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15.1 INTRODUCTION

Column or strut is a compression member in which the length is considerably larger
compared to the cross-section dimension. Column denotes vertical member in compression.
The terms pillar and stanchion are used for long vertical compression members. Strut is any
member (including diagonal or horizontal) subjected to compression.

In case of long compression members, the load causes the column to bend and stresses are -
affected by the deflection produced. The stress due to direct compression is very small
compared to stress due to bending. This phenomenon is known as buckling.

The derivation of Euler’s buckling load is discussed in Section 15.2 along with concepts of
effective length and slenderness ratio. The secant formula and laterally loaded columns are
discussed in Section 15.3. Empirical formulae are discussed in Section 15.4,
Objectives
After studying this unit, you should be able to

. find the safe load a column can carry due to axial or eccentric loading,

. identify slender and short columns,

hd find the maximum stresses in columns subjected to axial, with or without,
transverse load, and - ,

. design the column if the load and permissible stresses are known.

15.1.1 Stable and Unstable Equilibrium

From mechanics it is known that a body may be in three types of equilibrium, viz. stable,
neutral or unstable as in Figure 15.1 (a), (b), and (c) respectively. These three conditions
can be compared as under, by increasing the compressive load P on the column gradually.

(a)  Asshownin Figure 15.1 (a), when the ball resting on concave surface is
disturbed slightly it will regain its original position, similarly the column is
initially in a state of stable equilibrium. During this state if the column is
perturbed by inducing small lateral deflections it will return to its straight
configuration when the loads are removed.
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(b)  The ball resting on plane horizontal surface is in state of neutral equilibrium as
shown in Figure 15.1 (b) which is the limiting condition between stable and
unstable equilibrium. When the load on the column is increased further, a

_ critical value is reached at which the column is on the verge of experiencing a
lateral deflection, it will not return to its straight configuration. The load
cannot be increased beyond this value unless the column is restrained laterally
by lateral restraint.

(c)  When the ball is resting on a convex surface, a negligible perturbation will
cause unstable equilibrium as shown in Figure 15.1 (¢). Similarly if the force
P exceeds the critical load P, , the column becomes unstable. The column
either collapses or undergoes large lateral deflection.
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Figu-e 15.1 : (a) Stable (b) Neutral (c) Unstable Equilibrium

15.1.2 Buckling Phenomenon and Buckling Load
Buckling Phenomenon

When the length of the strut or column is large as compared to its lateral dimensions,
failure generally occurs due to lateral deflection rather than by direct compression.
This lateral deflection in a long column is termed as buckling. In contrast buckling is
negligible in short coJumns. They fail due to crushing. In very long columns the
effect of direct stresses is small as compared with bending stresses Main causes of
bending i in the columns are as follows :

(a) lack of straightness and uniformity in the member itself,
(b) initial crookedness or curvature of the member,

(c) eccentricity of the applied load,

(d) non-homogeneity in the material of the member,

(e) minute flaws in the material, and

(f) casting of column may be out of plumb and load not being transmitted at
the selected bearing (accidental eccentricity).

Buckling Load

Once a member shows signs of buckling, it will lead to the failure of the member.
This load at which the member just buckles is called the buckling load or critical
load or crippling load. The buckling load is less than the crushing load. The value of
buckling load is low for long columns and relatively high for short columns. The
value of the buckling load for a given member depends upon the length of the
member and the least lateral dimension. It also depends upon the types of
end-constraints of the column (hinged, fixed etc.). Thus, when an axially loaded
compression member just buckles, it is said to develop an elastic instabllity.

152 THEORY OF CONCENTRICALLY LOADED
' COMPRESSION MEMBER

The first solution for the buckling of long slender columns was published in 1757 by the
Swiss mathematician Euler (1707-1783). Although the results of this article can be used
only for slender columns, the analysis, similar to that used by Euler, is mathematically
revealing and helps in explanations of the behaviour of columns.



Assumptions Made in Euler’s Theory
(a)  The column is initially perfectly straight and is axially loaded.

(b)  Column section is uniform and material is perfectly elastic, homogeneous,
isotropic and obeys Hooke’s law,

(¢)  Length of the column is very large as compared to the lateral dimensions.

(d)  The direct stress is very small compared with the bending stress corresponding
to the buckling condition.

(e)  Self weight of the column is negligible and the column will fail by buckling
only.

(3] Joints are frictionless.

15.2.1 Derivation of Euler’s Buckling L.oad Formula for Pin-end
Condition

The purpose of this arfalysis is to determine the mnnmum axial compressive load for which
a column will experience lateral deflections. A strmght slender, pivot-ended column having
uniform section is concentrically loaded by axial compressive force P at each end, is shown
in Figure 15.2 (a). A pivot-ended column is supported such that the bending moment and
lateral movement are zero at the ends.

Figure 15.2 : Pin-ended Column : Euler Load Determination

Due to crippling load the column will detlect into a curved shape ACB shown in
Figure 15.2 (b). Consider a cross-section at a distance x from the end A. Let y be the lateral
deflection at this section.

The bending moment due to crippling load, M = Py

Eld%
—d;;“‘=—M=~Py (15.1)
‘ Py Py _
@@ EI
2
%+k2y=0 where, k = \J[_P_]
dx El
The solution of this differential equation is .
y = Asinkx + Bcos_kx (15.2)

where, A and B are constants of integration which are evaluated by putting the end
conditions, namely at

x=0,y=0, ie.B=0
and at x=1[y=0, ie. 0= Asinkl. (15.3)
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1121‘5:::"“‘”“’ From Eq. (15.3), it is seen that either A =0 or sink! = 0.
op ;

As B =0, then if A is also equal to zero, then from Eq. (15.2), we gety = 0 i.e. columnis
not deflecting at all, which is trivial solution.

Therefore, sinkl =0, or kl =0, 7 2%, ..., nm
ie. . I<:O£2,1t,...,ﬂ
! I
1%

Since k = (—E—I]

P =K EI

p - WEl 4n’El n*n’El '

=2 g T p (15.4)

The values given by Eq. (15.4) are required values of critical loads. The lowest critical load
is the most significant and which is as follows :

2 E
Pcr=1t —2

[}

This load is termed as Euler’s load and is denoted by Pg. Eq. (15 5) is known as Euler’s
formula.

L]

(15.5)

It can be seen that the column will have a tendency to bend or buckle in that plane about
which flexural rigidity EI is least. Therefore in the above equation minimum morment of
inertia should be used. It can be seen that critical load is proportional to flexural rigidity and
inversely proportional to length does not depend upon permissible and stress of material
from which the column is made.

15.2.2 Concepts of Effective Length, Slenderness Ratio, Critical Stress,
Short and Long Columns

. The moment of inertia, /, refers to the axis about which bending occurs. Putting I = AP,
where, r is the radius of gyration about the axis of bending,

2 EAr?

A T =73 = 0a (15.6)

where, p is slenderness ratio, o, is called critical stress.

L
The quantity | 7 = P | ratio of effective length to radius of gyration, is the slenderness

ratio and is determined for the axis about which bending tends to occur. For a pivot-ended
‘concentrically loaded column with no intermediate bracing to restrain lateral motion,
bending occurs about the axis of minimum moment of merua Therefore, r, radius of
gyration is taken as minimum.

The Euler buckling load as ngen by Eq. (15.5) agrees well with experiment only if the
slendemess ratio is large, whereas short compression members can be analyzed easily
considering direct stress ¢ = P/A. Many columns lie between these extremes in which
neither of these solutions is applicable. These intermediate length columns are analyzed by °*
empirical formulae described in later sections.

Limitations of Euler’s Formula

To check the validity of Euler’s formula consider Eq. (15.5) which implies that if the
slenderness ratio is small, the stress at the failure G, will be large. Let 6, be the crushing
strength of column material. If 6¢; > 6, the failure of column will be due to crushing and

not due to bucklmg Hence, the Euler’s formula will not be applicable for smaller
66 slenderness ratio.



For validity of Euler’s formula, : ' Columns and Struts
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Let us consider two materials, riamely cast iron and mild steel. For mild steel, yield point

stress = 330 MPaand E = 2.1 x 10° N/mm?. Equating the crippling stress to yield stress,
the corresponding minimum value of slenderess ratio is around 80. Figufe 15.3 shows
variation of critical stress, O, for these two materials as a function of slendermess ratio. The

curves representing Eq. (15.5) are hyperbola.
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Figure 15.3 : Variation of Critical Stress with Slenderness Ratio

A column, whether short or long, is determined by the numerical values of slendemess
ratios. Smaller the slendemess ratio, lesser will be the tendency to deflect and higher will be
the buckling load. .

Example 15.1

A steel bar of rectangular cross section 30 x 50 mm pinned at each end is 2 m long.
Determine the buckling load when it is subjected to axial compression and also
calculate axial stress using Euler’s expression. Determine the minimum length for
which Euler’s equation may be valid.

Take proportionality limit as 250 MPa and E = 200 GPa (2 x 10° N/mm?),
Solution

Here, we can calculate I, as follows :

. .
Ipin = &;‘23—0— = 112.5x10° mm®*, L = 2000 mm

Using Eq. (15.5), we get

m’El _ (n* x2x 10% x 112.5 x 10%)

P. =
i L2 (2000 x 2000)
3 ; Py 2 -
P, = 5551x10° N and o, = > 37.01 N/mm
rein = V[ min | — 8 66 mm and - 230.94
A | : Tinin &7
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Or, using Eq. (15.6)

n*E
Ocr = - = 37.01 N/mm®

Since 6. < Op,

r G[)

L>n“{E}>88186

Asoi < op (e L > 88.86) for L = 2m.
. Tmin

Euler’s expression is valid for limiting value of minimum length

Lmin _ gq g5

min

L = 769.5 = (.77 m which is minimum length.

15.2.3 Partial End Constraints

Effect of Different Idealized End Conditions

The Euler buckling formula, as expressed by Eq. (15.5) was derived for a column with
pivoted or hinged ends. The Euler’s equation changes for columns with different end
conditions. Four such commen cases are shown in Figure 15 .4,

P

P'N;ﬁ

L= 2L
(a) () . © @

Figure 15.4 : Effective Length of Column with Different Restraints

It is possible to set up the differential equations with the appropriate boundary conditions to
determine the Euler’s equation for each new case, by using the concept of effective length of
column. The pivot ended column, by definition has zero bending moments at each end. The
length L in the Euler equation, therefore, is the distance between successive points of zero
bending moment [Figure 15.4 (a)]. All that is needed to modify the Euler column formula
for use with other end conditions is to replace L by L, where, L, is defined as the effective
length of the column (the distance between two successive inflection points or points of zero

* moment).

The ends A and B of the column in Figure 15.4 (b) are built-in or fixed, since the deflection
curve is symmetrical, the distance between successive points of zero moment (inflection
points) A" and B’ is half the length of the column. Thus, the efféctive length, L, , of a fixed
ended column for use in the Euler’s formula is half the actual length (L, = 0.5 L). The
column in Figure 15.4 (c), being fixed at one end B and free at the other end A, has zero
moment only at the free end. If a mirror image of this column is imaginary visualized below
the fixed end B, A’ will be the point of mirror image of A, the effective length between
points of zero moment would be twice the actual length of the column AB (L, = 2L). The
column in Figure 15.4 (d) is fixed at one end B and pinned at the other end. The effective
length of this column cannot be determined by inspection, as could be done in the previous

-«



two cases. Therefore, it is necessary to solve the differential equation to determine the
effective length. This procedure yields

Le=%z0.7L

SAQ1

Referring to Figure 15.4 (b) to (d). considering bottom ¢nd B as origin and
equilibrium of portion above the section, derive Euler’s crippling load expression.

SAQ2 ‘
Calculate safc compressive load on a hollow cast iron column with one end hinged

and other rigidly fixed. The external and internal diameters are 120 mm and 90 nuu
respectively and length of the column is 9 m.

Take factor of safety as 3 and £ = 95 GFa. Also calculate critical axial stress.

Example 15.2

A beam is fixed at both ends is loaded transversely by total uniformly distributed
load of 32 kN. It is found that deflection at centre is 1/325 of span. Now if this
transverse load is removed and beam is loaded axially, find out safe axial load for the
condition such that it fails by buckling only.

Take factor of safety =4, and E =200 GPa.

Solution
(a)  Load on beam, W= 32 kN, and deflection, 8 = :5—12‘—5-
where L is the span of the beam. '
Deflection in case of a fixed beam subjected to u.d.l.
5 - wr’
T 192 El
Lo wit
325 192 FEI
El  Wx325
2 192
32x 10° x 325
19 = 54166.66 N
(b)  When beam is loaded axially it will acts as column,
% = 54166.66
L

As the column is to fail by buckling only, it should be considered as long
column, therefore using Euler’s formula for crippling load

n°El
Por = =5~

e

Columns and Struts
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Miscellaneons .We know for both ends fixed,

Topics
L
L, = 2
2
P = ﬂ‘if—’ = 4x 72 x 54166.66 = 2138414 N
' » Crippling load
Thus, P = Safe Load = Factor of satety
EEITIVIR
, 4
= 534.6kN

P
SAQ3 ‘
A bar when used as simply supported beam and subjected to wtal load of 96 kN
which is uniformly distributed over the whole span, the deflection at centre is 1/100

of span. Determine the crippling load when it is used as a column with both ends
hinged. .

Example 15.3

A truss member which is having length equal to 2 m and acting as a tension member
tor normal loading, is to be designed to take up tensile load equal to 100 kN. But due
to wind load it is subjected to compressive load equal to 46 kN. Assume factor of
safety for compression equal to 2 and allowable stresses in tension 6 equal to

150 MPa. Find outer diameter when D, = 1.2 D; where, D, = outer diameter,

D; = inner diameter.

Solutlon
(a)  When acting as tension member
Given : Load=100 kN, Allowable stress, 6 = 150 MPa

Load _ P _ P
Stress, 0y = Area - A = o.
- n(D;-D}) P
4 " Oy -
egter~
n(1L22D7-Di)  p
4 ‘_ Cst
" pr=2L qas_1y
nost
D} = 1929.15 mm?®
D; = 439 mm
D, =12 x 439 = 527 mm

()  When acting as compression member

Given : working load P =46 kN, £ = 2% 10° MPa, L= 2m 2000 mum, and
Factor of safety (F. O.S)=2.

As it is acting as truss. member, both ends are considered as hinged.

Hence, =L
70 Legt



Critical load

i

Working load

x F.O.S

Py = 46x2 = 92kN

Using Euler’s equation,

[ S

_ mlElL -
L2

2 - =l D& - D
92X103:[1t xinle>< ( ” J

2000%
Putting D, = 12 D
D = 3537575 mm*
D; = 43.36 mm
D, = 1.2%43.36 = 52.03 mm

Selecting higher values from the two cases, we get
D; = 43.944 mm, and

D, = 52753 mm.

Example 15.4

A solid column of diameter 50 mm is required to be replaced by hollow column
whose external diameter is 1.25 times internal diameter. The column is long enough

to fail by buckling only. Compute percent saving in material.

Solution
Given, _ Dy
D,

Here, we know,

Critical load for solid column
Py

n2ElL

50 mm (solid column)

1.25 D; (hollow column)

= Critical load for hollow column
= Py

RZEI;, ’

. L2
=1,

n (DJ - DY)

D;*
. Dy
Thus, . D,

Further, Percentage saving »

64
= (1.25xDY* - D
= 4336043.5 |
45.6 mm
1.25x D; = 57.04 mm

-

_ Aso]id — A hollow % 100
A solid :

_ D¢ - A D-DY
/4 x D2 '

502 — (57.042 — 45.6%)
= o x 100

53.03%

00
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Miscellaneous Example 15.5

Topics
A long column of 2 m length is hinged at both ends. Yielding on outer fibres starts
when the central deflection is equal to 15 mm. Determine the breadth and depth of

rectangular section with Z— =04,

Take Yield stres§, fy = 250MPa,and E = 2X 10° MPa
Solution
Given, f, = 250 MPa, and E=2 x 10° MPa
L=Lg=2m= 2000 mm, and d=15mm=0.015m
At yielding stage, M = P x §

2 2 '4 3
‘We know, M= fyZ—fy I’Z = f, x 04 dxd——fv——250i
As i = (04 d)° x Tdi
2
p- WE
L2
n2x2x165x114_ d?

. 187.5x2000 ~ 379.95
Substituting and simplifying,

d‘ &
25075 = 379,95 % 19
It gives, d = 42217 mm, ie. b = 04 xd = 168.8 mm.

SAQ 4

Compare the buckling loads of two columns hinged at ends

(a)  ofrectangular section 3 cm X 12 ¢, and

(b) other of square section having same cross-section area 6 cm X 6 cm as that of
 rectangular column and of same length and made up of same material, Use
Euler’s formula. ~

SAQ 5
For the mild steel bar with yicld stress at 3410 MPa and E = 215 GPa, deduce the
value of slenderness ratio upto and heyond which Euler’s formula is valid. Consider
(i) both ends hinged (i) both fixed.

15.3 THEORY OF ECCENTRICALLY LOADED
COMPRESSION MEMBER

Although a column will support the maximum load when the load is applied concentrically,
but many times the column is subjected to eccentric loads. For example, abeamina
building may be connected to side of a column by welding or riveting, the column is then
subjected to a bending moment due to the connection of beam and column. The eccentricity
of the load, or their bending moment will increase the stress in the column and reduce its

72 load carrying capacity.
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15.3.1 Derivation of Secant Formula - Columns and Struts

Many times column do not behave as predicted by the Euler’s formula because of
imperfections in the alignment of the loading. In this section, the effect of imperfect
alignment is examined by considering an eccentric loading. The pivot (pin) ended column
shown in Figure 135.5 (a) is subjected to compressive forces acting at a distance e from the
centerline of the undeformed column. As the loading is increased, the column deflects
laterally, as shown in Figure 15.5 (b). If axes are chosen with the origin at the top, the
bending moment at a section x from A would be as follows :

M = Py (15.7)

Al

! ¢
®) )

Figure 15.5 : Eccentrically-Loaded Compression Member (Secant Formula)

If the stress doesn’t exceed the proportional limit and deflections are small, the differential
equation for the elastic curve becomes ‘

2
EEY _ o py

d®
2 2
&y Py _ o o dy o
o, e * 5 =0 ie. e + ky = (15.83)

ez NE
where, k= El

This is the same differential equation as Eq. (15.1) by Euler’s method, the solution of this
equation is

y=Asinkx + Bcoskx + 0 (15.9)
where, K= —11;—1 , A and B are constants to be determined from the boundary conditions.
Atupper end A, x=0,y=e ie B=c¢
and Eg. (15.9) becomes

y = A sinkx + e coskx

dy _ Ak cos kx ~ ek sin kx

dx

dy _ 4
Due to symmetry, i 0 a_t X = 2
o . ki . [ ki
Jn putting the value of x, 0 = Ak cos o ek sin >
Thus, we get

=[]

STt ST
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ki
. s‘m[ 2 .
y=¢ ———kl—sinkx-f—coskx (15.10)
w2

The maximum deflection occurs at x = —é Putting these values

. 2| ki
‘ . s —2- kl )
Ymax = € y '(“k—‘l] + COS(—Z—] ‘ (15.11)
cCos| —— )

2

e sec Kl
' 2

Since, it has been assumed that the stresses do not exeeed the proportional limit, the
maximum compressive stress cai be obtained by superposition of the axial stress and the
maximum bending stress. The maximum bending stress occurs on a section at the midspan
of the column where¢ the bending moment is assumed to be the largest value, M.x = PYmax.
Thus, the maximuin stress is, ‘

Ymax

P . ¢ P c '
Omax = A + Mipax 1 =3 + PYimax A—’i ‘ (15.12)

where, ¢ is distance of extreme fibre from neutral plane, 7 is the radius of gyration of the
column cross-section, and A is area of cross-section. '

Therefore, maximum bending moment

[ kL
Mpax = Pymax = Pesec [?)

oo (5 )1+ (5] (= (%))

Substituting the value of &, we get,

L : 7 - (15.13)
A 1+(£Jsea[{—} [_P_ ] ’
P r 4 AE

where, Gy is the allowable stress.

Eq. (15.13) is known as the secant formula and relates the average stress P/A to the
dimensions of the column, the properties of the column material, and the eccentricity . The
term L/r is the same slenderness ratio found in the Euler buckling formula. For columns
with different end conditions, the effective slenderness ratio L, /r should be used
accordingly. The quantity ec/r” is called the eccentricity ratio and is seen to depend on the
eccentricity of the load and the dimensions of the column.

If the column was loaded axially, ¢ would presumably be zero, and the maximum stress
would be equal to P/A, It is virtually impossible however, to eliminate all eccentricity that
might result from various factors such as the initial crookedness of the column, minute
flaws in the material and a lack of uniformity of the cross-section, as well as accidental
eccentricity of the load.

An extensivé study of the results of many column tests indicated that a value of 0.2 t0 0.25
for ec/r* would give results with the secant formula that would be in good agreement with -

experimental test on axially loaded columns of structural steel in ordinary structural sizes.
74 '



If o, is yield stress of material to be equated to Oz, the corresponding value of direct Columns and Struts

stress will be mo, = mf where, m is factor of safety, 6. being permissible stress = P/A.

Oy = mo, [1 + (“]sac[lj
P~ r

In order to make effective use of Eq. (15.13), curves showing P/A and L/r can be drawn for
various values of ec/r* for any given material. Figure 15.6 is such a set of curves for a
material with o, = 280 MPa and E = 210 GPa. For these material properties, solutions can
be obtained from Figure 15.6. Digital computers can also be programmed to directly solve
the Secant Formula using iterative techniques.

Thus,

AE

—\/-(m—qp—jj] : | (15.14)

350
\
NS 1

%0 1 EWERS | cu Rve[
205 —
0.2

~J

210 o
Oy

T

SN

1.

N

175 ® E
110 08k IS
105
7

; 35+
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SLENDERNESS RATIO

Figure 15.6 : Relation between P/A and Ur

The outer envelope of Figure 15.6, consisting of the horizontal line oy = 280 MPa and the

Euler curve, corresponds to zero eccentricity. The Euler curve is truncated at 280 MPa.
Since this is the maximum allowable stress for the material with Young’s modulus equal to
E =210 GPa, the truncation occurs at L/r = 86. From the data presented in Figure 15.6, it is
seen that eccentricity of loading plays a signiticant role in reducing the working load (the
maximum safe load) in the short and intermediate ranges (slendemess ratio less than 150 for
the steel in Figure 15.6). For the large slenderness ratios, the curves tor the various
eccentricity ratios tend to merge with the Euler curve.

s

Example 15.6

A colunnt 4 meters long of circular section made of cast iron with 200 mm external
diameter and 20 mm thick is used as a column. Both ends of the column are fixed.
The column carries a load of 150 kN-at an eccentricity of 25 mm from the axis of the
column.

(a) Find the extreme stress on the column section, and

(b)  Find also the maximum eccentricity in order to have no tension anywhere on
the section. Take E = 9.4 x 10% MPa.

Solution
Area of the column

A= %(2062- 160%) = 11310 mm®

Moment of inertia
I= g’;;_(zoo“,- 160% = %(2002— 160%) (2002 + 160%)
I = 4637 x 10* mm*
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4637 x 10*

_ 3 3
200/2) = 463.7 x 10° mm

I
y

Effective length of the column L, = ©~ = > = 2m

_ Thus,
(a)

(b

L, = 2000 mm

Maximum moment, Myax = PVmax
2
2000
sec| —
sec 0.1856 radian

sec 10740 = 1.017
Mppax = 150 x25x 1.017 = 3814 kKN mm

L
M-anxsec( ] El

1

\[F 150 x 103 }

(9.4 x 10* x 463.7 x 10%)

<>

o

(o]
TN
NI
S— S
/N
=)
— S

I

. _ ' P M
Maximum compresive Stress = Gyax = 0 + -
[ 150x 10° 3814 x10° | . .
Omax = [ 11310 J + (463.7" X_l_03 ] = 21.5 MPa

The maximum stress on the column is 21.5 MPa.

If tension is just to be avoided corresponding to the maximum eccentricity

P _M
A~ Z

, P
E—Pese(,2 El
A~ A )

i)
|

z 1 _ 4637x10°
= [AV)(SeC 10°40° J = T310x 1017 = 4432 mm

Hence, e = 44.32 mm is the value of the eccentricity in order that there may be
no tension anywhere on the section.

Example 15.7

Find the necessary diameter of a mild steel strut 2 meter long hinged at its ends if it
has to carry a load of 100 kN with possible deviation from the axis of 1/10th of the
diameter. The greatest compressive stress is not to exceed 80 MPa and value of

E = 200 GPa.
Solution
Given: P=100kN,Cpn.x=80MPa,L=2m

E=7200GPa, e = d/10, hinged ends

LLzexf[TJ

2

x 1000 =

2
3
100 % 10 3191.54
nd* d?



My = Pe sec 5 yE

TN

' Col d Struts
kL ]z 100 x 107 [%] Sec[3191.54] umns and Stru

kL . . .
where, — 18 in radians.

2
Maxi tress, iyl + M
aximum Stess, Opax = 7 + —
nd > 3 nd*
OnputtingA = 4 Omax = 80MPa, P = 100x10°, Z = ETE
o (d 3191.5
100 % 16° 100 x 10°| 19 | sec P

we get, 80. = + v
¢ i nd
4 32

—8—0—7;—(12 4+3.2 sec 31921'5
10 ¢

On solving by trial and error method, d = 60.03 mm. Provide diameter as 60.1 mm.

or,

SAQ6
A steel tube is initially straight, has an external diameter of 38 mm andl internal
diameter 35 mm. It is 1.5 m long and carries a compressive load of 20 kN acting
parallel to the axis of the tube but 2 mm from it. Calculate the maximum stress in the
tube.

Take E = 210 GPa.

15.3.2 Theory of Beam Column or Laterally Loaded Compression
Member ' '

A beam that is acted upon by an axial compressive force in addition to the transverse loads
is referred to as beam-column. Consider a column with a concentrated load at mid height as
shown in Figure 15.7 (a). Let W be the lateral concentrated load applied and P be the axial
load (Figure 15.7).

Figure 15.7
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From Figure 15.7 (b), the moment at a section, distance x from origin A is as follows :

Let

Then, we get

The solution of the above

Atx=0, y=0,ie.B=0

On subsituting the values,

ie,,

_ 1 ody _
Atx = > dr - 0
On subsituting the values,

ie.,

Substituting value of A in

At x = é—;weget,

W g,

4 EI - 2E
P _2 .
E K

d* 2 _ W

PEIL Ay

equation is as follows :

vy = Asinkx+ Bcos kx — W;x
2k “El
. e Wx
y —As‘mkx+B<,0>kx—2P
W
y = Asinkx — 2P

% = Aksinkx — %

kl W
O—Aku)s2 - 2p
A 4 ki
A—[zpk)secz

Eq. (15.17)

W kI . K
Ymax = | 5 | S€C5 sinT -
_pﬂ_mﬂ_m
2k 2 7 4P
(w kKl kl
‘szkj[t‘mz 2
!
2
Wl '
Myax = [TXE}*’ PYmax
\ 7 .
*'v’v_l‘f—(ﬂ il—[lllk_l
T4 ‘kzz |2
W kY
:;E(ii:m :E
A /

Wi
4p

(15.15)

(15.16)

(15.17)

(15.18)

(15.19)

(15.20)

(12.2D



The maximum stress can be evaluated from

P M
VA

Omax ~ n + (15.22)

15.4 EMPIRICAL FORMULAE FOR DESIGN OF
COLUMNS

Numerous column experiments indicate (hat the Euler formula is reliable for designing
axially loaded columns, provided the slenderness ratio is within the range in which the
eccentricity has relatively little effect. This range is called the slender range which ranges
from 120 to 140. At lower slenderness the failure stress would be the compressive strength
of the material. The extent of this range is 0 — 40: In the intermediate range (i.c. slenderness
ratio 40 to 120), the only equation of rational nature that applies to the real columns is the
secant formula. Since the application of the secant formulae to centric loading requires an
estimate of accidental eccentricity ratio, the equation acquires an empirical nature.
Furthermore, the application is so involved that simpler empirical formulae have been
developed which give results in reasonable agreement with the expenmental results within
the intermediate range.

15.4.1 Rankine’s Formula

Rankine proposed an empirical formula for columns whnch cover all cases ranging from
very short to very long struts. He proposed the relation

L_(1y, (1Y,
P P, P,
where, P, = ultimate‘ load for a short column,

P, = n? EL_ Eulerian crippling load for the standard case, and

L2

(15.23)

constant for a material,

For short columns, P, is very large and hence 1/P, is small in comparison to 1/P,, thus
making the crippling load P approximately equal to P..

For long columns, P, is extremely smail and hence 1/P, is large as compared to 1/P,, thus
~ making the crippling load P approximately equal 1o P,. Thus, the value of P obtained from
the above relation covers all cases ranging from short to long columns or struts.

Eq. (15.23) can be rearranged as

P.P, P, N c. A
P.+P, P.) 2
Fe n2El
P- G A __OcA O (15.24)

() )

crushing stress for the material, and

i

where, G,

a = Rankine’s constant for the material which is determined experimentally,
and should not be calculated values of ¢, and F.

Material B o, (MPa) a for Hinged Ends
Wrought iron 255 119000
Cast iron 550 1/1600
| Mild steel 330 177500
L Strong timber 50 17750

Columns and Struts

79



\Miscellaneous
Topics

80

Eq. (15.24) is the Rankine’s formula for the standard case of two end-hinged column. It is
sometimes known as Rankine-Gordon formula. For columns with other end conditions, the
value of the constant will be changed accordingly. However, since ‘@’ is a constant for a
particular material used as a hinged column, it is better to modify the Rankine’s formula as

c.A ,
P=—7 (15.25)

2
L
1+a(~"]
.

Rankine’s constant for a particular material, and

where,

a
L,

Effective length of the column.

Eq. (15.25) can be re-arranged in terms of an average axial stress and is given as

= (15.26)

where,

G, = allowable stress, and a= 3
n°E

The only difference is that this formula includes factor of safety.

15.4.2 Straight Line Formula
This is proposed by T. H. Johnson and written in the form

A

where, 6, and ¢; are experimentally determined and these constants are depending on the
material, (P/A) may be expressed either in terins of critical stress or safe working stress.
Following table gives one of the empirical values.

PG C]L%] | (15.27)

(PIA) (MPa) Material ﬁJ o, (MPa) ¢; (MPa) j
Critical stress Structural steel 367.5 2
Critical stress Cast iron 238 0.6
Safe working Mild steél 150 0.57
stress

15.4.3 Johnson’s Parabolic Formula
Prof. J. B. Johnson modified the straight line formula as under

2
_E_: GQ_CZ[%] (15.28)
where, |
o
Oy = compressive yield stress, and ¢ = 0E
Example 15.8

Using Rankine’s formula find the crippling load for a mild steel strut of 500 mm long
with a rectangular cross-section 50 mm x 12.5 mm having

(a2) hinged ends, and
(b) both ends fixed.
Take 6, = 330 MPa and a for hinged ends = 1/7500.



. Columns and Struts

Solution
A =50 x 12.5 = 625 mm?
3
Ly, = 50 x 12.5 = 8140 mm®
12
_ 1 _ 8140 _ 2
'2‘.4‘ 55 = 1302 mm
(a) For hipged ends
P = 5
k) |
) r
Taking, [, =1, we get,
330 < 625
P = > = 57933 N = 57.93kN.
1oL ) 5002
7500 1l 13.02
(b) For fixed ends
a. A

= 330 % 623 ‘= 125759 N
(L)L) s00?

7500 || 4 || 13.02
= 125.76 kN.

SAQ7

A hollow cylindrical cast iron column 150 mm external diameter and 20 mm thick is
6 meter in length baving both ends hinged. Find the load using Rankine’s formula.
Compare this load with that given by Euler’s formula.

Take 6. =550 N/mm? and a = 1/160. For what length of strut of this cross-section
does the Euler formula ceases to apply.

15.4.4 Indian Standard Code Formulae
IS : 800-1962 '

In old version of IS : 800, secant formula was adopted with ec/*=0.2, as it was
found to be average value for a large number of columns experimentally tested. But
factor of safety of 1.68 was adopted additionally; the Eq. (15.13) was modified to

Iy
168

L \/ 1.68 P
1+0.20sec(—27) (——_AE

where, f,, = yield stress which was taken as 250 MPa. 81

P '
—_ = 15.29
= ( )
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IS : 800-1984 (Merchant-Rankine’s Formula)

This approach has been changed in IS : 800-1984, Close fit with test data on axially
loaded columns is obtained by expressing the axial compresive stress, G, in terms of
following form which is called Merchant-Rankine’s Formula

1

G, =

(&)

fy = yield stress of steel in MPa,

(15.30)

where,

(The table has been given in the code for varidus values of
Jy, =230 to-540 MPa), '

E

Jeeo = 5 = Euler’s critical buckling siress,

g

L
7 = slendemess ratio,
L = effective length of the compression member,
r = minimum radius of gyration,
. E = 2.0x 10" MPa. or 200 GPa, and
' n = animperfection index assumed as 1.4

When slenderness ratio tends to zero ¢ = f, .

Using factor of safety of 1.67, the Eq. (15.30) will give the allowable stress in axial
~compression in form

0.6 (foc f})
71
[(fcc)m N (fy)mf :

Table below shows the various values of allowable stress in axial compression for
IS : 800-1984 and IS : 800-1962 for f, = 250 MPa.

Jac = 15.31)

Allowable Stress in Axial Compression (MPa) as per

Lir IS : 800-1984 IS : 800-1962

10 150 122

50 132 115

100 80 82

150 45 | 46
200 28 , 27
250 18 16

15.4.5 Prof. Perry’s Formula

From the secant formula, it can be seen that if column section, length and end conditions are
given, it is easy to workout the extreme stress intensities due to given load and eccentricity
or to calculate permissible eccentricity for a given load and permissible stresses. However,
if the safe load for a given section, stresses and limit of eccentricity has to be determined,
the necessary formula will have to be thrown into workable form

i

{ [LL ;
Pesec| 2 EI !
‘ P

Omax = Gp+0p = 5 + 7 L

A




- ’ k 2 : Columns and Strutst
Gmu=—+Pe-£- sec L £ since Z=L=£ '
A AP 2 1 Yoo Ye

= o‘o[ 1 +e—Y£ (sec[i ] \j(—li—)_):’ .
P 2 1
= Go[ 1 +’€'zc (sec[% ] @”
where, P, = ETZEI_ |
Prof, Perry fouhd out that the expressioﬁ, sec (-é— ] @ or sec [% ) \/@

12P, 120,
P.-P) ” (0. 0,)

] ) ey ’1.2 O,
Omax = Op| 1+ 2 (Go—G,)
eY.)[ 120, 0, : _
r# (Ce - 01.)) . ‘ ’

(Omax—00) (G~ T;) 3 12. (A
G, G, o

() o[

from which it is easy to workout ¢, from given Gy, and ¢.
Example 15.9 '

A compound stanchion 3 m long is made up of two channels ISJC 200 and two

250 mm x 10 mm plates riveted one on each flange. Find the maximum load that can
be apphed at an eccentricity of 20 mm from the axls y- Yo The permissible
compressive stress is 80 N/mm?. Take E=2x 10 N/mm

approximated very closely to

On substituting, we get

Omax - G,

On simplifying, we have,

Assume hmged ends M.L of the (,ompound section about y y axis may be taken as
4.5% 10’ mm®, :

Solutlon

Firstly, we find 7° as computed below

=L _ 4 x U 2
A= " gssa - O260mm
Eulerian load P, = ﬁzE—I
@)
_ i x2x10° x4.5x10’
30000
= 9869600 N.
P, 9869600 n
ThUS, G, = 7 = W.- 1153 N/mm
Given, Omax = 80 N/mm?>
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°max'_1 1_& 12 ey
o o | 7

4
80 G, ) 12x20x125 _
CRN ISR

On solving, we get

50.1 N/mm?

g, XA =501 x8554
428555 N = 428.555kN.

Oo

Thus, Safe load, P

155 SUMMARY

. The crippling load or buckling load of a column with different end conditio
is as follows : ‘

ns

Case End Condltion Euler’s Buckling Load Effective
or Crippling Load Length, L,
1. | Bothhinged 2Bl L
L2
2. Both fixed ATeE] L
12 2
3. One fixed and other free ° °El 2L
4r?
4. One fixed and other hinged nlEl L
- %
L

L = actual length of column.

. - The crippling stress in terms of radius of gyration for both ends hinged

condition
p TE _ n? FA
>  @/r?
G = P _ n E
A (Lt

where, r = V[%] = radius of gyration, and

-Lr- = p which is ratio of effective length to least radius of
gyration is called slendemess ratio of column.
. For eccentrically loaded member,

which can be reduced to secant formula as below :

4] (3) =[]



Rankine’s formula for columns having wide range of slenderness ratio

G- A

where, a = Rankine’s constant, and o, = crushing stress for the material.

P =

Material - o, (MPa) a (for Hinged Ends)
| Wrought iron 255 179000
Cast iron 550 1/ 1. 600
FMilq steel 330 177500
Strong timber 50 17750
Indian Standard Code Formula
Ce = !

where,

Jy = Yyield stress of stecl (MPa) (The table has been given in the code for
various values of f;, = 230 to 540 MPa,).

‘n°E
Jee = = Euler’s critical buckling stress,

g

= slendemess ratio (p),

~ [~

M~ e

effective length of the compression member,

~
i

minimum radius of gyration,

20x10°MPa or 200GPa (for steel),

n = animperfection index assumed as 1.4,

Prof. Perry’s formula

Omax Oy €Ye
{To— —‘1](1 - G—e]: 1.2 [—rz_]

15.6 KEY WORDS

Column i A vertical member of a structure subjected to loads is known as

column.

Strut :  Member of structure which may not be vertical and subjected to
compressive load.

Buckling Load +  Load at which column just buckles is known as buckling load or
critical load or crippling load. This is generally applicable to long
columns.

CrushingLoad  : Loadat whxch column fails by crushmg generally applicable to

short column.

Columns and Struts



Miscellaneous 15.7 ANSWERS TO SAQS

Topics
SAQ1
2
P, = 4WLZE ! - For both end fixed [Figure 15.4 (b)].
n2El '
P, = F For one end fixed and other free [Figure 15.4 (c)].
2n%El _ . .
P, = 2 - For one end fixed and other end hinged [Figure 15.4 (d)].
SAQ2
L, = 6364 m
4 4 '
L = B0 2900 ¢ o6 105 mm?
4
L,
Tmin = 37.5mm; = 169.7 mm
T'min

Py = 16113 kN;
Pgate = 53.71 kN,
O = 32.56 MPa
SAQ3
W =wL = 160kN -
For beam = (-3-2—4](%3) = %

% = 125kN; Py = 12337kN

SAQ4 ‘
R s P El PE(Rectangu]ar) .
The ratio of Euler’s load = P = 5
) E2 E{Square)

p thEll 1 p n Eqly

E, = ; E, = T

1 L12 2 1122

Pg,  wEdy L
Pg, L12 1!23212 I
P 3% 12° :

ERectanguiary L 12 _3x12x12x12 _ 4

PE(Sqm) 6 x 63 IX12X6x%6

12

PE(Rectangular) =4 PE(Square)

Thus, it can be seen that the buckling load for square column is four times more than
. the rectangular column.

SAQS
Here, we know,
- For Case (i) {, =

|
=~
g

[=N

For Case (i) /,
86 :



It is also known that
‘ 2 2
Pr = T EI which can also be written as Pg = - f/;lrz
(4 e
(i)  For both ends hinged, v
PEA 1, [ 2% £
PE = = — = = _
) Pg. O
L A
r ;
I, [ n®x2.15x10° 073
r- 310 R
le 1
T 7= 82.73 nearly 80.

(ii)  For both ends fixed, ‘
n’El _ 4n’EA’  4n’EA

PE:LZ_ 2 - 2Y
(21 2

l 3.2
L, NEY (_E_]zz\[(ﬂleO X J

IE (oF 4 310
A

/—\
‘U

—lr- 8273 = 16546 say 165.5
SAQ6
Omax = 245.8 N/mm?
SAQ7

P (Rankine) = 393.0 kN, P (Euler)=387.0kN and L=1.76 m.

Columns and Struts
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