

1 -- 
=A(1+ A) xm (From binomial theorem with - ve fractional index) 

Example 12.3 

Prove that 
Af  (x) 

(i) Alog f (x) = log (1 + -) 
f (x> 



Solution 

(i) Alogf(x)=logf(x+h)-logf(x)=lo (f;;?l 
= log 1+- [ 29 

12.3 EFFECT OF AN ERROR LN A FINITE DIFFERENCE 
TABLE 

Let yo, y1, y2, ..., yn be true values representing a function and suppose y4 is in error by E, 
so that its erroneous value is y4+€. To see as to how this error builds up and propagates 
in the successive differences of the y's, we consider the following Table. 

Table 12.5 Studying the Error in the Differences 

Y AY A2y A3Y A4y A5y A6y A7y 

It is obvious from the above table that the co-efficients of the E 's in each of the column 
are the co-efficients of the binomial expansion with alternating signs and that the sum of 
the errors in every difference column is zero. The Table also shows that the error 
propagates fanwise and gets magnified with the order of difference and the maximum 
error occurs in the same horizontal line along which the erroneous tabular value lies. 



Interpolation and Solution Example 12.4 
of Differential Equations The values of a polynomial of degee 5 are tabulated below. Iffl3) is known to 

be in error, find its correct value. 

x : 0 1 2 3 4 5 6 

Ax): 1 2 33 254 1025 3126 7777 

Solution 

The Difference Table is presented as under 

Table 12.6 

flx) being a polynomial of degree 5 in x, the fifth ~rder~differences namely A5y are 
constant and they must be same in magnitude. The sum total of the fifth differences in 
ASy is 240 and so each entry under ASy must be 24012, i.e. 120. This shows that both the 
entries under A5y are in error. We also know'that the sixth differences of y must all be 
zero. We have also seen in Table 12.6 that the maximum error in the difference table 
under A6y is -206. 

Thus the corrected value is 254-10 = 244. 

12.4 FACTORIAL POLYNOMIAL 
-- 

The continued product of 11 factors of the type x(x-h) (x-2h) , . . . , (x- n T  h) in which the 
first factor is x and the successive factors decrease by a constant is called the factorial 
polynomial of order n and is denoted by x(").T~us 

s(") = x(x-h) (x-2h) , . . . , (x-(n- 1 )h) 

In particular 

These polynomials are very important due to the fact that they play the same role in the 
calculus of finite differences as the function x" plays in ordinary calculus. It may be noted 
that various differences of factorial polynomials are again factorial polynomials. The 
truth of this statement is established by the following results. 

(a) Ax'") = nh x("-'), n = 1, 2, 3, . . . . 



Now Ax(") = (x+h)(") -(x)(") 

Similarly 

A 2 P '  = A(&")) = A(nhx("')) = nh Ax(*') = n(n-l)h2 x(J+2) 

and 
A" x'"' = n(n-l)(n-2) ,..., 1.h" = n!hn 

Important Note 

(i) I f h =  1,then 
x ( ~ )  = x(x-1) (x-2) ,..., (x-n+l) 

and h ( n )  = X(n-l) 

A" x(n) = n! 
(ii) The result proved at (12.10) above bears close analogy with the result 

Dx" = nxn-' where D is the differential operator defined as D = d / dr 

1 .  
(b) In ordinary Calculus gX or D-' Y defines a function whose dkrivative is x". 

1 Xn+l . ... -xn = - 1 
. F ~ ~  this reason -x" or ~ - 1 ~ "  is called the antiderivate of Y 

D n + l  D 
By the same logic and with the above terminology of calculus, we get 

- x(") is called the antidifference of x(") and stands for a function whose first 
A 

difference is x ("). 

12.4.1 Methods of Expressing an Algebraic Polynomial in Factorial Notation 

To transform a given polynomial in terms of factorial notation, we discuss three methods 
and their procedures are explained by taking some examples. 

Express y = 2x3 -3x2 +3x+7 in terms of factorial polynomial and hence show that 
A3y = 12. 

Solution 

First Method (Method of Forward Differences) 

Let y = a + bx(') + CX(~) + dx(3) 

where a, b, c, d are constants to be determined. 

Taking successive differences ofy, we get 



Interpolation and Solution Putting x = 0 in ( I ) ,  (2), (3) and (4), we get 
of Differential Equations 

y(0) = a ,  Ay(0) = b, AZy(0) = 2c, A 3 ~ ( 0 )  = 6d. 

Again A y = 2 [ ( ~ + l ) ~  - ~ ~ ] - 3 [ ( x + 1 ) ~ - ~ ~ ] + 3 [ ~ + 1 - ~ ] + 0  

From the above relations, the values of a, b, U. a1 d dare given by 
~ ~ ~ ( 0 )  = 6d = 12 :. d = 2 
AZy(0) = 6 = 2c :. c = 3 
Ay(0) = 2 = b :. b 2 
y(0) = a = 7 
... = 2x-' -3s2+3x+7 = 2x(3) + 3x(2) + 2x(1) + 7 

Second Mpthod (Direct Method) 

Putting x = 0, 1 and 2 successively on both sides in the above relation, we get 

a = 7 , b = 2 , c = 3  
Equating the co-efficient of x3 on both sides, we get 

Third Method (Method of Synthetic Division) 

In this method, we write the given polynomial in terms of factorial notation i.e.; 

It is clear from above that when we divide both sides by x, the quotient on the left 
side is 2x2 -3x + 3 and on the right is b' + c(x-1) + d(x- 1 )(x-2) while the 
remainders respectively are 7 and a. 

Again when these quotients are divided by (x-1), the resulting quotients of the two 
sides will be 2x-1 and c+d(x-2) respectively. The corresponding remainders will 
be given by 2 and b. 

Lastly when the quotients 2x-1 and c+d (x-2) are divided by (x-2), the quotients 
will be 2 and d and the remainders 3 and c. From the above discussions, we get d=2, 
c=3, b=2 and a=7. Substituting the values of a, b, c and d we get the desired 
polynomial in factorial notation. 
The above procedure can be put in a very simple and compact form known as 
synthetic division as follows : 



lmportant Note : Interpolation 

While using the method of synthetic division, arrange the given polynomial in 
descending powers of x and write zero for the co-efficient of the missing term. 

Example 12.6 

Express f ( x )  = x 3  -x+ 1 in terms of factorial notation. Also obtain the anti 
difference of f ( x )  

Solution 

Using the method of synthetic division, we have 

Thus in factorial notation, the given polynomial can be written as 

3 f ( x ) l =  X ( 3 )  + 3 J 2 )  + 1 = x -x+l  

The anti-difference of f ( x )  is 

1 1 
- f ( x )  = - ( x (3 )  + 3 d 2 )  + 1) 
A A 

x ( 4 )  - - - + + x( ' )  + k 
4 

where k is the constant of integration. 

Example 12.7 

Obtain the funqion whose first difference is x3+3x2+5x+  1 2 

Solution: 

Let f ( x )  be the required function so that , 

Using the method of synthetic division, the factorial notation of 
x 3  + 3 x 2  + 5 x  + 12 is given by 

1 
or f ( x )  = - ( x ( ~ )  + + 9x ( ' )  + 12 )  

A 



Interpolation and Solution 
of Differential Equations X(4) X (2) 

- + 2x(3) + 9 - + 12x(1) + k 
4 2 

- - 9 X(X - - 2XX - 3, + 2x(x - I)(x - 2) + - X(X - 1) + 1 2 ~  + k 
4 2 

SAQ I 

1. Evaluate 

( i )  A" (',.tl' + b . ~ ' ~  J 

.A2 . A' sin( s h)  
( i i  I) - s!n(x T h)  + I\ here interval of differencing Is h. 

.E E sin(s i h )  

r l !  i 7 
! C\ ! A- u.r '1 

2. What is the difl-erence between 1 ---- jzr and / - : , and find the values of thesr: 
i f 5 1  i Ezi, ) 

fuilctions when [ , I ,  = .I-'. 

3. Fhe interval of differencing being rinity and ; r ,  - 2". prove that 
' . A l l A  = = Z l r  

6 .  Evaluate 

(1) ~'"(1-x) (1-2x) (I-3.r) (13.x)] ,  the interval of differencing being 3. 

, ( 5x112 '\ 
-- 

..I / n - I 'I 
i i i  4 a - -  j (iv) An e x  

!r2 i 5 x  +16! { FT ,; 

7 .  Express x3 4- x2 -5x i 2 in a serics of factorials. 

8. ExpressJ'(x) = 3.ri + x2 + 4x + 5 in factorial notation and hence show that A~J(.x) 
is constant. Find also the anti-difference of J(s). 

I 9. Obtain thc values ofA y o  in terms afj*,,, ,I), . . 

10. Urle entrq ii; the f~llo\cil~g -Table IS ;nci.lrrecl al?d i is a cubic polyliornial in x. Use the 
difference Table to Incate and correct ?lie C:TI\T. 

1 1. Find and correct the error in the data 

12. 1,ocate and correct the error in the foilou.inp Table 

18 
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lnterpdation and Solution 
of Differential Equations 12.5 NEWTON'S FORMULAE FOR INTERPOLATION 

We now derive two very important interpolation formulae which are very frequently used 
in many engineering and scientific problems. These formulae known as Newton's 
forward Interpolation formula and Newton's backward interpolation formula are obtained 
by using the forward and backward differences of a function. 

12.5.1 Newton's Forward Interpolation Formula 

Let y, = f(x) be a function which assumes the values yo, y1, y2,. . . , yn,  when the 
independent variable x takes up the values xo, xl, x2,. . . J,,. We further assume that the 
values of x are changing at equal length of the interval, that is these values change in 
arithmatical progression so that xi = xo + ih (i=O, 1,2, ..., n). 

Let y(x) denote a polynomial of the nth degree in x, taking the same values as y, 
corresponding to x = x0, x I ,  x2, . . . , X, . SO that 

Since y(x) is a polynomial of the nth degree in x, it may be expressed as 

y(x) = a. + a l  (x- xo)+ a2 ( x -  xo)(x- xl) 

+ a3 (x- xO)(x- XI)(X- XZ)+, ... , 
+ a, (x- XO)(X- x1)(x- XZ) ,..., (x-x,-I) (12.1 1) 

where ao, a l ,  a*, ... , a n  are (n+l) constants which can be determined as follows : 
Putting the values of x as xo, xl ,  x2,. . . , X, s~cces~ively in (12.1 I), we obtain 

YO =Y(XO) = a0 (12.12) 

Y I  = Y(XI)  = a0 +a1 ( ~ I - x o )  (12.13) 

y2 = y(x2) = a. +a1 (x2-XO)+ a2 (x2-XO) (x2-XI) (12.14) 

y3 = y(x3) = a0 +a1 (~3-XO)+ a2 (x~-xo)  (~3-x l )  

+ a3 (~3-XO) ( x ~ - x I )  ( ~ 3 ~ x 2 )  (12.15) 
and so on. From the above relations, the values of ao, a l ,  a2, a3, ... , can be found in 
terms of yo and various forward differences of yo.  

Now a. = yo from (12.1 1) (12.16) 

To get the values of a,, subtract (12.12) from (12.13) , we get 

YI -YO = AYO = a ~ ( x ~  - XO) 

= a l h  (because xi = xo + i h  , i = 0 , l  ...) 

Similarly from (12.13) & (12.14) on subtraction, we obtain 

y2- Y I  =A Y I  = ~ ~ ( X Z - X I )  +~Z(XZ-XO)  (XZ-XI) 

= a l h +  a t .  2 h .  h = a l h  + 2a2h2 

= Ayo + 2a2h2 



This gives a, = - b2Y0 AYl - AYO 
2h2 2!h2 A3y0 

Similarly the value of a3 is given by a, = - and so on. 
3!h3 

Interpolation 
(12.18) 

Substituting the values of ao, al, a2, a3 ,. . . , in the polynomial expression (12.1 I), we get 

x-x2 = x-xl -( x2-x1) = (p-1)h-h = (p-2)h and so on 
Hence writing y(x) = y (xo+ph) = yp in (12.19), we get 

Relation (1 2.20) is known as Newton's forward difference interpolation formula. 

Another Method 

The above formula can also be derived by the application of symbolic operators 
discussed earlier. 

Let y, =Ax) be a function of x taking the yalues yo, y1, y2, y3, ... , corresponding to the 
values of x = xo , xo+h, xo + 2 h, . . . , Suppose it is required to evaluateAx) for a value of 
x = xo +ph, wherep is any real number. Denote this value of y, = f(x) by yp so that 

Writing y,o+ph = f(xo + ph) = EP yx0 = y p  denoting E = l+A 

we get 

X-Xo 
where p = - 

h 
Note 

(i) if y, is assumed to be a polynomial of degree n, then and all differences of 
higher order will be zero. Hence (12.2 1) becomes 
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of Differential Equations which is the same as (12.20) above. 

(ii) This formula is usually applied for interpolating the value of y near the beginning 
of a set of tabular values and for extrapolating values of y short distance backward 
i-e., to the left from yo. The students should note that for speedy evaluation of the 
result, xo should be chosen such a value in the table that gives the value o f p  lying 
between 0 and 1. 

12.5.2 Newton's Backward Interpolation Formula 

Newton's forward formula discussed above cannot be used for interpolating a value of y, 
which is very close to the end values in the given table of values. For this we discuss 
another formula which is derived as follows. 

Let y = f(x) be a function of the independent variable x taking the values yo, yl, y2, ...,yn 
corresponding to the values xo, x ~ + h ,  xo+2h,. . . , xo+nh of x. Suppose it is required to 
evaluate f(x) when x = xn + p h  wherep is any real number. We have then as before 

= ( l + p V +  P(P + 1) v2 + P(P + l)(P + 2) v3 + ...)yn 
2! 3! 

(using binomial theorem for -ve index) 

Therefore we get 

X - Xn p=- 
where h 

Since this formula utilises yn and its backward differences, it is known as backward 
interpolation formula. Its use is suggested primarily to interpolate the values of y near 
the end of a set of tabular values and also for extrapolating values of y a little distance 
ahead (to the right) of yn  . 
Example 12.8 

The following Table gives the values of tan 8 for interval 0.10 5 8 I 0.30. 

Calculate the value of : (i) tan 0.12 (ii) tan 0.26 

Solution 

The difference Table is as under : 

8 tane A A2 A' A4 
0.10 0.1003 

0.0508 
0.15 0.1511 0 . m  

0.05 16 O.m 
0.20 0.2027 0.00 10 

0.0526 O.m 
0.25 0.2553 0.0014 

0.0540 
0.30 0.3093 



Interpolation 
(i) Taking 6 = 0.10, 8= 0.12 and the length of the interval h = 0.05, in the formula 

Using Newton's forward interpolation formula 

we get 

(ii) Since 8 =0.26 is near to 0.3 which is the end value of the Table, we use Newton's 
backward interpolation formula. We take 0 = 0, + ph where 8, = 0.30 and 
h = 0.05, we obtain 

Substituting the values of 8,0, and h, we get 

Using the line of backward differences 
y, = 0.3093, Vy, = 0.0540, v2y, = 0.0014, v3y, = 0.0004 and v4y, = 0.0002 

Newton's backward formula gives 

Example 12.9 

The following Table gives the population of a town during the last six censuses. 
Estimate using Newton's interpolation formula, the increase in the population during 
the period 1946 to 1948. 

Year 1911 1921 1931 1941 1951 1961 
Population : 12 15 20 27 39 52 
(in thousand) 

Solution 

In order to determine the increase in population during the period 1946 to 1948, we 
will fust separately determine the population during the years 1946 and 1948. The 
difference of these two populations will determine the increase in population. 
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The difference Table is given as under : 

Year Population 
X Y AY A2Y A3Y A4Y A5Y 

1911 12 

(i) Population in the year 1946 

To simplify the computational procedure we choose the origin xo at 1941 which is 
close to 1946 and which will give the value ofp  less than 1. 

Here xo = 1941, x = 1946, h = 10 and yo = 27. The line involving differences will 
be A y 1 9 4 1  = 12 and ~ ~ ~ 1 9 4 1  = 1. 

In the formula 

X-X, 1946-194.1 5 1 
x = x 0  +ph,p=-- -  - - - - - =  -=0.5 

h 10 10 2 
:. Newton's forward formula gives 

~(1946) = 27 + 0.5 x 12 + o.5(o'5 - x 1 = 27 + 6 - 0.125 = 32.875 
2 

(ii) Population in the year 1948 

Thus the increase in population during the period 1946 to 1948 is 
35.295-32.875 = 2.42 thousand. 

Example 12.10 

From the following table, estimate the number of persons earning wages between 
60 and 70 rupees. 

Wages in rupee: Below 40 40-60 60-80 80-100 100-120 
No. of persons : 250 120 100 70 5 0 
(in thousand) 

Solution 

First we prepare the cumulative frequency Table, as follows : 

Wages in (Rs. 1 less than (x) : 40 60 80 100 120 
No. of persons in thousand@): 250 370 470 540 590 



The difference Table is framed as follows : 

We now calculate the number of persons who earn wages less than rupees 70. Here 
we take x = 70, xo = 40, h = 20 and, therefore in the formula x = xo + ph, we get 

= 250+180-7.5+0.468 = 423.593 = 423.6 approx. 

:.The number of persons whose wages are below Rs. 70/= are 423.593 thousand. 
Hence the required number of persons whose wages are between Rupees 60 and 
Rupees 70 are 423.593-370 = 53.593 thousand. 

Example 12.11 

A third degree polynomial passes through the points (0, -I), (1,1), (2,l) and (3,-2). 
Find the polynomial, evaluate (4,?). 

Solution 

The data when written as functional relation y = f(x) can be represented by 

The values of x, y and the differences ofy are tabulated as under: 

Here xu = 0, h = 1 and the formula x = xo + ph gives p = x 

B~ Nedon7r fornard inteQoIation formula, we have 

P(P bzY0 + p(p -')(P - 2, A' yo 

Y P  =YO+PAyo+ 6 

Interpolation 
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ory, =-1+2x+ 
2 

(-2) + 
6 

(-1) 

which is the required polynomial. 

X - X  
To compute f(4) we take x, = 3, x = 4, h = 1 so that p = 2 - - 1 

h 
Using Newton's backward interpolation formula, we get 

Substituting x = 4 in the polynomial representation y4  = - 9 which gives both 
these values to be exactly equal. 

Note 
From the equality of the results it is clear that if the tabulated functional is the 
polynomial, then interpolation and extrapolation give the same result. 

12.5.3 Determination of the Missing Values of the-Function f (x )  

When one or more values of a function f(x) are missing in a tabular representation in 
which the values of x are increasing at equal length of interval, that is in arithmatical 
progression, we can determine the missing values by using the shift operator E and the 
forward difference operator A. The procedure is best illustrated by the following 
examples. 

Example 12.12 

Estimate the missing Figure in the following Table, assuming@) to be a cubic 
polynomial. 
x :  1 2 3 4 5 
f ( x )  : 2 5 7 - 32 

Solution 

Since the Table contains a set of four known values of x and f(x), we can represent 
f(x) by a third degree polynomial in x. In this situation, the third difference of f(x) 
namely d3 f(x) or will be constant and all differences of order four and more 
will vanish. 
:. ~ ~ y ,  = 0 for all values of x. Considering the leading differences, we have 

= 0. Since A = E- 1, we get (E- 1 )4yo = 0. This gives 
b 

Substituting for yo = 2, y l  = 5, y2 = 7, y4  = 32, we get 

Hence the missing hnctional value of y at x = 4 is 14. 

Example 12.13 



Solution Interpolation 

Since four values of p, are given, we can represent p, as a polynomial of degree 
three in x. In this case the third differences of p, will be constant and all 
differences of order four and more will be zero. 

i.e. A4 p, = 0, A5 p, = 0 for all values of x. 

Considering the leading differences, we get 

A4Po = 0 Or (E- 1 ) 4 p ~  = 0. Expanding this, we get 

( ~ ~ - 4 ~ ~ + 6 ~ ~ - 4 E + l ) p o  = 0 or p4 -4p3+6p2-4p1+p0 = 0 

Substituting the known values of b, p2 and p3 and simplifying, we obtain 
. 

p4 - 4p1 = -18 (1) 

Again taking d5 = 0 or (E- 1)' p.0 = 0 

i.e. (E5 - 5E4 + 10E3 - 1 0 ~ ~ + 5 ~ - 1 ) ~ ~  =O 

or ~5 - 5 ~ 4  + lop3 - lop2 + 5 p  I -PO = 0 

Substituting the given values of p, we get on simplification 

p4 - -1 = 12 

Solving (1) and (2), we get pl = 10 and = 22 

SAQ 2 

1. In the bending of an elastic beam the normal stress y at distance x from the middle 
sectioii is given by the following Table : 

Use Newton's forward interpolation formula to deduce the value of y where x = 0.04 

2. The pressure P of wind corresponding to velocity V is given by the following data. 
Estimate P when V is equal to 25 and 35 

3. Following are the data fiom the steam Table : 

Temperature TOC : 140 150 160 170 180 
Pressure P kglcm2 : 3.685 4.854 6.302 8.076 10.225 

Using Newton's formula, find the pressure of the steam for temperature of 142'~.  

4. The following table gives the values of density of satur3ted water for various 
temperatures of saturated steam 

Temperature T'C : 100 150' 200 250 300 
Density d hg/cm2 : 958 917 865 799 712 

Find by interpolation the density when the temperature is 1 3 0 ' ~  and when the 
temperature is 275 '~ .  



5. 'The following data gives the melting point of an alloy of lead and zinc, where t is the 
Interpolation and Solution 
of Differential Equations temperature in O C  andp is the percentage of lead in alloy. 

Using Newton's interpolation formula, find the melting point of the alloy containing 
84 percent of lead. 

6. Estimate exp(1.85) from the following 'Table 

7. The distance in nautical miles of the visible horizon for the given heights in metres 
above the surface of the earth are given by the following Table : 

x (height) : 100 150 200 250 300 350 400 
y (distance) : 12 16 21 2 7 36 5 0 72 

Find the value of y when x = 225 metres. 

8. The amount A of a substance remaining in a reacting system after an interval of time 
t in a certain chemical experiment is given below : 

Obtain the value of A where t = 9 min, using Newton's backward difference 
interpolation formula. 

9. The following data give &! , the indicated H.P. and v, the speed in knots developed by 
a ship. 

Find g when v = 9, using Newton's forward interpolation formula. 

10. The population of a certain town, as obtained from the census data, is shown in the 
following Table. 

Year (x) 1921 1931 1941 1951 1961 
Population in thousand (y) : 19.96 39.65 58.81 77.21 94.61 

Estimate the population in the year 1936 and 1963. 

1 1. The following Table gives the values of f(x) for five values of x. 

12. The area A of a circle of a diameter d  is given for the following values. 

d :  80 85 90 95 100 
A : 5026 5674 6362 7088 . 7854 
Calculate the area of a circle of diameter 105. 



Interpolation 
'! 3. LJbing Newton's backward interpolation formula, find the value of exp(-1.9) from the 

following Table of va!ues of exp(-x) 

13. From the following Table. estimate the number of students who obtained marks 
between 40 and 45 : 

Marks 30-40 40-50 50-60 60-70 70-80 
No, of students : 3 1 42 51 3 5 3 1 

i 5. The following Table gives the corresponding values of x and y.  From the difference 
Table and express y as a function of x. 

16. Find the polynomial of degree three whose values equal to 1,3, 12, 15 corresponding 
to the \'slues I .  3, 5; 7 of the argument respectively. 

17. Find the polynomial of degree three that shall assume the valuei 3: 12, 15 and -2 1 
when .x is equal to 3,2, 1, -1 respectively. 

18. The observed values of a function are respectively 168, 120, 72,63 at the four 
positions, 3,7,  9, 10 of the independent variable. Estimate the value of the function at 
the position 6 of the independent variable. - 

19. Find the missing term in the follo\ving Table: 

20. Find the values of y for x = 15 and x = 25 from the following 

2 1. In the Table below, the values of y are consecutive terms of a series of which 43 is 
the sixth term. Find the first and the tenth terms of the series. 

22. Find the number of-men getting wages between rupees 10 and 15 from the following 
data : 

Wages in Rs. 0-10 10-20 20-3 0 3 0-40 
Frequency 9 3 0 3 5 42 

i 23. Using a polynomial of the third degree, complete the record given below of the 
export of a certain commodity during five years : 

i 
I Year 1987 1988 1989 1990 1991 

Export (in tons) : 443 384 - 397 467 (Take 1987 as PO) 
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x : 0 1 2 3 4 
Y 1 2 4 - 16 
Explain why it differs from 23 = 8 
[Hint : The function is y = 2". Hence for x = 3. the actual value is 8- that the 
assumption of a third degree polynomial in x holds only approximately. 

25. Assumitlg that the following~lk values belong to a polynomial of degree 4, compute 
the next three values. 
k : 0 1 2 3 3 5 6 

7 
I 

.vk .‘ 0 1 2 1 0 - - - 

26. Given po = 3, p, = 12, p2 = 81, pj = 200, p4 = 100, find A ~ C ,  without forming the 
difference Table. 

12.6 CENTRAL DIFFERENCE INTERPOLATION 
FORMULAE 

In the preceding section we defined the central difference operator 6 and also the 
formation of the central difference table. We also discussed Newton's forward and 
backward interpolation formulae which are applicable for interpolation near the 
beginning and end of the tabulated values. The forward and backward formulae fail to 
give very accurate results when the interpolation is done to estimate the value of a 
function near the middle of the tabulated values. To achieve more accuracy near the 
middle of the table,' we develop a few central difference formulae which utilise 
differences very close to the central line of the Table. 

In Section 12.2.5 above, the operators A,& and E were connected by the relation 6 = dE-'I2 
112 Hence, in A nofaion, we can write 6y = AE-'I2 yy2 = AY o and 6~ -112 = A.5- y-112 = AY -1 

-1 - 
anda2y0 =(AE2 ))yo = A ~ E - ' ~ ,  = A ~ ~ ~ ~  andsoon. 

Replacing 6 by A E - " ~  in the central difference Table 12.4, we obtain an equivalent 
central difference table in A-operator notation as follows. 

Table 12.7 Central Difference Table 

It is clear from Table 12.7 that the differences given both in terms of A and Ghave the 
same values in the corresponding positions. This table in terms of A operator is also 
known as central difference table for the simple reason that we consider the functional 
value of y on either side of xo. 

In next section we develop two difference formulae due to Gauss namely Gauss's forward 
formula and Gauss's backward formula. 



12.6.1 Gauss's Forward Formula for Central Differences Interpolation 

Fixing the origin at the point x = xo, the Newton's forward interpolation formula is given 
by 

where p is given by the relation 
X - Xo 

p = -  
h 

Gauss's forward formula can be written as 

where w's are to be determined. 
In the relation (12.24) we express various differences on the right side in terms ofyo, 
Ayo and higher order differences ofyo, so that 

(9 

(ii) 

=A4y0 -2A5y0 +3A6y0 + . .. .. (iii) 

A5y-z = A ~ ( ~ + A ) - ' ~ ~  = -2A6yO +..... (iv) 

Substituting for A2y-1, ~ ~ y - 1 ,  A4y-2, A5y-', .... in (12.24) we get 

Comparing co-efficients of like terms of (12.23) and (12.25)' we obtain 

- P P = p+lc4 and so on - c4 + c3 



...... and solution Substituting the values of m I ,  m 2, o 3 and o the Gauss's forward formula can be 
of Differential Equations written as 

This formula expresses the fact that yo and the even differences lie on the central line and 
odd differences just below the central line as shown below. 

Note 

(i) The differences along the central line are increasing and the subscripts are half the 
order of the differences with a negative sign. 

(ii) The differences just below the central line are increasing and the subscripts are 
obtained by subtracting 1 from the order and dividing the result by 2 and replacing 
it with a negative sign. 

(iii) The pattern of the co-efficients of various differences is "el, Pc2, P + l ~ ~  P+'CI , 
p + 2  p + 2  

c5, c63 -.* 
(iv) The formula is useful for interpolating the value of y for the values of p (0<p< 1) 

measured forwardly from the origin. 
(v) +p = p+lcr 

Cr 'r- I 

12.6.2 Gauss's Backward Formula for Central Differences 

As above, Newton's forward Interpolation formula is given by 

P ! X - Xo 
where pcr = and p=- 

r!(p - r)! h 

we have from Table 12.7 
2 A y o - A y - 1  = A  y-1 

or A yo = A y -1 + A' y-I 
Similarly 

3 A2yo = AZy-I + A y-1 
3 A yo = A3 y-1 + A ~ ~ - ~  
4 A yo = A4 y-1 + ASY-1 and so on 

Substituting for Ayo, A2yo, A3y0, A4y0 ...., in (12.26), we get 

y, = yo +p (A y-1 + A' y-1) + pc2 (A'Y-1 + A3 y-I)  + pc3 (A"-I + A4 y-1) + 

( A ~ ~ - ~  + ~ ~ y - ~ ) + , .  .., 
4 

= yo + PAY-l + ( P + PC2) A' Y-l + (PC, + PC,) A3 Y-l + 

(PC3 + A4y1 + ... 
Again A ~ ~ - ~  = ~ ~ y - 2  + A4 y-2 



( P + 1 ~ 3 +  P + l ~ q )  A ~ ~ - ~ +  ,... , 

= yo + PAY-, + P + 1 ~ 2 ~ 2 y - l  + P+ 1 c ~ A ~ ~ - ~  + P + 2 ~ 4 ~ 4 y - 2  + ,..., (12.27) 

The formula (12.27) is known as Gauss's backward interpolation formula. 

Note : This formula expresses even differences along the central line and odd differences 
above the central line as shown below : 

(iii) This formula is used to interpolate the values of y for negative values of 
p(-1 < p <  0) i.e., for values o f p  lying between -1 and 0. 

Example 12.14 

Apply Gauss's forward formula to find the annuity value for 27 years from the 
following Table : 

No. of years : 15 20 25 30 3 5 40 
Annuity value : 10.3797 12.4622 14.0939 15.3725 16.3742 17.1 591 

Solution 

Taking 25 years as the origin and 5 years as the length of the interval, we have 

We are now required to find the value , yo4 

The difference Table is as given below 

The Gauss's forward formula is 

P(P - 1) A ~ Y - ~  + (P+')P(P-') ~ 3 ~ - , +  ,..., 
Y, = Yo + PAYO + 

2! 6 

Interpolation 
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Example 12.15 

The following Table gives the value of x and y. Use appropriate central difference 
formula to find the value of y when x is 38. 

Solution 

As the value o f x  = 38 is closer to x = 40 and is in the backward direction, and 
.+ 

38-40 2 = - = -- = 4 . 4  is negative and lies between -1 and 0, we employ 
5 5 

Gauss's backward interpolation formula. The central difference Table is given as 
under : 

Using Gauss's backward interpolation formula, 

4 yP = yo + pAyhl + P t 1 ~ 2 ~ 2 y - l  + P t 1 ~ 3 ~ 3 y - 2  + P t 2 ~ q ~  y-2 + ,..., 

Substituting for p and the value of the central differences, we get 

SAQ 3 

1 .  Use appropriate Gauss's formula to find ~(32) .  given that p(25) = 0.2707, 
p(30)=0.3027, p(35) = 0.3386, p(40) = 0.3794. 

2. Interpolate by means of Gauss's forward formula the values ofy(41) given the 
following Table : 



5 3. The following Table gives the values of x and y. Find y at x = 3.75 

4. Find y , ~  from Gauss's forward formula, given that y2, = 18.4708, y2 = 17.8144, 
4'20 = 17.1 070, y33 = 16.3432, Y ~ S  = 15.5154. 

5 .  Use Gauss's forward central difference formula to find f (33)  given the following 
Table : 

6 .  Use appropriate central difference formula to find y(25) when the values of x and y 
are given by the following Table : 

x : 20 2 1  2 8 3 2 
Y :  14 3 2 3 5 40 

7 .  llse Gauss's backward central difference formula to evaluate y(34) for the following 
data : 

x : 25 30 3 5 40 
J .' 0.2707 0.3027 0.3386 0.3794 

8. Interpolate by means of Gauss's backward formula the sales of a concern for the year 
1976. give that 

I' 1941 1951 1961 1971 1981 1991 
Sales (in lakhs of rupees) : 12 15 20 27 39 52 

9.  Use Gauss's backward formula for central differences to find sin45' given the 
following Table : 

e0 : 20 30 40 5 0 60 70 80 
sin 0 : 0.34202 0.50200 0.64279 0.76604 0.86603 0.93969 0.98481 

L 

10. The following Table gives the values ofx and logx. Find the values of log 337.5, 
using an appropriate central differences formula. 

t 

x : 3 10 320 330 340 350 360 
logx : 2.4914 2.5052 2.5185 2.53 15 2.5441 2.5563 

12.6.3 Stirling Formula 

Gauss's forward formula is given by 

Gauss's backward formula is 

Interpolation 
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Taking the mean of (12.28) and (12.29), we get 

Relation (12.30) is known as Stirling formula and it is the mean of two Gauss's formulae. 
It is obvious fiom (12.30) that this formula 'gjves the mean of odd differences just above 
and just below the central line and even differences on the central line as shown below : 

AY-I A ~ Y - ~  A ~ Y - ~  
y o . ~ A y o  ] . . . . . . A ~ ~ - ~ . . . . . .  {A3y-l 1 . .  A ~ ~ - ~ . . . . . .  y-2] 

12.6.4 Bessel's Formula 
Gauss's forward formula is 

This formula can be alternately written as 

(12.3 1) 
+ ( p  + l ) p ( p  - ~ X P  - 2) 

24 

we know that 
Ayo = y1 - YO or YO = Y I -  AYO (12.32) 

Relation (12.3 1)with the help of (12.32), (12.33), (12.34) and after some adjustments can 
be' written as 



Relation (12.35) is known as Bessel's formula. This formula involves odd differences 
below the central line and the mean of even differences just on and below the central line 

a as exhibited below : 
Central line 

The following examples illustrate the use of central difference formulae. 

Example 12.16 

Employ Stirling formula to compute ~ 1 2 . ~  from the following data 
(y, = 1 + loglo sinx ). 

x0 10 11 12 13 14 

1 o5yX 23967 28060 31788 35209 38368 

Solution X - Xo 
p =-=0.2. . Taking the origin at xo = 12', x = 12.2' and h = 1, we have h 

The central difference table is given by the following. 

Interpolation 

Stirling formula is 
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Use Bessel's formula to findA12) for the data given in the following table : 

Solution 
x-xo 12-10 --- Here xo = 10, x = 12, h = 5 and therefore P = ----- - - 0.4 . 

h 5 
The central difference table is given by the following: 

Substituting the values in the Bessel's formula, we get 
I 

= 0.216235 - 0.0085 + 0.0002 - 0.000004 = 0.207930. 
SAQ 4 

1. Use Stirling's formula to findJ(28), given that A20) = 49225 ; J(25) = 483 16 ; 
J(3) = 47236 ; J(35) = 45926 ;f(40) = 44306 

2. The following table gives the values of y for certain equi-distant values of x.  Find the 
value of y when x = 0.638, using Stirling's formula. 

3. The values of x and e " are given in the following ~abIe. Calculate the value of e*' 
when x = 1.7475. 

4. Use Stirling's formula to find y(32) when the values of x and y(x)  are given by the 
*following table : 



5. Use appropriate central difference formula toA9), given the following table . Interpolation 

6. Use Stirling's formula to findy(32.1) for the following data : 

Find also y(35) by using Bessel's formula 

7. The following table gives the values x and tan x, using Stirling's formula to show that 
tan(16")-= 0.2867 

tanx : 0 0.0875 0.1763 0.2679 0.3640 0.4663 0.5774 

8. 'The probability distribution function valuesp(x) of a normal distribution are given as 
follows : 

Using a suitable interpolation formula, find the value of p(1.2). 

9. Using Bessel's formula, find the value ofA.5) when the values of x and.f(x) are given 
by the following table : 

10. The values of a11 elliptic integral f(4) for certain values of the amplitude 4 are given 
in the table below. Find the value of the integral when 4 = 23O.5. Use Bessel's 
formula. 

J$):0.370634373 0.388705151 0.40683493 1 0.425026420 0.443282329 

I I .  Use Bessel's formula to estimate , given the following table of 

12.6.5 Choice of Application of an Interpolation Formula 

In the preceding sections we have studied a number of interpolation formulae of a very 
great practical importance. We are now required to know which one of these formulae 
will yield better and most accurate result when applied to a particular problem. 

We have observed that the coefficients of various terms in the case of central difference 
interpolation formulae decrease faster than those in the case of Newton's formulae. In 
'the case of Stirling formula, the decrease in the coefficient after a few terms is more rapid 
than those of Bessel's formula. The coefficients in Bessel's formula converge faster 
than those of Newton's formulae. Hence, in the solution of the problems, wherever 
possible, it will be advisable to use central difference formulae like Stirling's and 
Bessel's formulae in preference to Newton's formulae. 

In every interpolation formula, we have derived an interpolating polynomial. The choice 
of the interpolation formula used, depended upon the position of the interpolated value in 



and Solution the given data. Nonetheless, the following points will be of considerable help in the use 
o i  Differential Equations of an interpolation formula 

( 1 )  If the interpolation is desired at a point which is near the beginning of a tabulated 
value, then Newton's forward interpolation formula is best suited. 

( 2 )  If the value to be interpolated is near the end of the table then Newton's backward 
interpolation formula will be the ideal choice. 

( 3 )  For interpolation close to the middle of the table, Stirling's formula gives the best 

1 3 result if - - I I - and Bessel's formula gives a very accurate result for 
4 4 

1 3 
p=0.5,  say - I  p  5 - . 

4 4 

12.7 SUMMARY 
In this unit, we have derived interpolation formulas for data with equi-spaced value of the 
argument. Three types of differences, namely forward, backward and central have been 
defined and based on them various interpolation formulas have been stacked. We have 
also defined factorial polynomals which have very important role in the calculas of finite 
differences. Different methods of expressing algebraic polynomial in factorial notation 
have been discussed. Finally the choice of the application of an interpolation formula 
which is very important for getting most accurate results from the data re discussed to 
enable the reader to decide the selection of the appropriate fornula. We have also 
discussed the effect of error which may occur in a finite difference table. 

The interpolation tormulas derived in this unit are listed below: 

1 )  FactoriaI PolynomiaI 

x'") = x(x-h) (x-2h) , . . ., (x-(n- 1 )h)  
where h is the interval of differencing 

2 )  Newton's Forward Differences Formula 

where 

X - X,) p = -  
h 

2 )  Newton's Backward Differences Formula 

where x - x0 
P ' h  

3 )  Central Difference Interpolation Formulas 

i) Gauss9s.Forward FormuIa for Central Differences 
4 y p = y o  + p A y o  + p c 2 ~ 2 y - l + p ' 1  A3y-, + p + l  A y-2+ ,..., 

C 3  C4 

(0 <P 
ii) Gauss's Backward Formula for Central Differences 

Y p  = Yo + PAY-1 + P + 1 ~ 2 ~ 2 y - l  + p + 1 ~ 3 ~ 3 y - z  + P + 1 c 4 ~ 4 y - 2  + ,..., 
(-1 -= p  KO) 



(iii) Stirling's Formula 

(iv) Bessel's Formula 

12.8 ANSWERS TO SAQs 

SAQ 1 

( 1 )  ( i )  an! (ii) bcd ( 1  O!) (iii) 2(cos-h - 1 )  [sin (x+h) + I.] 

( 2 )  6xh2 cp 6 h 2 j ( ~ + h ) 2  

Interpolation 

( i i )  2(5x + 16)  
( x  + 2) (x  + 3)(x + 4)(x + 5 )  

3 10 and differences - ,(4) + - X ( 3 )  + 4X(2) + 5x(1) + k 
4 3 

t ( 9 )  y4 - 4y3 +by2 - 4 ~ l +  Yo 

(12) The error in the tabular value for x = 4.0; true value is 5.75 

SAQ 2 

(1) y(0.4) = 0.308384 (2 )  p(25) = 3.0375 ; p(35) = 6.0375 

(3)  p(142) = 3.899 (4 )  935.759 (5 )  L(84) = 287 nearly 



Interpolation and Solution 
of Differential Equations 

(1 1) As) = 284 (12) 8666 (13) 0.1496 

(14) No. of students getting marks between 40 rind 45 is 17. 

(25) 5,26,77 (26) -259 

SAQ 3 

(4) y3o= 16.9216 (5) 14.8912 (6) 33.4921 

(7) 0.3310 (8) 32.625 lakhs of rupees 

(9) 0.7071 1 (lo) 2.5283. 

SAQ 4 


