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13.1 INTRODUCTION 

Whenever an elastic body is subjected to loading, energy is absorbed in the body, The 
energy due to straining effect is known as strain energy. The strain energy stored in a body 
is equal to the work done by the applied loads in stretching the body. The straining due to 
various types of loading such as axial, flexural, shear, torsional and general type of loading 
is discussed in Section 13.2. The law of conservation of energy and niinimum potential 
energy is discussed in Sections 13.3 and 13.4, respectively. 

Objectives 
After studying this unit, you should be able to 

conceptualise strain energy in a member, 

define strain energy, modulus of toughness, proof resilience, modulus of 
resilience of any element, . . 
determine strain energy due to gradual, sudden and impact loading along the 
axis of element, 

compute strain energy due to other types of loading such as shear, flexural, 
torsional and beam impact, 

find out strain energy in skeletal structures like trusses and f rpes ,  

compute displacements, i.e. axial deformation, transverse deflection, rotation 
and twist using principles of strain energy, 

state law of conservation of energy, and 

describe the principle of minimum potential energy wth its analogy to a 
mechanical system of a ball on different surfaces under gravity. 

STRAIN ENERGY CONCEPT 

When a load is applied on a member the member is deformed. When the member is 
deformed within the limit of proportionality, member is said to have possessed or stored 
energy which is called the strain energy of the member. 

Consider a rod AB of length L and uniform cross sectional area A, which is fixed at A and 
subjected to gradually increasing axial load as shown in Figure 13.1. 
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Figure 13.1 : Rod Smbjected to Gradually Increming Axial Load 

The graph of load P against defornlation A of the rod is plotted in Figure 13.2 

Figure 13.2 : Graph of Load against Deformation 

Let us now consider the work dA done by the load P as the rod elongates by a small amount 
dA. This elementary work dU = P dA. This expression gives the area of element of width dA 
located under the load-deformation curve shown in Figure 13.3. The total work done U by 
the load as the rod undergoes a deformatioil6 is thus given as 

which is equal to the area under the load-deformation diagram between A = 0 to A = 6. 

Rgure 13.3 : Elementary Work Done u d e r  Lad-~efonnation Curve 

The work done by the gradually applied load P results in increase of some energy associatetl 
with the deformation of the rod. This energy is referred to as the strain energy of the rod. 

Hence, 

Strain energy = u = J' P d~ 
0 



The unit of strain energy is obtained by multiplying units of length by units of force. Thus, 
in SI units it is expressed in N m, and is called a Joule (J). 

In the case of a linear and elastic deformation, the portion of the load-deformation diagram 
is represented by a straight line equation, P = k A (see Figure 13.4). 

LOAD (P) 

t P = k A  

LOAD (P) 

t 

6 DEFORMATION (A) 6 DEFOWATION (A) 

(a) Gradually Applied Load (b) Suddenly Applied Load 

Figure 13.4 : Linear Load-Defo~.~~~etion Relation 

Substituting for Pin Eq. (13.1). we have, 

6 

u = J kA dA 
0 

where P is the value of load corresponding to the deformation 6. 

Strain Energy Density 

As we have seen, the load - deformation diagram depends upon the length and cross section 
area of the rod. The strain energy U, therefore, will also depend upon the dimensions of the 
rod. In order to eliminate the effect of size and to consider the properties of the material, we 
can consider the strain energy per unit volume by dividing the strain energy U by the 
volume V = AL of the rod, we have, 

where, 

a, = Normal stress, 

E, = Normal strain, and 

~1 = Value of sttaiilcorresponding to the elongation 

The strain energy per unit volume is referred to as the strain energy density. Thus the 
strain energy density is expressed in ~ / m ~  or ~ / m ~ .  

The value of strain energy density obtained by setting ~1 = ER in Eq. 13.3, where ER is the 
swain at rupture, is known as the modulus of toughness of the material. It is equal to the 
area under the entire stress-strain diagram (Figure 13.5) and represents the energy per unit 
volume requlred to cause the material to rupture. 

The maximum strain energy which can be stored by a member without being permanently 
slrained is known as its proofresilience. 

1 I' the stress a, remains within the proportional limit of the material, Hooke's law applies 
'and hence, 

ax = E Ex 

Strain Energy 
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Rpre 13.5 : Modulus dToughacrs at Rupture Strain 

Substituting for ax into Eq. (13.3) 

where, a, is the stress conespondiig to strain el. 
't 

The value uy of the strain energy density obtained by setting a1 = cry, where ay is the yield 
strength, is called the modulus of resilience of the material. The proof resilience per unit 
volume is also defined as a modulus of resilience. 

The modulus of resilience is equal to the area under straight line portion 'OY' of the 
stress-strain djagram (Figure 13.6) and represents the energy per unit volume that the 
material mafabsorb without yielding. 

The capacity of a structure to withstand an impact load without being permanently deformed 
clearly depends upon the resilience of the material used. 

Since the modulus of toughness and the modulus of resilience represent characteristic value 
of the strain energy density of the material considered, they are both expressed in ~/m' or 
its multiples. 

13.3 ELASTIC STRAIN ENERGY STORED IN A LINEAR 
MEMBER AND STRUCTURAL SYSTEM DUE TO 
VARIOUS ACTIONS 

The rod considered in the preceding section was subjected to Mmnal stress a, and the strain 
energy density was constant throughout the rod. In a structural element or machine part with 
a non-uniform stress distribution, the strain energy density u may be defined as, 



As per Eq. (13.3), strain energy density Strain Energy 

within the proportional limit, ox = E E, 

The value of the strain energy U of a body subjected to normal stresses may be obtained by 
integrating the above equation. 

If the strain energy density is constant, 

of 
U = - x Volume 

2E 

13.3.1 Strain Energy due to Axial Loading in a Member 
When a rod is subjected to a concentric axial loading, the normal stress ox may be assumed 
uniformly distributed. Denoting P as the internal force in the member of length L and cross 
section area A shown in Figure 13.7, we get 

"i 
Figure 13.7 : Axial Load in a Member 

Substituting ox in Eq. (13.6) 
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Stress Due to Various Types of Axial Loads 

Gradually Applied Load [Figure 13.4 (a)] 

Let a load of magnitude P be applied axially on a member of length L and uniform 
cross sectional area A and SL be the extension of rod. 

aL 
Strain energy stored by the member = - x volume 

2E 

1 
Work done by the external load = - x P x 6L 

2 

Equating strain energy stored by the member to the work done by the loading 

a L  
but, we h o w ,  6L = -, 

E 

Thus, 

Hence. 

Suddenly Applied Load [Figure 13.4 (b)] 

Let the load P be suddenly applied and the extension of the member be 6L. 

Equating the strain energy stored by the member to the work done by loading 

a L  
but, we know, SL = -, 

E 

Thus, 

Hence, 

Hence, the rnuximum stress intensity due to suddenly applied load is twice the stress 
intensity produced by the load of the same rtlagnitude applied gradually. 

Impact Load 

In this case the load P is dropped from a height h. Figure 13.8 shows a vertical bar 
whose upper end is fixed at top and a collar is provided at the bottom end. The load P 
drops out by a height h on the collar and will thus extend the member by SL. 

A---- - A  

Fipre 13.8 : Impact Load nn 5 Collar 

Let a = maximum stress intensity in the bar 

6L = extension of bar 



Strain Energy 

Equating the loss of potential energy to the strain energy stored by the rod. 

O ~ A L  POL - ph - -- - 
2E E 

Rearranging 
2 2Po 2PhE 0 - - - -  - 

A AL 

p2 
Adding - to both side of equation 

2 2Po P' 2PhE p2 0 --+- = - +- 
A ~2 AL ~2 

"+dm 
= = A  (13.12) 

When o L  is very small in comparison with h, loss of potential energy = P h 

Equating the loss of potential energy to the strain energy 

When h = 0, from above equation, we get a = 2 x , whlch is the case of suddenly 
A 

applied load (Eq. 13.11). 

Example 13.1 

Compare the amount of strain energy of the two bars shown in Figure 13.9. 

Figure 13.9 

Solution 

Strain energy of a bar of uniform section of length L under the pull P i s  as follows : 
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If U1 = strain energy of uniform bx ,  then 

Now, U2 = strain energy of stepped bar where area of thicker portions is double the 
area of thinner portion. 

Ratio 

Hence, uniform bar stores 50% more energy than the stepped bar for the same load. 

Example 13.2 

A vertical steel rod, 1300 mm long is rigidly fixed at its upper end and a weight of 
100 N is allowed to slide freely on the rod through a distance of 100 mm, onto the 
stop at the lower end. The upper 700 rnm length of the rod has a diameter of 20 mrn 
while lower 600 mm length is 16 mm diameter as shown in F p e  13.10. Calculate 
the maximum stress induced in the bar. Take E = 200 W/mm . 

Solutlon 

Let a = miximum stress induced in the bar. m i s  will obviously occur in the 16 mm 
diameter @on. 

Maximum stress in 20 rnm diameter portion = (qx0 = 0.640 

Now, P (h + 8L) = strain energy of the whole rod 

Strain energy of the whole rod, in terms of a 

= 0.527a2 

Therefore, equating work done and strain energy 

100 (100 + 0.0052 a) = 0.527 02, giving 

a = 138.34 ~ / m m ~  



Alternately, 

This example can also be solved by the formula derived in the previous article. 

We know, 

= 138.34 ~ / m m ~  

Example 13.3 

Derive the equation for strain energy stored in a solid tapered rod as shown in 
Figure 13.11. If dl = 2 d2, then prove 

Figure 13.11 

Solution 

Consider any section X-X, at a distance x from larger dia d l .  Diameter of bar at 
section X-X 

dl - d2 where k = - 
L 

Strain Energy 
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Area of bar at section X-X 

Stress at section X-X 

P c'=-- P 
A' - ( d 4 ) ( d l  - kw12 

Strain energy stored for small strip of length dx is 

d2 U' = - x volume 
2E 

Total strain energy stored in a rod 

L 

u = j  U ' d x  
0 

(dl - d2) Putting k = 
L 

If d l  = 2 d2, then 

4  E ( 7 ~ ~ 2 ~ )  

- - FJL 
4 E Ami, 



SAQ 1 
Deternllne the strain energy of the aluminium rod ARC, shown III Flgure 11.12. A h )  
find out the corresponding strain energy denslty 111 portions AR and RC ot the rc>~l. 
Take E for aluminium as 75 GPa. 

SAQ 2 
A force Y of lr~ngnitude 22 kN is applied to each of the steel rods sliown in 
Figure 13.1 3. Using E = 200 GPa. determine the strain energy acquired by rod A .  

Also &ternline the required length 1. if the strain energy acquired by rod R 1s to be 
90% (of the strain energy acquired by rod A. A and B are of one lnetcr length each. 

ROD- w-p 
A 

ROD P- P 
B 

Figure 13.13 

SAQ 3 
A 12 mm diameter mild steel bar of 1.5 m length is stressed by a weight of 150 N 
dropping lreely through 30 mm before commencing to stretch the bar. Find the 
maximum instantaneous stress and elongation produced in the bar. 

Take E = 2.1 x lo5 Wtnm2. 

13.3.2 Strain Energy due to Shear Loading in a Member 
In the case of pure shear (e.g. torsional element), the shear stress (7) is uniformly distributed 
over the surfaces as shown in Figure 13.14. It can be shown by taking moments of all the 
forces about the z-axis, that .tv = z ~ ~ .  

Strein Energy 
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Figure 13.14 : Complementary Shear Stress Figre 13.15 : Strain Energy due to Shear 

Fuither denoting zq = zyX = z, we have 

where, y = shear strain, 

z = shear stress, and 

G = modulus of rigidity of the body. 

Thus, the shear strain energy can be expressed as 

where y represents the shearing strain corresponding to shear stress z (as shown in 
Figure 13.14). 

We b o w  that the strain energy density u is equal to the area under the shear stress-strain 
diagram (Figure 13.15). 

The value of the strain energy U of a body subjectedb plane shearing stress may be 
obtained by 

Hence, 

This expression defines the elastic strain energy associated with the shear deformation of the 
body. As the similar expression obtained in Section 13.2 for uniaxial normal stress it is valid 
only for elastic deformations. 

13.3.3 Strain Energy due to Flexural Loading in a Member 
Bending stresses are pre-dominant in beams. A typical heam is shown in Figure 13.16 (a) 
These stresses are distributed linearly along the depth of beam as shown in Figure 13.16 (c), 
and are considered to be uniform along the width of beam (z-direction). The variation of 
these stresses along the length depends upon the distribution of the bending moment. 

Neglecting the effect of shear and taking into account only the normal stresses 

Let M = Bending moment at the section, 

y = Distance of the fibre from the neutral axis, and 

I = Moment of inertia of the section about the neutral axis. 

Then, I;? ? 



Strain Grcrgy 

BENDING STRESS 

(b) (c) 

Figure 13.16 : Strain Eoergy duc to Flexural Loading m a Member 

Strain energy due to nonnal stress 

Putting dV = dA dx, 

where, dA represents an element of the cross-sectional area. 

Recallmg that the integral within the parenthesis represents the moment of inertia I of the 
iC 

cross section about its neutral axis, i .e I = J $ d.4, 

we have, 

Example 13;4 

A simply supported wooden beam 2 m long and of rectangular section 100 mm wide 
and 150 mrn deep shown in Figure 13.17, carries uniformly disuibuted load of 
2 N l m .  Determine the amount of strain energy stored and coinpare it with the strain 
energy if the cross sectional dimensions are interchanged. 

Take E = 2 x 1 o5 ~ l m r n ~ .  

Figure 13.17 

Solution 

Consider section X-X at any distance x from support A. 

Moment at section X-X, 



Strain energy stored in beam, 

Substituting E = 2 x lo5 N/mm2 and I = [h) (1" (150)) mm4, 

Now, if the dimensions 'are interchanged, then 

Hence, the ratio of strain energy stored by beam keeping width vertical and depth 
vertical is 2.25. 

SAQ 4 
Determine the strain energy stored clue to bending for the heal11 shown in 
Figure 13.18. Neglect the effect of shearing stresses. Take E = 200 GPa. 

CROSS SECTION 

Figure 13.18 

13.3.4 Bending Produced by Impact 
Tbe dynamic deflection of a beam which is struck by a falling body W may be determined 
by the method used in the case of impact causing tension. 

la- 

-I 

Figure 13.19 



If a load Wis dropped onto the middle of simply supported beam from a height h, as shown Strain Energy 
in Figure 13.19. the beam will suffer an instantaneous maximum deflection 6, vibrate and 
finally settle down to the position which it would have taken if the load W had been 
gradually applied. Hence, it becomes necessary to evaluate the maximum instantaneous 
deflection 6, because in that position, the instantaneous stress induced is also maximum and 
it must not exceed the permissible bending stress for the material. Such problems are solved 
by converting impact load Winto equivalent static gradually applied load P. The work 
supplied to the beam and stored by it, as strain energy, is as follows : 

where 6 is the maximum instantaneous deflecuon and Pis the equivalent static gradually 
applied load, which is required to produce the same deflection 

With the help of these two equations, equivalent static load P cai  be found out. The 
M 

maximum instantaneous stress can be found out from the relation, o = - . z 
Example 13.5 

A 400 mm x 140 mm rolled steel beam is simply supported over a span of 6 m as 
shown in Figure 13.20. A load of 8 kN is dropped on to the middle of the beam from 
a height of 60 mm. Find the maximum instantaneous detlection aid stress induced in 
the beam. 

6 4 Take 1, = 204.58 x 10- m and E = 200 GPa for the section. 

C ~ S  O F  BEAM 

Solution 
'a 

Strain energy stored due to impact loading is 

Considering P as the equivalent static load, which is acting in the middle of the beam, 
maximum deflection is 

Substituting for 6, 

0.48 - - P (6)" 

0.5 - 8 48 ( 2 0  x 10" (204.58 x 10") 

Solving for P, 

' P = 18.32 kN. 
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M M '  
Maximum stress, a = - = - = 

27.48 

@ (204.58~10-6/~.2) 

PL' 
- Maximum deflection. 6 = - - 18.32 x 6' 

48Ez (204.58 x lo4/0.2) 

= 2.01 nun 

SAQ 5 
A gradualljl applied load of 5 kN, at the middle of a simply supported beam produces 
a deflection of 0.5 mm. What will be the maximum instantaneous deflection 
produced by a weight of 1 kN dropped on to the middle of the beam from a height of 
300 mm ? 

SAQ 6 
The block of 3 kg is dropped from the position shown onto the end of a 16 rnm 
square steel bar cantilevered as shown in Figure 13.21. Determine 

(a) the maximum deflection at the free end of the bar, 

(b) the maximum bending moment in the bar, and 

(c) maximum normal stress in the bar. 

Take E = 200 GPa. 

Figure 13-21 

13.3.5 Strain Energy due to Torsional Loading in a Member 
Consider a shaft BCof length L subjected to one or several twisting couples. 

Fipre 13.22 : Strain Energy due to Torsional Loeding 



,Let us consider section X - X  located at a distance x from B (Figure 13.22). The torque at a 
section X-X is T. Hence, shearing stresses at the section X-X is, 

where, J = polar moment of inertia of section, and R = radius of shaft. 

Substituting for z in to Eq. (13.15), we have, 

Setting dV = dA dx, where dA represents an small elementary area of the cross section. 

c. 0 
but J I? dA = polar moment of inertia = J 

In the case of a shaft of uniform cross section and of length L, subjected at its ends to equal 
and opposite couple of magnitude T (Figure 13.22). above equation yields 

Example 13.6 

A circular shaft consists of two portions BC and CD of the same material and same 
length but different cross sectional areas as shown in Figure 13.23. Determine the 
strain energy of the shaft when it is subjected to twisting couple Tat end D. 

Solution 

Using Eq. (1 3.18) to compute the strain energy of each of the two portions of shaft 
and then adding. 

Let JCD = ($1 d = J 

JBC = ($1 ( ~ 4 ~  = 16 J c ~  = ihJ 

u = P ( ~ / 2 )  + 9 ( ~ / 2 )  
2G (165) 2GJ 

Strain Energy 
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SAQ 7 
Show by integration that the strain energy of the tapered rod AB shown in 
Figure 13.24 is 

where J,i, = polar moment of inertia of the cross-section of the rod at end B. 

13.3.6 Strain Energy Stored in a Member due to General Loading 
In the discussion of problems in axial load, shear, bending and twisting it has been shown 
that the strain energy can be represented by a function of second degree in external forces or 
by a function of second degree in the displacements. This is also true for the most general 
deformation of an elastic body, with the following provisions : 

(a) the material follows Hookeys law, and 

(b) the small displacement due to strain, do not affect the action of the external 
forces and are negligible in calculation of the stresses. 

With these two provisions, the displacement of an elastic system are linear functions of 
external loads; if these loads increase in a certain proportion, all displacements increase in 
the same proportion. 

Consider a body subjected to external forces PI,  P2, P3, . . . as shown in Figure 13.25 and 
supported in such a manner that movement as a rigid body is impossible and displacements 
are due tmlastic deformations only. 

Figure 13.25 : Sirsin Energy due to C;eaernl Loading 

Let ti1, 62, h, . . . denote the displacement of the points of application of the forces each 
measured in the direction of the corresponding forces. 



I If the external forces increase gradually, the work which they do during deformation will be strain Energy 

equal to the strain energy stored in the deformed body. Let us assume that all the external 
forces P I ,  P2, P3, . . . increase simultaneously in the same ratio; then the relations between 
each force and its corresponding displacement can be represented by a diagram analogous to 
shown in Figure 13.25 and the work done by all the forces P I ,  P2, P3,  . . . equal to the strain 
energy stored in the body is * 

On the assumptions made above, the displacements are linear functions of forces and 
substituting these functions in Eq. (,13.19), we can get the general expression of strain 
energy in the form of a homogeneous function of the second degree in the external forces or 
displacements. 

As an example of the application of Eq. (13.19), let us consider the energy stored in a cube 
element subjected to three mutually perpendicular stresses as shown in Figure 13.26. 

Figure 13.26 : Element subjected to Three Mutunlly Perpendicular Stmses 

Then the strain energy stored per unit volume is 

Substituting for elongations, 

ox 
EX = -- E .[2+$) etc. 

We get, 

If in addition to normal stresses there are shearing stresses acting on the face of the element, 
then the strain energy stored per unit volume is 

As a second example, let us consider a case of a simply supported beam loaded with a 
central concentrated load P  and a clockwise couple M acting at the end A as shown in 
Figure 13.27. 

A 

figure 13.27 : SLmplySupported Beam 
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The deflection at the middle is 

and slope at A is 

Then the strain energy of the beam equal to the work done by the force P and by the couple 
M is 

Example 13.7 

Determine the strain energy of the rectangular cantilever beam AB shown in 
Figure 13.28, taking into account the effect of both bending and shearing stresses. 

lOKN 

A+ u I.OMM 
+'" t z M  

CWSS SECTION 

(a) Strain energy stored due to bendng stresses 

Consider any section X-X from free end. 

Moment at any section X-X 

Hence, strain energy due to bending stresses 

(b) Strain energy stored due to shearing stresses 
* 

Shear stress zxy for a beam of rectangular cross section is obtained by (shear 
stress diagram is shown in Figure 13.29). 



where, S = SF at a section, 

A j = moment of area about N.A., 

b = width of beam, and 

I = moment of intertia. 

Strain Energy 

CROSS SECTION SHEAR STRESS 
DISTRIBUTION 

Hence, at neutral axis 

2 

NOW, u = J d v  

Putting dV = b dy clx and integrating, we get 

Total strain energy, 

u, = u,, + us 

Taking E = 200 GPa and G = 77 GPa 

3 4 A = bd = (0.04) (0.08) = 3.2 x 10- m 
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Note : 

From the above result, the effect of strain energy due to shear is negligible as 
compared to B.M. For a beam within a ratio of d h  < 0.1, the percentage error 
is less than 0.9'70. It is therefore customary in engineering practice to neglect 
the effect of shear in computing the strain energy of slender beam. 

SAQ 8 
Detennilie Ule strain energy of the prismatic beam AB shown in Figure 13.30, taking 
into account the effect of both bending and shearing stresses. 

Figure 13.30 

13.4 LAW OF CONSERVATION OF ENERGY 

If the force applied results in the deformation of the body, the work done by the force is 
stored in the body as strain energy. In elastic body, strain energy is released on removal of 
loads. Strain energy can be visualised as another form of potential energy and is sometimes 
referred to as internal work (lone. 

The basic principle of conservation of energy are applicable to elastic bodies as well. In 
other words, work done by the external syste'm of forces is equal to the change in the strain 
energy of the structural system. 

It is generally assumed ffiat energy is converted from one form to another within a given 
structural system and no energy is dissipated in vibrations or as heat. This is an ideal 
situation, which may not be realised in practice. 

The internal work (lone by a structural system is a negative quantity, since the deforinations 
are imposed on the syste~n and are resisted by its internal t'orces. On the other hand, 
displacements generally take place in the directions of the external forces and thus the 
external work done is positive. Since the total energy of a system retnains constant. the 
algebraic sum of external and internal work dolie must be zero. 

In other words, h e  external work of a system is equal to its internal work in magnitude. 

Since deforination are cqq-msed by internal forces, internal work done can be related to the 
strain orl~rgy of the systerc. CI . as 



Example 13.8 

A load 2 P is supported at B by two uniform rods of the sane cross sectional area A 
shown in Figure 13.3 1 .  Deternline the vertical deflection of point B. 

Solutlon 

The force in the members 

FBC = 1.2 P (tension) 

FBD = 1.6 P (compression) 

Strain energy of a system 

Now, 

Hence, PL 6B = 2.912- 
AE 

Example 13.9 

Determine the horizontal displacemetit ot 1) tor portal tran~c shown in Figure 13.32, 
El is sanle for all members. 

Yigurc l3..32 

Solution 

Striun encrg) 01, the jvsiem under glvca Ioacl~ncr ( C O I ~ ~ I ~ C I I I I P  ooi) 11or11\;ll  tie\\^, 
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U = 2 x (strain energy stored in one column) 
+ (strain energy stored in beam) 

Thus, on putting the values, 

We get, 

Now, 

Example 13.10 

A torque T is applied at the end I) of shaft BCD shown in Figure 13.23. Knowing that 
both thb portion of the shaft are of the same material and same length, but that the 
diameter of BC is twice the diameter of CD, determine the angle of twist. 

Solution 
The strain energy of a shaft from Example 13.6, \ 

we have, 

where G is the modulus of rigidity of the material and J is the polar moment of inertia . 
of portion CD of the shaft. 

Setting U equal to work done by the torque as it is gradually applied to end D. 

where OD is the twist of end D with respect to B. 

SAQ 9 
Using the law of conservation of energy, determine the deflection of point C of the 
sirnply supported beam AB caused by the load P as shown in Figure 13.33. 

Figure 13.33 



13.5 MINIMUM POTENTIAL ENERGY Strain Energy 

The general theorem of minimum potential energy states that the total potential energy of a 
system has a stationary value when the system is in equilibrium and has a minimum value 
when the equilibrium is stable. 

In other words, the total potential energy of a structure has a minimum value when the 
structure is in equilibrium. Total potential energy is &fixled as thesum of the potential 
energies of external and internal forces. 

where, 

V = total potential eneryy of the system, 

Cl = potential energy 01 external forces (We), and 

U = potential energy of internal forces. 

If the system is given a small displacement consistent with support conditions, from 
Eq. (13.21) 

If the total potential energy of a conservative system is expressed as a function of n 
displacements given by 62, 6 3  . . . , 6, which represents n degree of freedom and if 
the system were given a set of virtual displacements consistent with the support conditions, 
then we have 

Since the values of d 61, d 62, . . . , d 6, are not generally equal to zero, it follows that 

It is obvious from above equation that of all the possible configurations, compatible with the 
constraints of a deformable system, the configuration which satisfies the condition of 
minimum potential energy offers a stable system. The principle of minimum potential 
energy is often illustrated through the analogy to a mechanical system of a ball on different 
surfaces under gravity. The system of Figure 13.34 (a) over a concave surface is in stable 
equilibrium, and has the minimum energy possible for the system. The system of 
Figure 13.34 (b) is in neutral equilibrim, and has a stationary value of energy; that is the 
energy of the system remains unaffected when the body is given a small displacement in 
any direction. The system on a convex surface shown in Figure 13.34 (c) is unstable, and 
has maximum energy in the range considered. 

Figure 1334 (a) Figure 13.34 (b) Figure 13.34 (c) 

This principle has extensive applications in structural analysis and should be comprehended 
clearly. 

13.6 SUMMARY 

When a uniform rod subjected to gradually applied axial load P is considered, 
it is found that the area under the load-deformation diagram (Figure 13.3) 
represents the work done by P. This work is equal to the strain energy of the 
rod associated with the deformation caused by the load P. Thus, 
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Strain energy per unit volume, which is defined as the strain energy density 
of the material. 

The area under the entire stress-strain diagram is defined as the modulus of 
tcbughness and is a measure of the total energy which can be acquired by the 
material. 

If the nornlal stress, a remains within the proportional limit of the material, the 
strain energy density is 

The area under the stress-strain curve from zero strain to strain at yield ( ~ y )  is 
referred to as the modulus of resilience of the material and represent the 
energy per unit volume that the material may absorb without yielding 

The strain energy of a rod of length L and of cross section area A subjected to 
axial load P is 

If the rod is of uniform cross sectional area A, the strain energy is 

P 
The stress in the element due to gradual loading is o = A. It is found that 

stresses in suddenly applied load is twice the stresses m gradudly applied 
load. While maximum stress due to impact load is, 

The strain energy of a body subjected to plane shearing stresses is 

For a beam subjected to flexural loading, the strain energy considering only 
bending stresses is 

For a shaft of length L and uniform cross section subjected to twisting couple 
Tat the ends, the strain energy is 

In skeletal structures like a truss, the strain energy of the system is sum of the 
strain energy stored in each b'u. 

t 

13.7 KEY WORDS 

Strain Energy : When a member is deforms within the limit of proportionality. 
the energy stored by a member is known as a strain energy, 
which is also known as a resilience. 

Strain Energy : Strain energy per unit volume is known as the strain energy 
Density density. 



Modulus of : When strain is at rupture, strain energy density is known as a 
'rough~ess modulus of toughness. 

Proof Resilience : The inaximum strain energy stored in a member without being 
permanently deformed is called the proof resilience. 

Modulus of : The strain energy,density at yield stress or proof stress is known 
Resilience as a modulus of resilience. It is also defined as a proof resilience 

per unit volume. 

Maximum : This is the maximum stress produced at the instant of maximum 
Instantaneous Stress deflation. 

13.8 ANSWERS TO SAQs 

SAQ 1 

Strain energy stored in ABC = U = 279 N m 

Strain energy density of AB = uAB = 594 k ~ / m ~  

Strain energy density of BC = uBC = 117.3 k ~ l n ?  

SAQ 2 

Strain energy of rod A = 10.70 N m 

Required length 1 of rod = 0.229 m 

SAQ 3 

Maximum instantaneous stress in M.S. bar = 105.5 ~ l r n r n ~  

Elongation of bar = 0.7536 mm 

SAQ 4 

Strain energy stored in beam = 36.1 N m 

SAQ 5 

Maximum instantaneous deflection = 7.847 mm 

SAQ 6 

Maximum deflection at the free end 04 the bar = 21.6 mm 

Maximum B.M. in bar = 125.9 N m 

Maximum normal stress in the bar = 184.4 MPa 

SAQ 7 

Strain Energy 

Strain energy stored in truss = 379.6 kN m 

SAQ 8 

26667 [ Strain energy stored in a beam = - 1 + - 
EI 

SAQ 9 


