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UNIT 2 SEQUENCES AND SERIES Sequences and Series

Structure 

2.1 Introduction 
Objectives 

2.2 Sequences 

2.3 Arithmetic Progression 

2.4 Geometric Progression 

2.5 Summary 

2.6 Answers to SAQs 

2.1 INTRODUCTION 

In this unit, we shall be introducing the notion of sequences and series of various 
types. In particular we shall study arithmetic sequences (series) and geometric 
sequences (series). 

Objectives 

After studying this unit, you should be able to 

• introduce the concept of sequences, and series, 

• define Arithmetic Progression and Geometric Progression, 

• compute the sum of a finite (or infinite) AP or GP, 

• define Arithmetic Mean (or Means) and Geometric Mean (or Means) 
between two numbers, and 

• insert and compute the AMs and GMs between two numbers. 

2.2 SEQUENCES 

Definition 1 

Let N be the set of natural numbers and Nn be the set of first numbers, i.e. 
 and X be a non-empty set. },...,3,2,1{ nNn =

Then a map  is called a sequence. If X = R or a subset of R, R the 
set of real numbers then f is called a real sequence and if X = C or a subset 
of C, C the set of complex numbers then f is called a complex sequence. 

XNf →:

If domain f = N, we call it an infinite sequence. And if domain f = Nn a 
subset of N, then it is called a finite sequence. 

Thus, if f is a sequence, then for any NNk n or∈ , we have Xakf k ∈=)( . 

Hence  determine the sequence f. ...,,...,,,or,...,,, 321321 nn aaaaaaaa

These sequences are usually denoted by . 8
11 }{and}{ == kk

n
kk aa

The different elements in a sequence are called its terms which are usually 
denoted by . accordingly as the 
sequence is finite or infinite. T

...,,...,,or,...,,, 21321 nn TTTTTTT
n, the nth term is called the general term. 
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A sequence following some definite rule (or rules) is called a progression. 

For example, consider the following sequences, 

(i) 3, 5, 7, 9, . . . , 21 

(ii) 8, 5, 2, − 1, − 4, . . . . 

(iii) 2, 6, 18, 54, . . . . 

(iv) 1, 4, 9, 16, . . . . 

We observe that each term (except first) in (i) is formed by adding 2 to the 
preceding term; each term in (ii) is formed by subtracting 3 from the 
preceding term; each term in (iii) is formed by multiplying the preceding 
term by 3, each term in (iv) is formed by squaring the next natural number. 
Thus all are sequences, (i) is a finite sequence whereas others are infinite 
sequences. 

If the terms of a sequence are connected by plus (or minus) signs, a series is 
formed for example 

3 + 5 + 7 + . . . + 21 

8 + 5 + 2 + (− 1) + . . .  

2.3 ARITHMETIC PROGRESSION 

A sequence is called an Arithmetic Progression (abbreviated AP) if any only if 
the difference of any term from its preceding term is constant. 

This constant is denoted by d and is called the common difference (CD). 

Thus  is an AP iff , a constant 
independent of k, k = 1, 2, . . . , n or k = 1, 2, . . , n, . . . as the case may be. 

...,,...,,or,...,, 2121 nn aaaaaa daa kk =−+1

Theorem 1 

Find the general term of an A. P. 

Proof 

Let a be the first term and d be the CD of an AP. Let  denote  
1

nTTT ,...,, 21
st, 2nd, . . . nth terms respectively, then we have 

    

dTT
...........
...........

dTT
dTT
dTT

nn =−

=−
=−
=−

−1

34

23

12

 

By adding we have dnTTn )1(1 −=−  

i.e.   dnTTn )1(1 −+=  

         dna )1( −+=  

If the last terms of an AP consisting of n terms is l, then dnal )1( −+=  
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i.e.     
1−

−
=

n
ald  

Example 2.1 

A sequence {an} is given by the formula nan 310 −= . Prove that it is an 
AP. 

Solution 
         nan 310 −=

nnnan 373310)1(3101 −=−−=+−=+  

        )310()37(1 nnaa nn −−−=−∴ +  

             331037 −=+−−= nn  

which is independent of n. Hence the sequence is an A. P. 

Theorem 2 

If the terms of an arithmetic sequence be increased, decreased, multiplied or 
divided by the same non-zero constant, they remain in arithmetic sequence. 

Proof 

Consider an AP 

    ...,3,2,, dadadaa +++             . . . (2.1) 

(i) When each term of (2.1) is increased by a non-zero constant k, we 
obtain the sequence a + k, a + d + k, a + 2d + k, a + 3d + k, . . . .  

i.e. (a + k), (a + k) + d, (a + k) + 2d, (a + k) + 3d, . . . which is clearly 
an AP whose first term is a + k, and CD is d. 

(ii) Can be similarly proved. 

(iii) When each term is multiplied by k, we obtain the sequence ak,  
ak + kd, ak + 2kd, ak + 3kd, . . .  which is an AP. 

(iv) Can be similarly proved. 

Theorem 3 

Find the sum of n terms of an A. P. 

Proof 

Let a be the first term, d the common difference and l the last term i.e. the 
nth term. If Sn denotes the sum of n terms then 

  ldldldadaaSn +−+−++++++= )()2(...)2()(         . . . (2.2) 

Rewriting Sn in the reverse order, we have 

  adadadldllSn ++++++−+−+= )()2(...)2()(         . . . (2.3) 

Adding Eqs. (2.2) and (2.3), we have 

  )(...)()(2 lalalaSn ++++++=   {n times} 

           )( lan +=

            ])1([
22

)( dnaanlanSn −++=
+

=∴ ; })1({ dnal −+=∵  
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           ])1(2[

2
dnan

−+=  

2.3.1 Arithmetic Mean 
When three numbers are in AP, the middle one is said to be the Arithmetic Mean 
(written as AM) between the other two. 
Similarly if  are in AP then are called the  
n-Arithmetic Means between a and b. 

bAAAa n ,,...,,, 21 nAAA ,...,, 21

Theorem 4 
Find an Arithmetic Mean between two numbers a and b. 
Let A be the AM between a and b. 
Then a, A, b are in AP 

2
2 baAbaAAbaA +

=⇒+=⇒−=−⇒  

Thus the AM between two numbers is half their sum. 
Theorem 5 

Find n arithmetic means between two numbers. 
Let  be the n-arithmetic means between a and b. nAAA ,...,, 21

Then are in AP. bAAAa n ,,...,,, 21

Let d be the CD. Then b is the (n + 2)th term. 
   dnadnab )1()12( ++=−++=∴  

i.e.          dnab )1( +=−  

i.e.       
1+

−
=

n
abd  

            
111 +

+
=

+
−

+=+=∴
n

bna
n

abadaA  

     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

+=+=
1

222 n
abadaA  

     
11 +

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
−

+=+=
n

nba
n

abnandaAn  

The sum of these n-arithmetic means is nAAA +++ ...21  

          )(...21 babAAAa n +−+++++=  

           = Sum of (n + 2) term of an AP − (a + b) 

           )()(
2

)2( baban
+−+

+
=  

           ⎟
⎠
⎞

⎜
⎝
⎛ +

=⎥⎦
⎤

⎢⎣
⎡ −

+
+=

2
1

2
2)( bannba  

Thus we find that the sum of n AM′s between two numbers is n times the 
single AM between the two numbers. 
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Sequences and SeriesExample 2.2 

If the third term of an AP is 18 and the seventh term is 30, find the series. 

Solution 

Let a be the first term and d be the common difference of the given AP. 

          3124
30630
18218

7

3 =⇒=⇒
⎭
⎬
⎫

=+⇒=
=+⇒=

dd
daT
daT

            123,182 =⇒==+ adda  

    nnndnaTn 3933123)1(12)1( +=−+=−+=−+=∴  

∴ The series is 
...)93(...181512 ++++++ n  

Example 2.3 

If a2, b2, c2 are in AP, prove that 
ba

c
ac

b
cb

a
+++

,,  are in AP. 

Solution 

   
ba

c
ac

b
cb

a
+++

,, are in AP. 

iff 1,1,1 +
+

+
+

+
+ ba

c
ac

b
cb

a  are in AP (adding 1 to each term) 

iff 
ba

cba
ac

cba
cb

cba
+
++

+
++

+
++ ,,  are in AP. 

iff 
baaccb +++

1,1,1  are in AP (dividing each term by (a + b + c)) 

iff )()(,)()(,)()( accbbacbbaac ++++++  are in AP (multiplying each 
term by (c + a) (a + b) (b + c)) 

iff  are in AP cabaccbcbbcababacbaca +++++++++ 222 ,,

iff  are in AP (subtracting ab + bc + ca from each term) 222 ,, cba

∴   if  are in AP 222 ,, cba

then 
ba

c
ac

b
cb

a
+++

,,  are in AP. 

Example 2.4 

Find the sum of 19 terms of an AP whose nth term is 2n + 1. 

Solution 

Let a be the first term and d be the common difference. 

Then  )1as(311.21 ==+== naT  

  )2as(512.22 ==+= nT  

          23512 =−=−=∴ TTd  
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2

dnanSn −+=  
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       ]226[
2

])1(26[
2

−+=−+= nnnn  

       )2()24(
2

nnnn
+=+=  

       3992119)192(1919 =×=+=∴ S  

Example 2.5 

The sum of three consecutive numbers in an AP is 18 and their product is 
192. Find the numbers. 

Solution 

Let the three numbers be daada +− ,,  

Then 618318 =⇒=⇒=+++− aadaada  

and 192)()( =+− daada  

   192)( 22 =− daa

   3236192)36(6 22 =−⇒=− dd

   432362 =−=⇒ d

  2±=⇒ d  

Taking d = 2, we have the numbers 4, 6, 8. 

Taking d = − 2, we have the numbers 8, 6, 4. 

Hence the required numbers are 4, 6, 8 or 8, 6, 4. 

Example 2.6 

Insert six arithmetic means between 2 and 16. Also prove that their sum is  
6 times the arithmetic mean between 2 and 16. 

Solution 

Let A be the arithmetic mean between 2 and 16 then 

    9
2

162
=

+
=A               . . . (2.4) 

Let  be the six arithmetic means between 2 and 16, then 
 are in AP. Let d be the common difference. Then 16 is 

the 8

621 ,...,, AAA
16,,...,,,2 621 AAA

th term 
    27216716 =⇒+=⇒+=∴ ddda  

141226,)(,422 611 =+=+=+==+=∴ daAdaAA  

Now, 

)}(
2

{)144(
2
6... 621 banSAAA n +=+=+++ ∵  

               54183 =×=              . . . (2.5) 
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Sequences and SeriesFrom Eq. (2.4) 

                 A6=

                = 6 × 9 

     = 54   (Proved) 

SAQ 1 
(a) Which term of the sequence − 3, − 7, − 11, − 15, . . . is 403? Also find 

which term if any of the given sequence is − 500? 

(b) The fourth term of an AP is equal to 3 times the first term and the 
seventh term exceeds twice the third term by 1. Find the first term and 
the common difference. 

(c) Prove that a, b, c are in AP iff 
abcabc
1,1,1  are in AP. 

(d) If p times the pth term of an AP is equal to q times the qth term, show 
that the (p + q)th term is zero. 

 

 

 

 

 

SAQ 2 
(a) The sum of n terms of two arithmetic series are in the ratio of  

(7n + 1) : (4n + 27). Find the ratio of their 11th terms. 

(b) If , prove 
that a, b, c are in AP. 

0)()(andnumbersrealare 22 =+−++− cbxbaxxc,b,a,

(c) The ratio of the 2nd to 7th of n AM between − 7 and 65 is 1 : 7. Find n. 

(d) The sum of two numbers is 
6

13 . An even number of arithmetic means 

are inserted between them and their sum exceeds their number by 1. 
Find the number of means inserted. 

[Hint : Take 2n to be the number of means inserted.] 
 
 
 
 
 
 

2.4 GEOMETRIC PROGRESSION 

A sequence (finite or infinite) of non-zero terms is called a geometric progression 
(GP) iff the ratio of any term to its preceding term is constant. 

We assume that none of the terms of the sequence is zero. This constant ratio 
(non-zero) is denoted by r and is called common ratio (CR). 
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 Thus  is a GP iff ...,,...,,,or,...,, 32121 nn aaaaaaa r

a
a

k

k =+1  (constant 

independent of k) for ...,3,2,1or1,...,3,2,1 =−= knk  

∴ In a GP rTT nn .1−=  

For example, the sequence 512,...,8,4,2,1,
2
1  is a finite GP with r = 2 and the 

sequence ...,
27
1,

9
1,

3
1,1 −−  is an infinite GP with 

3
1

−=r . 

Theorem 6 
General term of a GP 

Let a be the first term and r ≠ 0 be the CR. 

    

rTT

rTT
rTT
rTT

nn .
..........
..........

.

.

.

1

34

23

12

−=

=
=
=

 

Multiplying all these we have 
1

1321432 ....... −
−= n

nn rTTTTTTTT  

i.e.       11
1

−− == nn
n arrTT

If last term of a GP with n terms is denoted by l, then . 1−= narl

Theorem 7 
Sum of n Terms of a GP 

Let a be the first term and r be the common ratio of a GP and Sn the 
sum of n terms. 

Then             . . . (2.6) 12 ... −++++= n
n arararaS

               . . . (2.7) nn
n ararararrS ++++= −12 ...

Subtracting Eq. (2.7) from Eq. (2.6), we have 

)1()1( −=−=− nn
n raaarSr  

i.e.  ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−

=
r

ra
r

raS
nn

n 1
1or

1
1  

This formula fails when r − 1 = 0, i.e. r = 1. When r = 1, then 
nanaaaSn =+++= times...  

Sum of an Infinite GP 
Consider a GP a, ar, ar2, . . .  with 1|| <r . We know that 

r
ar

r
a

r
raS

nn
n −

−
−

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−

=
111

1  
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Sequences and SeriesSince  goes on decreasing as n goes on increasing. Ultimately 

when . 

nrr ⇒< 1||

0, →∞→ nrn

∴  
r

aSn −
→

1
 

In other words if S denotes the sum of infinite terms then 
r

aS
−

=
1

. 

2.4.1 Geometric Mean 
When three numbers are in GP, the middle one is said to be the Geometric Mean  
(GM) between the other two. 

Similarly if  are in GP then  are called the n 
geometric means between a and b. 

baaaa n ,,...,,, 21 naaa ,...,, 21

Theorem 8 

To find the GM between two members a and b 

Let G be the GM. Then a, G, b are in GP. 

i.e.  abGabG
G
b

a
G

=== .e.i,i.e., 2  

(Conventionally G is taken to be the +ve square root of ab). 

To find n GMs between the numbers a and b 

Let be the GMs between a and b. naaa ,..., ,21

Then  are in GP. baaaa n ,,...,,, 21

Let r be the common ratio. 

Then  1
1

1112 +++−+ ⎟
⎠
⎞

⎜
⎝
⎛=⇒=⇒== nnnn

a
br

a
brararb  

       1
1

1
+

⎟
⎠
⎞

⎜
⎝
⎛==∴ n

a
baarG  

             1
2

2
2

+
⎟
⎠
⎞

⎜
⎝
⎛== n

a
baarG  

   . . . . . . . . . . . . . . . . . . . . 

             1+
⎟
⎠
⎞

⎜
⎝
⎛== n

n
n

n a
baarG  

Cor. 

  n
n ar...ar.ar.araaa 32

21 ... =×××

          nn ra ++++= . . .321

        2
)1( +

=
nn

n ra ( n++++ ...321∵  is AP of n terms) 
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2

)1(

1
1

+

+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎠
⎞

⎜
⎝
⎛=

nn

nn
a
ba  

      n
nnn

n abba
a
ba )(222 ==⎟
⎠
⎞

⎜
⎝
⎛=  

       = nth power of the single GM between a and b. 
Example 2.7 

Find the nth term and the 12th term of the sequence 2, − 6, 18, − 54, . . . . 
Solution 

The given sequence is a G. P with a = 2 and r = − 3. 
1111 3.2.)1()3(2 −−−− −=−==∴ nnnn

n raT  

         111111
12 3.23.2.)1( −=−=T

Example 2.8 

Find the sum of the series 
32
81...

2
1

3
1

9
2

++++ . 

Solution 

The given series is a GP where a, the first term is 
9
2  and r the common ratio  

is 
2
3 . 

Last terms is  nT=
32
81  say. 

Then         
1

1
2
3

9
2

32
81 −

− ⎟
⎠
⎞

⎜
⎝
⎛==

n
nar  

i.e. 761
2
3

2
9

32
81

2
3 61

=⇒=−∴⎟
⎠
⎞

⎜
⎝
⎛=×=⎟

⎠
⎞

⎜
⎝
⎛

−
nn

n
 

Hence the sum of the 7 term of the series 

   ⎟
⎠
⎞

⎜
⎝
⎛ −×=

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛

= 1
128
2187

1
2

9
2

1
2
3

1
2
3

9
2 7

 

   
288

2059
=  

Example 2.9 

Find the sum of 50 terms of the sequence 7, 7.7, 7.77, 7.777, . . .  

It is not a GP but we can relate it to a GP. Let S50 denote the sum of 50 term 
of this sequence. 

...777.777.77.7750 ++++=S  to 50 terms 
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     .)..999.999.99.99(
9
7

++++=  to 50 terms 

     [ ]...)01.10()1.10()110(
9
7

+−+−+−=  to 50 terms 

           
������ 
������ 	�

GPaisThis

)terms50to...01.1.1(
9
7)terms50to...1010(

9
7

+++−++=  

    
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

−×=
1.1
)1(.1.1

9
7)5010(

9
7 50

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−×−×=

−
−×= 50

50

10
11

9
10

9
7500

9
7

10
9
10

11

9
7500

9
7  

    ⎥
⎦

⎤
⎢
⎣

⎡
+−= 5010

10104500
81
7  

    ⎥
⎦

⎤
⎢
⎣

⎡
+= 4910

14490
81
7  

Example 2.10 

If the first term of a GP. exceeds the second term by 2 and the sum of 
infinite terms is 50, find the GP. 

Solution 

Let a be the first term and r with | r | < 1 be the common ratio. 

Then  
r

araaTT
−

=⇒+=⇒+=
1

22221            . . . (2.8) 

Also           
r

aS
−

==∞ 1
50                . . . (2.9) 

From Eqs. (2.8) and (2.9), we have 

     
r

ar
−

==−
1

2)1(50  

5
6or

5
4

5
11

5
11

25
1

50
2)1( 2 =−=⇒±=−⇒==−⇒ rrr  

      
5
4;1||as

5
6

=<≠ rrr  

           10

5
1
2

5
41

2
==

−
=∴ a  

The GP is ...,
25

128,
5

32,8,10  

Example 2.11 

Insert 4 GMs between 3 and 96. Show that their product is the 4th power of 
the GM between them. 
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Let a be the single GM and a1, a2, a3, a4 be the four geometric means 
inserted between the two numbers. Let r be the common ratio, then 96 is the 
6th term 

    232
3

969696 55 =⇒===⇒=∴ r
a

rar  

   61 ==∴ arG  

         (122
2 == arG 288963 =×=G 212= ) 

         243
3 == arG

         484
4 == arG

   4424
4321 )212(2124824126 GGGGG ==×=×××=  

SAQ 3 

(a) The second term of a GP is 
4
25  and the 8th term is 

625
16 , find the GP. 

(b) If the pth, qth and rth terms of a GP are a, b, c respectively, prove that 
. 1.. =−−− qpprrq cba

(c) If a, b, c are in GP, show that 
cba
1,1,1  are also in GP. 

(d) Determine the number of terms of a GP {an} if 
189and96,31 === nn Saa . 

 

 

 

 

SAQ 4 
(a) Sum to n terms the series 5 + 55 + 555 +. . . 

(b) Sum the series  
upto n terms. 

...)()()( 322322 +++++++++ yxyyxxyxyxyx

 

 

 

 

SAQ 5 
(a) The sum of four numbers in GP is 60 and the AM of the first and the 

last is 18. Find the numbers. 

(b) Find the sum of an infinite sequence ...,
49
1,

7
1,1,7 −−  
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Sequences and Series(c) Show that AM between two distinct numbers is always greater than 

their GM. 

(d) If p, q, r are in AP, a is GM between p and q and b is GM between q 
and r′, prove that  are in AP. 222 ,, bqa

 

 

 

2.5 SUMMARY 

AP and GP 

If a is the first term and d the common difference of an AP then 

(i) nth term of an AP is dnaTn )1( −+= , 

(ii) Sum of the n terms =nS ])1(2[
2

dnan
−+=  

(iii) AMs between a and b is 
2

ba + . 

(iv)  are n AMs iff b are in AP. nAAA ,...,, 21 ,,...,, 1 nAAa

(v) If 1st term is a and r is the common ratio of a GP, then nth term 
 1−= n

n arT

Sum of first n terms 1,
)1(

)1(or
1

)1(
≠

−
−

−
−

= r
r
ra

r
raS

nn

n  

Sum to infinity of the G. P. 
r

a
−

=
1

 

(vi) G is the GM between a and b then baG = . 

2.6 ANSWERS TO SAQs 

SAQ 1 

(a) − 403 is the 101st term, and there is no term which is – 500. 

(b) 1st term = 3 and common difference = 2. 

SAQ 2 

(a) Required ratio is 
3
4  

(c) n = 11 

(d) 12 

SAQ 3 

(a) ...,1,
2
5,

4
25,

8
125  

(d) Number of terms = 6 

SAQ 4 
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 (a) )10910(

81
5 1 −−+ nn  

(b) 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
−

−
−
−

− y
yy

x
xx

yx

nn

1
)1(

1
)1(1 22

 

SAQ 5 

(b) 
8
49  
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