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13.1 INTRODUCTION

Whenever an elastic body is subjected to loading, energy is absorbed in the body. The
energy due to straining effect is known as strain energy. The strain energy stored in a body
is equal to the work done by the applied loads in stretching the body. The straining due to
various types of loading such as axial, flexural, shear, torsional and general type of loading
is discussed in Section 13.2. The law of conservation of energy and minimum potential
energy is discussed in Sections 13.3 and 13.4, respectively.
Objectives k
After studying this unit, you should be able to

. conceptualise strain energy in a member,

. * define strain energy, modulus of toughness, proof resilience, modulus of
: resilience of any element,

d determine strain energy due to gradual, sudden and impact loading along the
axis of element,

. compute strain energy due to other types of loading such as shear, flexural,
torsional and beam impact,

. find out strain energy in skeletal structures like trusses and frames,

. compute displacements, i.e. axial deformation, transverse deflection, rotation
and twist using principles of strain energy,

i state law of conservation of energy, and

. describe the principle of minimum potential energy wth its analogy to a
mechanical system of a ball on different surfaces under gravity.

13.2 STRAIN ENERGY CONCEPT

When a load is applied on a member the member is deformed. When the member is
deformed within the limit of proportionality, member is said to have possessed or stored
energy which is called the strain energy of the member.

Consider a rod AB of length L and uniform cross sectional area A, which is fixed at A and
subjected to gradually increasing axial load as shown in Figure 13.1.
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Figure 13.1 : Rod Subjected to Gradually Increasing Axial Load

The graph of load P against deformation A of the rod is plotted in Figure 13.2.
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Figure 13.2 : Graph of Load against Deformation

Let us now consider the work dA done by the load P as the rod elongates by a small amount
dA. This elementary work dU = P dA. This expression gives the area of element of width dA
located under the load-deformation curve shown in Figure 13.3. The total work done U by
the load as the rod undergoes a deformation & is thus given as ’

U= JanA
0

_which is equal to the area under the load-deformation diagram between A =0 to A =3,
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Figure 13.3 : Elementary Work Done under Load-Deformation Curve

The work done by the gradually applied load P results in increase of some energy associated
with the deformation of the rod. This energy is referred to as the strain energy of the rod.

Hence,

8 .
Strainenergy = U = _[ PdA 3.1
0 .



The unit of strain energy is obtained by multiplying units of length by units of force. Thus, Strain Encray

in SI units it is expressed in N m, and is called a Joule (J).

In the case of a linear and elastic deformation, the portion of the load-deformation diagram
is represented by a straight line equation, P = k A (see Figure 13.4).

LOAD (P) LOAD (P)
P=kA
P b P
U=3P3 U=Ps
3 DEFORMATION (A) 3 DEFORMATION (A)
(a) Gradually Applied Load i (b) Suddenly Applied Load

Figure 13.4 : Linear Load-Deformation Relation

Substituting for P in Eq. (13.1), we have,

U= kada
0

)
U= %[mz ]O 2 PE (13.2)

where P is the value of load corresponding to the deformation .
Strain Energy Density

As we have seen, the load - deformation diagram depends upon the length and cross section
area of the rod. The strain energy U, therefore, will also depend upon the dimensions of the
rod. In order to eliminate the effect of size and to consider the properties of the material, we
can consider the strain energy per unit volume by dividing the strain energy U by the
volume V = AL of the rod, we have,

81
g_I P dA
VY, Aa*L

w={ o, de (13.3)
0

where,
S, = Normal stress,

g, = Normal strain, and

€; = Value of straincorresponding to the elongation 8;.

The strain energy per unit volume is referred to as the strain energy density. Thus the
strain energy density is expressed in N/m or J/m’.
The value of strain energy density obtained by setting €; = eginEq. 13 3, where gp is the

sirain at rupture, is known as the modulus of toughness of the material. It is equal to the
area under the entire stress-strain diagram (Figure 13.5) and represents the energy per unit
volume required to cause the material to rupture,

The maximum strain energy which can be stored by a member without being permanently
strained is known as its proof resilience.

I1 the stress O, remains within the proportional limit of the material, Hooke’s law applies
and hence, .

o, =E¢g 7
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Figure 13.5 : Modulus of Toughness at Rupture St;-ain
Substituting for o, into Eq. (13.3)

£ Eet o} ‘
U=) Egdegy=—F— == 13.4
JO e R T Y 134
o |
U=73g (13.5)

where, 0 is the stress corresponding to strain €.

The value u, of the strain gnergy density obtained by setting 6; = oy, where oy is the yield
strength, is called the modulus of resilience of the material. The proof resilience per unit
volume is also defined as a modulus of resilience.

2
e
Y 2E

The modulus of resilience is equal to the area under straight line portion ‘OY’ of the

‘stress-strain d;agram (Figure 13.6) and represents the energy per unit volume that the

material may absorb w1thout yielding.

STRES®(Ox)

MODULUS OF
RESILIENCE

Ey - strmN (&)
Figure 13.6 : Modulus of Resilience

The capacity of a structure to withstand an impact load without being permanently deformed
clearly depends upon the resilience of the material used.

Since the modulus of toughness and the modulus of resilience represent charactenstlc value
of the strain energy density of the material considered, they are both expressed in N/m? or
its multiples.

13.3 ELASTIC STRAIN ENERGY STORED IN A LINEAR
MEMBER AND STRUCTURAL SYSTEM DUE TO
VARIOUS ACTIONS

The rod considered in the preceding section was subjected to normal stress O, and the strain

energy density was constant throughout the rod. In a structural element or machine part with
2 non-uniform stress distribution, the strain energy density u may be defined as,

u= Lt U or u—d—q
V-0 &v’ dv




As per Eq. (13.3), strain energy density ‘ : Strain Energy
4
u = I o, de,
0

within the proportional limit, 5, = Eg,

o
" 2E
The value of the strain energy U of a body subjected to normal stresses may be obtained by
integrating the above equation.

u= Eeﬁ = %c‘xex

N =

L_du_o

- dv T 2E

dU = G—% av
T 2E
2

_[ Sk |

U= o 4V | (13.6)
_ If the strain energy density is constant,
o2

U= 2F X Volume 3.7

13.3.1 Strain Energy due to Axial Loading in a Member

When arod is subjected to a concentric axial loading, the normal stress 6, may be assumed

uniformly distributed. Denoting P as the internal force in the member of length L and cross
section area A shown in Figure 13.7, we get

> |

ze

Figure 13.7 : Axial Load in a Member

Substituting o, in Eq. (13.6)

J 2
U= dv
2 EA®
taking dV = A dx
2 ,
U=[5a (13.8)

In the case of a rod of uniform cross section and length L subjected to force P

_FPL

U Y AE (13.9)

Y



Miscellaneous Stress Due to Various Types of Axial Loads
Tobi
oples Gradually Applied Load [Figure 13.4 (a)]

Let a load of magnitude P be applied axially on a member of length L and uniform
cross sectional area A and 8L be the extension of rod.

2
Strain energy stored by the member = %E— x volume
2
o
=3 XA XxL
Work done by the external load = % x P x &L
Equating strain energy stored by the member to the work done by the loading
2
gE—xAxLzéxPXSL
but, we know, 8L = %,
Thus gixAxL—lex(’—L
s 2E =2 E
P
Hence, C = a (13.10)
Suddenly Applied Load [Figure 13.4 (b))
Let the load P be suddenly applied and the extension of the member be 5L.
Equating the strain energy stored by the member to the work done by loading
0.2
2 % AxXL=Px3d8L
but, we know, 8L = O—EL,
& | d’ oL
Thus, 2—ExAxL=P><—bT
P
Hence, c=2x A (13.11)

Hence, the maximum stress intensity due to suddenly applied load is twice the stress
intensity produced by the load of the same magnitude applied gradually.

Impact Load

In this case the load P is dropped from a height h. Figure 13.8 shows a vertical bar
whose upper end is fixed at top and a collar is provided at the bottom end. The load P
drops out by a height / on the collar and will thus extend the member by L.

bdd b di s ditded

Figure 13.8 : Impact Load on a Collar

Let 0 = maximum stress intensity in the bar
10 dL = extension of bar



We know,

oL = %
Equating the loss of potential energy to the strain energy stored by the rod.
P (h+8L) = 0—2 AL
2E
oL) o
P [h + E ] =5°F AL
OAL_PolL _ p,
2E E
Rearranging 2_2Po _ 2PhE
A AL
P2

Adding F to both side of equation

2 2P0 P*_2PRE P’
A A2 AL A2
yd N 2PHE N
A TAL 2 (13.12)
When 6L is very small in comparison with £, loss of potential energy = P h
Equating the loss of potential energy to the strain energy

g2

—2"E—AL

o = \[ 2PhE
AL (13.13)

When 4 = 0, from above equation, we get G = 2 X 5— , which is the case of suddenly
applied load (Eq. 13.11).

Ph

il

Example 13.1

Compare the amount of strain energy of the two bars shown in Figure 13.9.

yY)J¥ VYA Iy yyyyyy’ r_

—_—
v Ls3
D D , L/3
—.l-
2D L3
f [ 7
P P
Figure 13.9

Solution

Strain energy of a bar of uniform section of length L under the pull P is as follows :

PL
2AF

Strain Energy

11
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If U = strain energy of uniform bar, then

PAL

Ui =22k

Now, U, = strain energy of stepped bar where area of thicker poruons is double the
area of thinner portion.

Py Py  Posy  PL

U = + =
2= 2(AE) © (2AE) ~ 2(2AE) ~ 3 AE
. U 3
— ===15
Ratio U, 2 0
Hence, uniform bar stores 50% more energy than the stepped bar for the same load.

Example 13.2

A vertical steel rod, 1300 mm long is rigidly fixed at its upper end and a weight of
100 N is allowed to slide freely on the rod through a distance of 100 mm, onto the
stop at the lower end. The upper 700 mm length of the rod has a diameter of 20 mm
while lower 600 mm length is 16 mm diameter as shown in Fi igure 13.10. Calculate
the maximum stress induced in the bar. Take E = 200 kN/mm",

”’114 oy __‘g._
700 inm
—
16 9 }
100k |
. —

Figure 13.10

Solution

Let ¢ = maximum stress induced in the bar. This will obviously occur in the 16 mm
diameter portion.

20
Now, P (h + 8L) = strain energy of the whole rod

2 2
_ (0.64 ©)
= '——2E A] L + ———"—ZE Azla

2
Maximum stress in 20 mm diameter portion = (1—6 ) xc = 0640

where L = 600 mm, L, =700 mm, A| = %x 167, Ay = gxzo2

O L 0.64 0) L,

oL = z t I
5L = o x 600 (0640)x700 000520

200 x 10° 200x 10°

Strain energy of the whole rod, in terms of G
2
9] i 2 0.64 6)2 T 2
= —————— x~ (16)° x 600 + x = (20)° x 700
2x200%x10° 4 2x200x10° 4

]

0.527 62
Therefore, équating work done and strain energy

100 (100 +0.0052 ) = 0.527 62, giving
o = 138.34 N/mm>



Alternately, T Strain Energy

This example can also be solved by the formula derived in the previous article.

P \/72 7
o="+ [2PhE+g_]

1 AL A2 .
S PR ey
A 1" PLaE) |
_F 2h
0= ) |:1 + m:]
Pmax =06A
Prax = P l:l + @}
PL
8L = AE
__ 100 x600  _ 100 x 700
201.06 x 200 10°  314.15 x 200x 10°
= 0.0026 mm
P :1()()[1+ 1+2x100 }
- 0.0026
= 2783519 N
_ Prax 2783575
Welaow, °= 74 T 20106
= 138.34 N/mm’

Example 13.3

Derive the equation for strain energy stored in a solid tapered rod as shown in
Figure 13.11. If d; = 2 d, then prove

PPL

U= 4E Ay

Figure 13.11

" Solution

Consider any section X-X, at a distance x from larger dia d;. Diameter of bar at
section X-X '

dl

dl—(dl—dz)%

dy - d;

‘=dl—kx where k = 2

13
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Area of bar at section X-X

o (%)(d,)z _ (

Stress at section X-X

&

j(dl —kx)?

Y A
(VA)(d — kn)*
Strain energy stored for small strip of length dx is

0’—£—
==

2

U’—ﬁxvolume
ﬂ2
1 P
== | ————— | () d -
2E[(n/4)(d1~kx)2_( '@
S P
2E <1r/4)<d1—kx)
_P2

1
—— | d
{(dl—kxf] :

Total strain energy stored in a rod

L
v=[ U &

_22P[ 1 1
T mEk | (di-kL)  d,

di—d
Putting k = G-d)

__2PL
" mEd dy

P’L

U= 2 (n4)d, dr E

Ifd; = 2d,, then
P2L
2 (/4)(2dy dr E
__PL
4 E (n/d)(d?)

__PL_
= TEAm

)

U=

&~

kx)? dx



SAQ1 Strain Energy
Determine the strain energy of the aluminium rod ABC, shown in Figure 13.12. Also

find out the corresponding strain energy density in portions AB and BC of the rod
Take E for aluminium as 75 GPa.

2hmm @ 16
[ C ud

IR b———1 . 60KN
Ve
4 T
. 1.2m | 1.8m L
1 1
Figuve 13.12

SAQ2
A force P of magnitude 22 kN is applied to each of the steel rods shown in
Figure 13.13. Using E = 200 GPa, determine the strain energy acquired by rod A

Also determine the required length /, if the strain energy acquired by rod B is to be
90% of the strain energy acquired by rod A. A and B are of one meter length each

r12n‘m\l
ROD- R X +p
A ‘

fp—— 1 ——
12mim @
R e s T o S0
B
=1L —

Figure13.13

SAQ3

A 12 mm diameter mild steel bar of 1.5 m length is stressed by a weight of 150 N
dropping freely through 30 mm before commencing to stretch the bar. Find the
maximum instantaneous stress and elongation produced in the bar.

Take E = 2.1 X 10° N/mm~

13.3.2 Strain Energy due to Shear Loading in a Member

In the case of pure shear (e.g. torsional element), the shear stress (1) is uniformly distributed
over the surfaces as shown in Figure 13.14. It can be shown by taking moments of all the
forces about the z-axis, that Ty, = T,,.

15
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Figure 13.14 : Complementary Shear Stress Figure 13.15 : Strain Energy due to Shear
Further denoting Ty, = Tyx = T, we have
._1
Y= G
where, Y = shearstrain,
T = shear stress, and
G = modulus of rigidity of the body.
Thus, the shear strain energy can be expressed as
14
u= I T.dy
0

where ¥ represents the shearing strain corresponding to shear stress T (as shown in
Figure 13.14).

We know that the strain energy density u is equal to the area under the shear stress strain
diagram (Figure 13.15).

1 . _GY _T
u-zty— 2 3G (13.14)
The value of the strain energy U of a body subjected to plane shearing stress may be
obtained by
L < U
%
Hence,
2 , .
dau = 3G av (13.15)

This expression defines the elastic strain energy associated with the shear deformation of the
body. As the similar expression obtained in Section 13.2 for uniaxial normal stress it is valid
only for elastic deformations.

13.3.3 Strain Energy due to Flexural Loading in a Member

Bending stresses are pire-dominant in beams. A typical beam is shown in Figure 13.16 (a).
These stresses are distributed linearly along the depth of beam as shown in Figure 13.16 (¢),
and are considered to be uniform along the width of beam (z-direction). The variation of
these stresses along the length depends upon the distribution of the bending moment.

Neglecting the effect of shear and taking into account only the normal stresses

Let M = Bending moment at the section,

y = Distance of the fibre from the neutral axis, and

I = Moment of inertia of the section about the neufral axis.
Then, )

o =M,
16 o
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Figure 13.16 : Strain Energy due to Flexovral Loading in a Member

Strain energy due to normal stress

U—_[ ——G%dV

- 2E

| M2
U_-[ZE 2 dv

Putting dV = dA dx,
where, dA represents an element of the cross-sectional area.

B 2
U= sz(yzliA)dx
v 2FEr
Recalling that the integral within the parent.hgsi.s represents the moment of inertia [ of the
cross section about its neutral axis, i.e. I = y2 dA,
we have,
M2

U= J 2E7 dx (13.16)

Example 13.4

A simply supported wooden beam 2 m long and of rectangular section 100 mm wide
and 150 mm deep shown in Figure 13.17, carries uniformly distributed load of

2 kN/m. Determine the amount of strain energy stored and compare it with the strain
energy if the cross sectional dimensions are interchanged.

Take E = 2 x 10° N/mm?.

ﬂZ‘CN /m ’ ]
.A B i\.)“ IScm

st ke,

Figure 13.17

Solution 7 .
Consider section X-X at any distance x from support A.

X
RA-x~2-x£2J

2x - X2

Moment at section X-X,

M,

1l

Strain Energy

17
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dx

B

L
'[()
2
@x-2?
fo m #

2

21191J (4x2 a4 + x )dx

II

0.53
U=—"7- £l kN m

Substituting E = 2 x 10° N/mm? and [ = [1—12—] (100) (150 mm?*,

U=9422 Nm

Now, if the dimensions are interchanged, then
1= {%2] (150) (100)* = 1.25 x 10’ mm?*

U=212Nm
Hence, the ratio of strain energy stored by beam keepmg width vertical and depth
vertical is 2.25.
SAQ 4

Determine the strain energy stored due to bending for the beam shown in
Figure 13.18. Neglect the effect of shearing stresses. Take £ = 200 GPa.

9KN 9KN
L ) o
1 B iEmm
4ot 4m 4
L "

oMM
" CROSS SECTION

Figure 13.18

13.3.4 Bending Produced by Impact

The dynamic deflection of a beam which is struck by a falling body W may be determined
by the method used in the case of impact causing tension.

k Figure 13.19
18



If aload W is dropped onto the middle of simply supported beam from aheight A, as shown
in Figure 13.19, the beam will suffer an instantaneous maximum deflection 8, vibrate and
finally settle down to the position which it would have taken if the load Whad been
gradually applied. Hence, it becomes necessary to evaluate the maximum instantaneous
deflection 8, because in that position, the instantaneous stress induced is also maximum and
it must not exceed the permissible bending stress for the material. Such problems are solved
by converting impact load W into equivalent static gradually applied load P. The work
supplied to the beam and stored by it, as strain energy, is as follows :

W(h+8) = [%] P
where J is the maximum instantaneous deflection and P is the equivalent static gradually
applied load, which is required to produce the same deflection
PL}
48 E1

With the help of these two equations, equivalent static load P can be found out. The

5 =

L . M
maximum instantaneous stress can be found out from the relation, ¢ = 7

Example 13.5

A 400 mm x 140 mm rolled steel beam is simply supported over a span of 6 m as
shown in Figure 13.20. A load of 8 kN is dropped on to the middle of the beam from
a height of 60 mm, Find the maximum instantaneous deflection and stress induced in
the beam.

Take I, = 204.58 x 10° m* and E =200 GPa for the section.

B KN

| A o
: c sormm_ B
A — ' i ‘
M - M 400 mm

cPs oF BEAM
Figure 13,20 i .

Solution
-3

Strain energy stored due to impact loading is
Wh+9d) = [-;—JPS

8006+8) =05P68
6(0.5P-8) = 048
Considering P as the equivalent static load, which is acting in the middle of the beam,

maximum deflection is

rr?
o 5 48 E 1
Substituting for 3,

048 _ P
05P - 8 48200 x 10% (204.58 x 107%)
Solving for P,
P = 18.32kN.

Now, Mipax = % = 2748 kN m.

Strain Energy

19
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Topics Maximum stress, 6 = —- = 7 =

Z Iy (20458x10°/02)

26864.8 kN/m?

It

26.86 kN/mm?

PL*  1832x6°
48E1 (204.58 x 107%/0.2)

Maximum deflection, § =

2015 x 10> m
2.01 mm

SAQS

A gradually applied load of 5 kN, at the middle of a simply supported beam produces
a deflection of 0.5 mm. What will be the maximum instantaneous deflection
produced by a weight of 1 kN dropped on to the middle of the beam from a height of
300 mm ?

SAQ6

The block of 3 kg is dropped from the position shown onto the end of a 16 mm
square steel bar cantilevered as shown in Figure 13.21. Determine

(a) the maximum deflection at the free end of the bar,
(b) the maximum bending moment in the bar, and
(é) maximum normal stress in the bar.

Take E = 200 GPa.

BI3K6
L0 MM
A % - B
LO—OJSM——J

Figure 13.21

13.3.5 Strain Energy due to Torsional Loading in a Member
Consider a shaft BC of length L subjected to one or several twisting couples.

Figure 13.22 : Strain Energy due to Torsional Loading
20



Let us consider section X-X located at a distance x from B (Figure 13.22). The torque at a Strain Energy
section X-X is 7. Hence, shearing stresses at the section X-X is,

TR
J

where, J = polar moment of inertia of section, and R = radius of shaft.

Substituting for T in to Eq. (13.15), we have,
TZRZ
GJ*

vl w-|TE

Setting dV = dA dx, where dA represents an small elementary area of the cross section.

v _chjz I(# )dx

[ 2 2.
but_( R dA = polar moment of inertia=J

T =

U= (13.17)

'( ZGJ

In the case of a shaft of uniform cross section and of length L, subjected at its ends to equal
and opposite couple of magnitude 7 (Figure 13.22), above equation yields

U=~ | (13.18)
Example 13.6

A circular shaft consists of two portions BC and CD of the same material and same
length but different cross sectional areas as shown in Figure 13.23. Determine the
strain energy of the shaft when it is subjected to twisting couple T atend D.

Figure 13.23

Solution
Using Eq. (13.18) to compute the strain energy of each of the two portions of shaft
and then adding,
_ TZLBC TZLCD
B ZGJBC ZGJC[)

&
8
'

n
= [ﬁ] (2d)4 =16 Jcp = 16J
U = T2 (L/2) +T2(L/2)

2G(16J) T 2GJ

177°L
T 64GJ : ' . 21
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SAQ7

Show by integration that the strain energy of the tapered rod AB shown in
Figure 13.24 is :

__ITL
" 24 G Jin

where Jiyin = polar moment of inertia of the cross-section of the rod at end B.

U

Figure 13.24

13.3.6 Strain Energy Stored in a Member due to General Loading

In the discussion of problems in axial load, shear, bending and twisting it has been shown
that the strain energy can be represented by a function of second degree in external forces or
by a function of second degree in the displacements. This is also true for the most general
deformation of an elastic body, with the following provisions :

(a) the material follows Hooke’s law, and

(b)  the small displacement due to strain, do not affect the action of the external
forces and are negligible in calculation of the stresses.

With these two provisions, the displacement of an elastic system are linear functions of
external loads; if these loads increase in a certain proportion, all displacements increase in
the same proportion.

Consider a body subjected to external forces Py, Py, P3, . . . as shown in Figure 13.25 and
supported in such a manner that movement as a rigid body is impossible and displacements
are due toelastic deformations only.

Figure 13.25 : Strain Energy due to General Loading

" Let8;, 8, &3, ...denote the displacemént of the points of application of the forces each

measured in the direction of the corresponding forces.



If the external forces increase gradually, the work which they do during deformation will be Strain Energy
equal to the strain energy stored in the deformed body. Let us assume that all the external ‘
forces Py, Py, Ps, . . . increase simultaneously in the same ratio; then the relations between
each force and its corresponding displacement can be represented by a diagram analogous to
shown in Figure 13.25 and the work done by all the forces Py, P,, Ps, . .. equal to the strain
energy stored in the body is

L]

P30y + ... (13.19)

1
2

On the assumptions made above, the displacements are linear functions of forces and
‘substituting these functions in Eq. (13.19), we can gel the general expression of strain
energy in the form of a homogeneous function of the second degree in the external forces or
displacements. '

1 1
U,=3P161 +§P252+

As an example of the application of Eq. (13.19), let us consider the.energy stored in a cube
element subjected to three mutually perpendicular stresses as shown in Figure 13.26,

_>‘-i

Figure 13.26 : Element subjected to Three Mutually Perpendicular Stresses

Then the strain energy stored per unit volume is

G.€, OyE, G,¢ '
S . s s A

2 2 2
Substituting for elongations,
_%x_ 19, 5%
&= u(E+EJ etc
We get,
u= EIE_ (o% + ol + c?)—-lg: (cxcy + 0,0, + czcx)

‘If in addition to normal stresses there are shearing stresses acting on the face of the element,
then the strain energy stored per unit volume is

u=é(0§+°’§+°}.)‘%(°x°y+°y°z+<’z°x)

1l (2 2
+%(txy+t§z+tuj
As a second example, let us consider a case of a simply supported beam loaded with a

central concentrated load P and a clockwise couple M acting at the end A as shown in
Figure 13.27.

b le*“ﬂ‘—"sklr—f"

p—L —

A

Figure 13.27 : Simply-Supported Beam
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The deflection at the middle is

§ o PL, ML
: i 48EI 16E17
and slope at A is
PL* ML
0= ——+—
16EI * 3EI

Then the strain energy of the beam equal to the work done by the force P and by the couple
Mis

U=

P . ML . MPL?
EI 96 6 - 16
Example 13.7

Determine the strain energy of the rectangular cantilever beam AB shown in
Figure 13.28, taking into account the effect of both bending and shearing stresses.

0KN
Ai L :[aonn
7]
2t — ‘Z;IL

CROSS SECTION

Figure 13.28

Solution
~(a)  Strain energy stored due to bending stresses

U= '[() ?E_I dx

Consider any section X-X from free end.
Moment at any section X-X

M, =10x
Hence, strain energy due to bending stresses
_ gleg
Un ‘I T
) 2
_ 100
T 2FEI 3
0
_ 13333
I |

(b)  Strain energy stored due to shearing stresses

U_j—*ldv

Shear stress Ty, for a beam of rectangular cross section is obtained by (shear
stress diagram is shown in Figure 13.29).

_ SAJ
)

Txy



where, § = SF at a section, Strain Energy
Ay = moment of area about N.A., '
b = width of beam, and
I = moment of intertia.

ot{)t)

fe—B —of
CROSS SECTION SHEAR STRESS
- DISTRIBUTION
Figure 13.29

Hence, at neutral axis

i
—_—
v-'d
¥

’ T
Now, Us = 7% v
9 2
52 15] 4
= 2| == 1- dv
2 b J‘{ dz}

Putting dV = b dy dx and integrating, we gét

U. = 300L 600
7 5Gbd ~ 5GA
Total strain energy,
U[ = Un + U_‘v
) _133.33 N 600
© EI " 5GA

Taking £ = 200GPa and G = 77 GPa

A = bd = (0.04) (008) = 3.2 x 107 m*

1 3 1 3 6 4
= — _ e . A » = . 1
I [12)[)(1 (12.](004)(008) 1.707 x 10T m )5
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U - 13333 . 600
" (200x10°)(1707x10° ) 5 (77x10° )(32 %107 )
=039 + (4..87 x 10‘4)= 0391 kN m.
Note :

From the above result, the effect of strain energy due to shear is negligible as
compared to B.M. For a beam within a ratio of 41. < 0.1, the percentage error
is less than 0.9%. it is therefore customary in engineering practice to neglect
the effect of shear in computing the strain energy of slender beam.

SAQ 8

Determine the strain energy of the prismatic beam AB shown in Flgure 13.30, taking
into account the effect of both bending and shearing stresses.

Zol(Nrn B / 0
(—— U

. )
‘»———— im —>l CROSS SECTION

Figure 13.30

134 LAW OF CONSERVATION OF ENERGY

If the force applied results in the deformation of the body, the work done by the force is
stored in the body as strain energy. In elastic body, strain energy is released on removal of
loads. Strain energy can be visualised as another form of potentldl energy and is sometimes
referred to as internal work done.

The basic principle of conservation of energy are applicable to elastic bodies as well. In
other words, wotk done by the external system of forces is equal to the change in the strain
energy of the structural system.

'

Itis generally assumed that energy is converted from one form to another within a given
structural system and no energy is dissipated in vibrations or as heat. This is an ideal

situation, which may not be realised in practice.

The internal work done by a structural system is a negative quantity, since the deformations
are imposed on the system and are resisted by its internal forces. On the other hand,
displacements generally take place in the directions of the external forces and thus the
external work done is positive. Since the total energy of a system remams constant, the
algebraic sum of external and internal work done must be zero.

W, + W, =0 _
In other words, the external work of a system is equal to its internal work in magnitude.

Since deformation are opposed by intemnal forces, internal work done can be related to the
strain energy of the system. U , as

W, = -U
W, -U=0
W, = U (13.20)

This enerev theorew is very uscful m finding cut the deformation of 2 structuse,



Example 13.8 Strain Energy

A load 2 P is supported at B by two uniform rods of the same cross sectional area A
shown in Figure 13.31. Determine the vertical deflection of point B.

Figure 13.31

Solution
The force in the members
Fgpe = 1.2 P (tension)
Fgp = 1.6 P (compression)

Strain energy of a system

2 2
_ Feclpc | Fgp Lgp

v 2AE 2AE

_ (L2P? (0.6L) _ (1.6P)*(0.8L)
B 2AE 2AE

_ 1456P*L
~ AE

o/
Now, U - 1456P% L _ %

U

.l_\)_‘

J

AE

PL
— C =
Hence, ; op = 2912 AE

Example 13.9

- Determine the horizontal displacement of D) for portal trame shown in Figure 13.32,
El is same for all members. ‘

Figure 1332

Solution

Strain energy of the system under given loading (considering only normal stresses’

A

EES IO



Miscellaneous U = 2 X (strain energy stored in one column)
Topics + (strain energy stored in beam)

Thus, on putting the values,

I@de@l(k

3 4
Il ) <
T T 2EI} 3 2EI
0 0
27P° .
We get, U= £l
Now U—E— L Pd
’ T EI T2 :
54P
8= EI
Example 13.10

A torque T is applied at the end D of shaft BCD shown in Figure 13.23. Knowing that
both thé portion of the shaft are of the same material and same length, but that the
diameter of BC is twice the diameter of CD, determine the angle of twist.

Solution
The strain energy of a shaft from Example 13.6, \

we have,
U= 17T°L
64GJ
where G is the modulus of rigidity of the material and J is the polar moment of inertia
of portion CD of the shaft.

Setting U equal to work done by the torque as it is gradually applied to end D.

1L (1
U-m-(zjmv

where Op, is the twist of end D with respect to B.

o = LIL
D = 33671

SAQ9

Using the law of conservation of energy, determine the deflection of point C of the
simply supported beam AB caused by the load P as shown in Figure 13.33.

e

L LA QL7 | LGy L/ g
1 1 1 S

Figure 13.33

28



13.5 MINIMUM POTENTIAL ENERGY Strain Energy

The general theorem of minimum potential energy states that the total\potential epergy of a
system has a stationary value when the system is in equilibrium and has a minimum value
when the equilibrium is stable.

In other words, the total potential energy of a structure has a minimum value when the
structure is in equilibrium. Total potential energy is defined as the sum of the potential
energies of external and internal forces.

V=Q+U : (13.21)

where, ‘

V = total potentialkenergy of the system,

) = potential energy o1 external forces (W,), and

U = potential energy of internal forces.
If the system is given a small dlsplacement consistent with support condmons, from
Eq. (13.21) ‘

dV = dQ + dU

If the total potential energy of a conservative system is expressed as a function of n
displacements given by &y, 8,5, 83, ... , 8, which represents n degree of freedom and if

the system were given a set of virtual displacements consistent with the support conditions,
then we have

Vv 14 Vv
dv_ald81+62d82+...+5nd8,,_0 ; '
Since the values of d 81, d 85, ..., d §, are not generally equal to zero, it follows that
v_Y._ _¥Y_,
8 8 T8

It is obvious from above equation that of all the possible configurations, compatible with the
constraints of a deformable system, the configuration which satisfies the condition of
minimum potential energy offers a stable system. The principle of minimum potential
energy is often illustrated through the analogy to a mechanical system of a ball on different
surfaces under gravity. The system of Figure 13.34 (a) over a concave surface is in stable
equilibrium, and has the minimum energy possible for the systém. The system of

Figure 13.34 (b) is in neutral equilibrim, and has a stationary value of energy; that is the
energy of the system remains unaffected when the body is given a small displacement in
any direction. The system on a convex surface shown in Figure 13.34 (c) is unstable, and
has maximum energy in the range considered.

Figure13.34(a) Figure13.34(b) " Figure13.34(c)

This principle has extensive applications in structural analysis and should be comprehended
clearly.

13.6 SUMMARY

‘When a uniform rod subjected to gradually applied axial load P is considered,
it is found that the area under the load-deformation diagram (Figure 13.3)
represents the work done by P. This work is equal to the strain energy of the
rod associated with the deformation caused by the load P. Thus,

&
U=] Pax
0 29
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Strain energy per unit volume, which is defined as the strain energy density »
of the material.

The area under the entire stress-strain diagram is defined as the modulus of
toughness and is a measure of the total energy which can be acqmred by the
material.

It the normal stress, o remains within the proportional limit of the materfal, the
strain energy density is

s

“=2E

The area under the stress-strain curve from zero strain to strain at yield (g,) is
referred to as the modulus of resilience of the material and represent the
energy per unit volume that the material may absorb without yielding
2
_ 9

U =5k

The strain energy of a rod ot length L and of cross section area A subjected to
axial load P is

_[ ey dx
If the rod is of uniform cross sectional area A, the strain energy is

P2
U= 24E

The stress in the element due to gradual loading is ¢ = £ . Tt is found that

stresses in suddenly applied load is twice the stresses in gradually apphed
load. While maximum stress due to impact load is,

AN x}{zphE PZ]

A AL T 42

The strain energy of a body subjected to plane shéaring stresses is
J — dV

For a beam subjected to flexural loading, the strain energy considering only
bending stresses is

_‘- ?E_I dx
For a shaft of length L and uniform cross section subjected to twisting couple
T at the ends, the strain energy is

y_TL

2GJ
In skeletal structures like a truss, the strain energy of the system is sum of the
strain energy stored inr each bar.

13.7 KEY WORDS

Strain Energy : Whena mémber is deformed within the limit of proportionality,

the energy stored by a member is known as a strain energy,
which is also known as a resilience.

Strain Energy :  Strain energy per unit volume is known as the strain energy

Density

density.



Modulus of :  When strain {s at rupture, strain energy density is known as a Strain Energy
Toughness - modulus of toughness. : :

Proof Resilience :  The maximum strain energy stored in a member without being -
permanently deformed is called the proof resilience.

Modulus of :  The strain energy,.density at yield stress or proof stress is known

Resilience as a modulus of resilience. It is also defined as a proof resilience

per unit volume.

Maximum & This is the maximum stress produced at the instant of mnaximum
Instantaneous Stress deflection. .

13.8 ANSWERS TO SAQs

SAQ1 _
Strain energy stored in ABC=U=279 Nm
Strain energy density of AB = uAB = 594 kN/m?
Strain energy density of BC = uBC = 117.3 KN/m®
SAQ2
Strain energy of rod A = 10.70 N m
Required length / of rod = 0.229 m
SAQ3 ‘ ‘
Maximum instantaneous stress in M.S. bar = 105.5 N/mm?
Elongation of bar = (.7536 mm

SAQ 4
Strain energy stored in beam = 36.1 N m
SAQS
' Maximum instantaneous deflection = 7.847 mm
SAQ6 \ ‘

Maximum deflection at the free end of the bar = 21.6 mm
Maximum B.M. inbar= 1259 N m

Maximum normal stress in the bar = 184.4 MPa

' SAQ7 ‘ -

Strain energy stored in truss = 379.6 kN m

SAQS
. 26667 | , . 3Ed?
Strain energy stored in a beam = £l li 1+ 160G }
SAQ9
Deflection under point C-= 3PL
R 256ET
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