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P 12.1 INTRODUCTION 

Skeletal structures means those structures which can be idealised to a series of straight or 
curved lines such as trusses, girders, frames etc. A systematic analysis of skeletal 
structures can be carried out by using the matrix methods. Due to the widespread use of 
computers and present development of hardware and software packages, ernormous 
amount of computation for particularly large and complex structures are performed by the 
systematic approach of matrix structural analysis. In matrix structural analysis, the 
equations, concerned to the basis principles of structures, are assembled into an efficient 
and systematic format for solution by matrix algebra operations on high speed digital 
computers. The analysis of common structures are done by basically two methods, 
namely, flexibility method and stiffness method. 

Objectives 
After studying this unit, you should be able to 

b o w  the concept of matrix and determinants, 

solve both homogeneous and non-homogeneous simultaneous linear equations, 

describe the concept of flexibility and stiffness methods of structural analysis, 

explain the concept of structural stability, degrees of freedom, transformation 
ma€rix, static matrix, deformation matrix etc., 

construct flexibility matrix and stiffness matrix, 

analyse hams, frames and trusses by flexibility method, and 

analyse 3D beams and plane frames by stiffness method and know the 
limitations of flexibility method. 

1 12.2 ELEMENTS OF MATRIX ALGEBRA 

12.2.1 Definition and Notations 
Matrix is defined as an array of quantities, usually called elements, grouped together for 
some specific purpose arranged systematically in rows and columns. For demonstration 
purpose, these elements are inclosed by either square brakets, [ 1, or perentheses ( ), or by 
a pair of double vertical line, 1 I I I 
In general, the entire matrices are denoted by boldface letters A, B, C, etc. The matrix A 
of order m x n consisting of m rows and n columns of elements ag situated at the 
intersection of the i4h row and j-th column may be represented as follows : 



12.2.2 Types of Matrix 
Square Matrix 

A matrix which has equal number of rows and columns is called a square matrix . 
So m = n. 

is a square matrix of dimension (or order) 3. Here, the elements 1 . 5  and 1 are 
called the diagoaal elements and the diagonal is named as principal diagonal. If 
any matrix (square type) has the diagonal elements non-zero &d the non-diagonal 
elements are all zero, it is called a diagonal matrix. 
If any square matrix has the elements symmetrical about the principal diagonal, it 
is called a symmetric matrix. So a@ = Uji 

[i % -%I 
is a 3 x 3 symmetric matrix. 

If any diagonal matrix has all the diagonal element same, it is called a scalar 
matrix. 

is a scalar matrix, where x is a real or complex number. 

If any scalar matrix has all the diagonal elements one (unit), it is called an identity 
or unit matrix and represented by [a. Thus, 

Identity matrix of 2 dimension = l2 = 
' 1; :l and 

Identity mattix of 3 dimensions= I3 = 0 1 0 . [: : :] 
Therefore, a square matrix may be diagonal type or not. Again a square matrix may 
be symmetric or not. Diagonal matrix may be classified into scalar and non-scalar 
matrices and scalar matrices may be grouped into identity and non-identity 
matrices. 

Row and Column Matrices 
A matrix which has only one row, i.e. m = 1. called row natrix of order 1 x n. 

A matrix which has only one column, i.e. n = 1, called column munix of order 
m x 1. 

Null or.Zero Matrix . 
A matrix which has all the elements zero, called null or zero matrix and 
represented by [O]. 

Thus. [i i i] is null matrix of 2 x 3 order. 

Singular Matrix 
A singular matrix is one when the determinant of it is zero. All rectangular 
matrices are singular. 



12.2.3 Definition and Properties of Determinants 
The determinant is a unique scalar quantity associated wrth each square matrix. It can be 
expanded and has a value. Generally, the determinant i.s shown by a p a r  of vertical lines. 

So, the determinant A = de t .A .  = 1 A I  = 

Properties 

(a) The value of a determinant is unchanged due to interchange of all the rows and 

columns. s o l  A I = I ATI 
(b) The value of a determinant changes sign due to interchange of two rows or two 

columns. 

(c) The value of a determinant is zero if having all the elements in any rows or 
column are zero. 

(d) The value of a delrrninant is zero if having two rows or two u ~ l u m s  are 
proportional or same. Therefore, in the case of linearly dependent mws or 

columns. 1 A 1 = 0. 

(e) The value of a determinant is multiplied by a factor K if all the element of a row 
or column of the determinant is multiplied by the sane factor K. 

(f) The value of a determinant is equal to the value oli the onginal de!crndnant, if 
all the elements of any row or column of the new determinant are ~.slrulafed by 
the sum of the corresponding elements of the row and a linear combination of 
other rows (or columns) of the original determinant, 

[You are required to revise your Mathematics I text describing these topics]. 

1.2.2.4 Basic Matrix Operations 
4ddltion and Subtraction of Matrices 

Addition and subtraction of matrices can be done only if they bavc L ~ $ c  Same order, 
n u s ,  

They follows commutative law, i.e. A + B .= B +A and associalive law, i.e. 
A + ( B + C )  = (A+B)+C.  

Example 12.1 

Find (a) A + B, (b) A - B, and (c) B - A. When A .= [: :] and B = [: -4 
Solution 

Here, it is to be noted that 

(B-A) = -(A -B) 

Matrix Methods of 
Analysis 
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Scalar Multiplication of a Matrix 

If we consider 

Then, 

where K is a scalar constant. 
Multiplication of Matrlces 

The following procedures are adopted for the multiplication of two mayices : 
\ 

[Lead matrix1 (, f i )  x [lag matrix1 (f i  ,) = [product] (, x 

i.e., tA1m.k [Blkxn = [CImxn 

(a) The element of a row of the lead matrix A should be multiplied by the 
corresponding elements of a column of the lag matrix B. 

(b) The summation of the product is put in the new product matrix C at the 
corresponding row of A and column of B. 

Example 12.2 

Solution 
Here, we know 

L 2 

Here, Cll = 1 x 1  + Ox0 = 1 

Properties of Matrix Multiplication 
(a) Multiplication is not commutative, i.e. AB f BA, except in identity matrix. 

(b) Multiplication is a.sociative, i.e. A (BC) = (AB) C; where A, B aird C are three 
mauices of the order m x n , n x p , p x p respectively. 

(c) Multiplication is distributive, i.e. A (B + C) = AB + AC, where A, B and C are 
three matrices of the order m x n , n x  p , n x p respectively. 

Tmnsfiose of M a t h  

A new matrix obtained b v  interchmgiilg rows and columns of the original matrix is 
called transpored mnir 

Thus, if we have a matrix, 
A = [k j ImXn 

Then, 



Example 12.3 

Find the transpose of the matrix [A ] = 

Solution 

Matrix Methods of 
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Transpose of the matrix A = = l1 2 1 7 61 
Properties of nanspo,red Matrices 
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(a) Transpse of a product of twb matrices is the product of transposes of 
individual matrices in the reverse order. 

T T T  For example, ( A B ) ~  = B ~ .  ; (ABC?)~ = C B A and so on. 

(b) Transpose of algebraical sum of two matrices is the algebraical sum of the 
transpose of the individual matrices. 

For example, (A + B ) ~  = f BT 

(c) Transpose of a transpose matrix is the original matrix. 

For exdmple. (AT )T = A 
Determinant of a Square Matrix 

Determinants are possible only for square matrices. 

Determinxit of matrix A of order 1, 

det. [all]  = 1 a l l [  = al l .  

Determinant of matrix A of order 2, 

Determinant of matrix A of order 3, 

where, Cll,  C12 and Cl3 = cofactors of the element a l l ,  a12 and a12 respectively 
and Mll ,  M12 andMI3 = minors of the element a i l ,  a12 and a13 respeetiely. 

~ rac t i ca l l~ ,  the determinant of a square matrix of hiper order can be evaluated 
through Laplace expansion as mentioned above. The value of the determinant is 
equal to the sum of the products of the elements is any row or column with their 
respective cofactors. But if the determinant is large enough, this expansion 
becomes very tedious. Computer programs can calculate the value of the 
determinant of order n as follows : 

n n 

I A 1 = a0 Cij or a0 Cii with respect to any row (i) or any column 0). 
j =  1 i =  1 

Here, the term "miner" of an element represents the determjnant of the submatrix 
obtained from a given matrix by removing the row and .the column containing that 
element and is symbolised by Mw 

And the cofactor of an element ad = Cii = (-- 1)' + j  Mij. 

Example 12.4 

Evaluate the determinant of the square matrix 



Solution 

= l(17) -2(-7) + 1(-16) = 15 

Adjoint matrix 
Adjoint matrix is the new transpose matrix of the cofactors of all the elements of 
the original matrix. 

c11 c12 c13 

:. Adjoint of A = adj A = 
c31 c32 c33 

Properties of Adjoint Matrices 
(adj 4) A = 1 A 1 I .  

Inverse of a Matrix 

Inverse of a square matrix A in represented as A- 

Mathematically, 

Actually the division operation does not exist in matrix algebra; an @verse 
ogeration'is done which in similar to ordinary algebra instead of division. 

Again from matrix algebra (adj A) A = I A 1 I multiplying both side by A- ' we get 

Or, (adj A) = 1 A I A- ' 
or. 

If the determinant of the matrix A is zero, the matrix A is ealled singular; 
otherwise non singular. 

Properties of the Inverse rncmtrices 

(e) Inverse of any diapunal m i x  = matrix inverting (i.e.. reciprocal) each 
individual element dong the principal diagonal. 

Example 12.5 

Find the inverse of the matrix 



Solution 

Let [ A  ] = 3 1 1 [: : :I 
:. = 3  1 1 = 1 x 3  - 3 x 7  + 5(-2) = - 2 8  [: : :] 

cofactors: C 1 1 = + 3  C 1 2 = - 7  C 1 3 = - 2  

EquaHty of Matrices 
l k o  matrices are equal if and only if they are of equal orders and the 
corresponding elements of the two matrices are equal. 

:,I diti-rk the cnrtermmxrt oi the square matrix as mentbned in Example 12.4, using 
ihr- e'.i.mcl~L, slid cirtsctc?rs of ciiltinm 2 

12.2.5 Sdution of Simultaneous Linear Equations 
A set of linear simultaneous equations consisting more than two unkonowns can be easily 
solved by matrix algebra. Now, we consider m set of simultaneous linear equation 
involving n unknowns, xl  , x2 , . . . xn as follows : 



Now, we represent these equation in the followiilg inatrix forin : 

A X =  B 

where 

all  a12 ..... a l n  
A  = coefficient matrix = a21 a22 . . . . . a2n 

% 1  a m 2  [ a d m x n  

X  = Matrix of unknown variables = 

nx 1 

and B Matrix of the contants in the right hand of the equation = 

If B = zero matrix, i.e. AX = 0 3 The set of equations is homogeneous, and. , 

If B #zero matrix, i.e. AX z 0 3 The set of equations is non-homogeneous. 

Case I : Homogeneous Linear Equations 

When the only possible solution is X  = 0, i.e., xl = q = . . . = x,, = 0, it is 
called trivial solution. 

Any other solution of X  if it exists, is called non-trivial solution. 

Generally, we solve the homogeneous linear equation by Gauss-Jordon or 
Triangular Form Reduction Method. We are illustrating this method by the 
Example 12.6. 

Example 12.6 

Solve the following set of equations. 

xl + 3x2 - 2 x 3  = o 

Solution 

Here, the form of equation A  X  = 0. Now we apply the Gauss Jordon method for 
the set of homogeneous linear equations. 

The augmented matrix is of the form, 

Applying elementary row operations, R2 -+ (R2 - 2Rl )  and R3 -+ (R3 - Rl), 

we get, 



Again applying row cveratirnl, A 3  -+ (R3 - 2Rz), we get, 

Therefore, the equivalent system of equation is as follows : 

X l  + 3 x 2  - 2 x 3  = 0 

Here, the last equation is redundant. From the above equations, we get, dividing 
(- 7) both sides from Ule second equation. 

x l  + 3 x 2  - 2 x 3  = 0 

So number of vatid equations in less than number of unknowns 

Let, a = & 

and 

Case I1 : Nm-hompneoas Linear Eqaattons 

We solve the non-homogeneous linear equations by any of the following three 
methods : 

(a) Mauix tnverse Method, 

(b) Cramer's Method, and 

(c) Gauss-Jcwdon Mehtod. 

Now, you can understand the application of these methods by the following 
example. 

Example 127 

Solve the fdfowing set of equation by (a) Matrix Inverse (b) Cramer's and 
(c)  Gauss - Jordon method. 

Sotattan 

(a) Matrix hrverm Method 

By the problem : The set of non-homogeneous linear equation : 

X l  + 2 x 2  + x 3  = 1 

3 x 1  - 5 x 2 + X 3 =  2 

we can transform it m the following matrix form : 

A X = B : where A = Coefficient matrix 

X = Matrix of anlaown variable 

B = Matrix of the amstants in the right hand of the equations 

Matrix Methods of 
Analysis 
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:. A- ' (A X) = A- ' B  

( A - ~ A ) x  = A - I  B 

I  X  = A- ' B  (I being the identity matrix). 

Giving 
ad' A  x = ~ . B  

[Since A- = and it is valid when 1 A  I t 01. 

Here, x = l i ] ;  x3 [ A ] = [ ;  3 - 5  ;I;-B=[!-! 1 

Adjoint or Adjugate of the matrix A  = adj A. 

where cofactots are as follows : 

- 7  + 4  
:. adj A  = 

-16 + 1 1  - 2  



We know, 

:. x l = + 1 . 2 ;  q = + 0 . 2  and q=-0.6. 

(b) Cramer's Method 

It is also an unique approach to wive nm-homogeneous linear equations when 
the determinant of the coefficient matrix has a n o n - ~ r o  value and the number 
of valid equations is same as the number of unknowns and the value of 
w h 6 w n  parameters 

I A.1 
x .  - fr where j = 1, 2. .  . . n unknown. 
1 -  A 

when 1 A 1 = 1 ae 1 = determinant of the dl elementf of the cw:ficienb mataix 
and 1 Aj I = determinant obtained by replacing column j by the column of the 
elements of tbe coastant matrix B. 

In this case, applying Cramer's rule, we get, 

I A ~ I  
x l  = -m and so on. 

Here, we know, 

Matrix Methods of 
Analysis 

(c)  Gpuss- Jordon Method 
Gauss-Jorbn mahod is applicable to both the set of hnmogeneous and 
non-homogeneous linear equations. The approach of solution of the two types 

- of equations is little bit different. Now, we are showing the approach hy this 
method for a set of mm-hnmogemous linear equations. 

The given set of equations is as follows : 

X l  + 2x2+ x3 = 1 



Firstly, by dividing eacb equations by the coefficients of its x l  to take all 
leading coefficient 1, we get, 

X I  + 2 x 2  + X g  = 1 

XI  + ~2 + 1.5 ~ 3  = 0.5 

X I  T 1.667 ~2 + 0.333 ~ 3  = 0.667 

O n e p p l y i n g n m ~ n s ~ w s :  

2nd equation -+(ad equation - 1st equation) md 

3rd equation -+(W equation - 1st eqwJMm), we get, 

X l  + 2 x 2  + X3 = 1 

-- xz + 0.5% = -0.5 

- 3.667 ~2 - 0.667 ~ 3  = - 0.333 

Starting from the gecoPd equrrtim, by dividing each equations by the 
coefficients of its x 2  to make all leading coefficients 1, we get, 

X l  + 2x2 + x3 = 1 

~2 - 0.5 ~ 3  - 0.5 

x2 + 0.182% = 0.091 

On applying row operatiom as follows : 

3rd equation -+(3td equation - 2nd equation), we get, 

X l  + 2 - i 2  + X3 = 1 

x;! - 0.5 ~ 3  = 0.5 

0.682~3 - 0.409 

Thus, finally we get following values : 

;. ~3 = -0.6 

and X I  = 1 - (2 ~ 0 . 2 )  - (- 0.6) = 1.2 
,- 
.3 

Solve :he following set of equations by (a) Matrix lnverse rule, (h) Crarner 
?;r',cl (i;) Gauhs EIimnaliiun nlethod. 

.'s rule, 

12.3 MATRIX STRUCTURAL ANALYSIS 

Analysis of statically indeterminate structures are generally done either by force or by 
displacement methods. In the force method we initially determine unknown forces and 
then joint displacements. In the displacement method we initially determine joint 
displacements and then the forces such as reaction, axial forces, shear forces, bending 
moments etc. 



12.3.1 Basic Conce ts of the Flexibility' Method (Force Method or 
Method of C! onsistent Deformation or Compatibility Method) 

In the flexibility method, first remove the redundant fcirces to form a primary structure 
which is statically determinate and geometrically stable. The analysis of the structure is 
carried out thruogh the following steps : 

(a) We have the calculate the displacement at each redundant location the 
direction of each r e d a t  due to applied loads. 

(b) We have to place a unit load on the primary structure at a redundant location in 
the direction of the reduntant. The unit-load displacement are called flexibility 
coefficients. We have to rejyat this step to calculate flexibility coefficients 
corresponding to unit load placed at each of the other redundant coordinates. 

(c) We have to write compatibility equations at each redundant location in terms of 
the unknown redundant forces. Here, compatibility indicates that the 
displacement at a redundant location due to both applied and redundant forces 
will result in geometric continuity of the structure and with its support system. 

w e  shall explain this concept after giving definitions and conception of a few terms. 

Measurement and Coordinate Systems 

In the structural analysis, we have to deal with measurement of forces and 
displacements at certain points on the structure in some specific direction. In the 
matrix analysis, the term "force" will mean to include moments and the term 
"displacement" will mean translations and rotations. So in order t ~ )  descrik 
completely a force or displacement, we have to specify (i) its location in the 
structure, (ii) the direction, and (iii) the magnitude. 

Structural Stability 

A structure should be strong enough against all types of disturbing forces. The 
stability of a structure may be of external and internal type. An externally stable 
structure can support the required number of independent r~nction cnmponents for 
static equilibrium. A plane structure should be stable it the three reartive forces are 
non-parallel and non-concurrent. Similarly, a space structure should be stable if the 
six reactive forces are non-parallel, non-concurrent and non-coplanar. 

Again an internally stable structure can preserve its geometry under the action of 
all kinds of forces tending to deform. An unstable system is turned into a 
mechanism if the number of members is less then the minimum requirement. 
Similarly axrover-stiff statically indeterminate system is made if rhe nvr?her of 
member is more than the minimum requirement. 

Degree of Kinematic Indeterminacy or Degree of Freedom 

A structure is said to be kinematically indeterminate if the displacement 
components of its joints can not be calculated by compatibility equations alone. 
The number of the additional equations, based on equilibrium, neceisary to 
calculate all the independent displacement components is h n w n  a9 the degree of 
kinematic indeterminacy or degree of freedom of the structure. 

MathematicaIly, degree of kinematic indeterminacy or degree of freedom 

DK = (Total nodal degree of freedom) - (No. of equations of compatibility) 

Thus, DK = (nxd) -e  

where, n = no. of nodes or joints, 
d = Degree of freedom per node, and 

e = No. of equations of compatibility. 
Again, number of equations of compatibility = number of constraints imposed by 
the support conditions 

:. e = number of independent external reaction components = r. 

Thus, DK = (nx6) - r  

Matrix Methods d 
Analysis 

where, n = 2 (For plane truss) 

= 3 (For plane frame and space truss) 

= 6 (For space frame) 



Development of the Flexlblllty Method 

Now, we start to explain the concept of the flexibility method in the case of the 
continuous beam loaded as shown in Figure 12.1. 

First we put the coordinate 1,2,3 and 4 at the four nodes. We decide the reactions 
at 1,2 and 3, i.e. yl, y2 and y.j are redundanb. Removing these we draw the primary 
structure as above. Due to external loads, the displacements at 1,2 Md 3 are 
61, $ and & respectively as shown in Figure 12.2. 

Hgmm 122 : Ewnuwy StrPft.rr (Beao* the R- Yl, Ya a d  Y3) 

Now, we draw the nodal displacement at three redundant location placing a unit 
load at redundant locatibns. So, we get the flexibility coefficients representing in 
the form of fl?, i.e, displacement at 1 due to a unit load at 2 and so on. This is 
shown in Figure 12.3. 

Coalsdsds for R B u y  Shachm 

Now, the deflection equations at each support node : 

f l l ~ l  + f 1 2 ~ 2  + f 1 3 ~ 3  = x 61 + b 

where x al, x and x % = support displacements at 1, 2 and 3 respectively 
and should be zero for unyielding supports. 
The eqeations may be represented in the following matrix form : 



Alternatively, this can he represented as : 

GI + rri[~i = [ 2 6 ]  

where, [ 6 ] = Matrix of displacement due to applied loads, 

[ f ] = Matrix of flexibility coefficients, 

[ y ] = Matrix of redundant reaction forces, 'and 

[ Z 6 ] = Matrix of displacement at supports. 

According to Maxwell-'Betti reciprocal theorem, hj = f j i .  

So, the flexibility matrix [ f ] is symmetric. 

We can easily find out [ f ] by matrix inverse operation or Gauss elimination 
method easily. The properties of matrix, particularly of flexibility matrix, 
simplifies the analysis and storage of computer structural analysis. 

Properties of Flexibility Matrix 
E 

(a) A flexibility matrix is a square matrix of order (nd x nd), where n = no. of 
nodes and d = degree of freedom per node. 

(b) A flexibility matrix is a symmetrical matrix. 

(c) A flexibility matrix consists of positive leading diagonal elements, other 
elements may be positive or negative. 

(d) A flexibility matrix exists if the structure in stable and then the elements of it 
represent the displacements. 

Construction of Flexibility Matrix is shown by the following example. 

Example 12.8 

I Construct the flexibility matrix for the simply supported beam AB with reference 
to the coordinates shown in Figure 12.4. Assume El constant. 

t 4 

I Sotrrtion 
Here, the primary structure is given as a simply supported beam ABindicating the 
coordinates. l , 2 , 3  and 4. The order of the flexibility matrix is 4 x 4. 

Now, first column of the flexibility matrix, applying unit load at 1 is given below : 

1 x 1 2 ~  9 
f4, = (-) - = (-) - (Negative-sign for anticlockwiserotation) 16 EI E l  

Second column of the flexibility matrix, applying unit load at 2 is given below : 

f12 = 0 

Matrix Methods of 
Analys~s 
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1 x 12 0 5 
342 = (-) - = (-) - (Negative sign for anticlockwiserotation) 24 Ei Ei 

Third column of the flexibility matrix, applying unit load at 3 sin& it is directly 
resisted by the reaction at B and the beam is undeflected hence 

f13 = 0 

f23 = 0 . 

f33 = 0 

f43 = 0 

Fourth column, of the flexibility matrix, applying unit load 4 is given by 

1 x 1z2 9 
fl4 = (-) - = (2) (Negative sign for anticlockwiserotation) 

16 EI 

1x12 ' 0 5  
fa = (-) - = (-) A (Negative sign for anticlockwise rotation) - 

24 Ei Ei 

1 x12 4 f~ = (+) 3~ = (+) w (Positivesign for cimkwise rotation) 

:. The flexibility matrix, [ f ] = - 

SAQ 4 
Co~wtnnct the tlexihi1:tv rrmrrix for the thee springs A, R and C connected in serler 
with reference to the ioordlrsates as shnwri in F~gure 12 4. Assume the tlexibllrly 

i I 1 coefficlenlt of the sprlngs A, E and C are - c r d N ,  ~ n l l N  and : s ~ d N  26 1 0  3 
respectively. 

Figure 12,s 

Analysis of Beams 
The analysis of a beam by matrix flexibility method is explained by the following 
examples. 

Example 12.9 

Analyse the continuous beam ABC loaded as shown, assuming Ei as constant. 



Firstly, we remove the support B and C to convert the continuous beam as a 
cantilever beam being determinate and stable primary struchue (Figure 12.7) and 
insert the coordinates 1 and 2 at B and C respectively. 

Now we have to construct the flexibi,lity matrix. Assuming the upward reaction at 
B and C as well as upward deflection as positive, for the deflection and rotation, 
for the following cantilever beam we get, 

-px? Deflection at free end, 8 = - 3 El 

P x  l2 Rotation at free end, 8 = - 
2EI 

Deflection and rotation at distance x from fixed end, 

p x l  ax = (-) - 
6EI 

(31 - x )  and 8, = - 
El 

Now, the displacement at 1 due to applied loads, 

Displacement at 2 due to applied loads 

:. Matrix of displacement due to applied loads 

Now, we have to construct flexibility matrix applying unit load at 1, we get, 

Applying unit load at 2, we get, 

htr&Mc(hodsd 
Analysis 



:. The flexibirnty matrix, 

We know the general compatibility equation : 

Since the support B and C are unyielding, 

[ Z  61 = [ O I  

Thus, [ f l [YI  = i [ s l  
Premultiplying with [ f ] - both sides, we get, . 

i f ] - '  [ f l [ Y I  = - [ f l - l [ ~ l  

Thus, [ r l  = - [ f l - '  [ S I  
- 1 

Now, 
[ / I - I  = + [tg &TI - 

3 El 

Thus, we get 
- 

yl ='19.7625 N and y2 = 3.4 N 

Taking moment about A, we get, 

MA + (3.4 x 20) - (12 x.15) + (19.7625 x 10) - (24 x 5) = 0 

This gives, 

The values of yl, y2, RA and MA are put on the beam as shown in Figure 12.9. 
Now, we can easily draw the BMD and sFD for the beam. 



Figure 12.9 

SAQ 5 
halyse the fixed beam A% loaded as shown in Figurz 12.10, assuming Eb as 
CCIIIStrnt. 

Analysis of Frames 
Analysis of rigid jointed portal frames are shown by the following examples. 

Example 12.10 

Analyse the portal frame ABCD loaded as shown in Figure 12.11 The members 
are made with same material. Length and moment of inertia of each member are 
mentioned in the figure. 

Solution 
The dcgree of statical indeterminacy of the frame is 3. ~ e m o v i n ~  the three reaction 
components at D, we get the stable determinate structure as the primary structure. 
We impose 1.2 and 3 for €he selected redunant reactions as shown in Figure 12.12. 

Now, the displacement due to applied loads : 

Matrix Method. c i  
Analysis 



Thus, we get 

F lph  1212 : R h m y  Stlpdw M 
Figure 1213 : - Mamctcr d t k e  Primary Structure due EI 

to Applied Load 

Now, we obtain the flexibility coefficients applying unit forces at 1 .2  and 3 
successively. 

Figure l U 4  : Moment Dingruns 

Thus, we get, 

750 375 - 150 
:. Flexibility matrix = [ f ] - 375 2000 - 225 

-150 -225 60 I 



We know the general compatibility equation : 

[ S I  + [ f l [ y I  = [I; 61 

Since the end D is unyielding, [ I; 61 = [ 0 ] 

Preillultiplying [ f ] - ' both sides, we get, 

Thus, [ r l  =--[I]-' 161 

Now cofactors of the flexibility matrix [ f ] 

M a t h  Methods of 
Analysis 

Determinant of the flexihility matrix, 

1 f 1 = a l lCl l  +a12Clz +alsC13: whereni, = elementof the detl f 1 

Weknow, [ y ]  = - i f ] - '  [ 6 1  

Thus. we get. yl = (-) 7.63 N e 

y3 = (-) 20.71 N m (anticlockwise) 



It givrs HD = 7.62 N : VD = 3.27 N : MD = 20.71 N m (anticlockwise) 
t- 

Now, we shall show the free body diagram of the frame ABCD. 

For equilibrium 1 H = 0 3 HA + 11.12 - 7.63 = C 

3 HA = 3 . 4 9 N  t 

C V  = 0 * VA + 3.270 * VA = (-)3.27N 4 

~ M ~ - o  3 MA+11.12x10-3.27~10-7.63~5-20.71=0 

3 MA = (-) 19.64 N m (anticlockwise) 

Finally, we get following bending moment ordinates : 

BMAg = (-) 19.64 Nm 

Here, the convention "positive BM creates tension inside frame" is adopted. 

Analysir of Trusses 
Next a statically indeterminate pin-jointed tnlss is analyses by this method in the 
examples below : 

Exampk 12-11 

Analyse the pin-jointed strucpclre !c;hcled as shown below. Assume the sectionrrl 
area, A = 20 cm2 and E = 2000 t/cm2 for all the members. 



Solution 

The degree of statical indeterminacy of the truss is (5 - 2) = 3. We select the 
member OA, OC and OD as redundant 1.2 and 3 wd release these from the 
original truss to get the primary structure as shown in Figure 12.17. 

Etgure 1217 (a) : Primary Structure Figure 1217 (b) : Free Body Mayam 

Now, we proceed to find the force in the membeis due to applied loads in the 
primary structure. (We assume t.?i&i'? force as posit.ve). 

Length of OB = 5 = 7.0i ,I, = Y 7  1 cm 

Force in OB = $AR = 2:) <.cs 49' 4 1G s . ', '' 

Length of (.)E = 5 = 50:: ' b ,-r. < a  

.C. Force in OE = GL: = 20.sla 4s0--- I r: .;:::- ., 

Length of OA = 5 cosec 30' = 10 m = 1000 cin 

Force in OA = = 0, in the primar:~ strl,:tar,: 

Length'of OC = 5 m = 500 cm 

Force in OC = $ 6 ~  = 0, in the primary structure 

2 
Length of OD = 5 cosec 60' = 5 x = 5.774 m = 577.4 cm E 
Fc~ce in OD = = 0, in the primary structure 

Now, applying unit load at direction 1, we get, 

Force in OA = = 1 t 

1 Force in OB = Sos = - x sin 255O = -sin 75O = - 0.966 t 
sin 90° 

Force in OE = = - x sin 1 9  = 0.259 t 
sin 90" 

1 Force in OC = Force in OD = Soc = ~:>n .= 0 

Now applying unit load at 2, we get, 

Force in OC = $,C = 1 

Force in OB = S& = - x sin450 = xsin450 
sin 270" - sin 90° 

Math Methods of 
Andysls 



Indeterminate 
StmetuFes - I1 Force in OE = siE = (-) 0.707 t 

2 Force in OA = Force in OD = &A = SOD = o 
Now, applying unit load at 3, we get, 

~ o r c e  in OD = aD = 1 

Force in OB = & = - 1 x cos 75O = (-) 0.259 t 

Force in OA = ~ o r c e  in oc & = GC = 0 

Now we make the following Table 12.1 for finding the displacements at 1.2 and 3 
due to the applied loads. 

Table 12.1 

Considering expansion as positive and contraction as negative, displacement at 1.2 
and 3 due to applied loads : 

and 

Displacement matrix due to applied loads : 

Now we have to determine the flexibility coefficients. For this purpose we prepare 
Table 12.2. 

Table 12.2 

We obtain the flexibility coefficients as follows : 

Member 

0 A 
08 
OC 
OD 
OE 

C = 

S ~ L  

loo0 
660 
0 
0 
47 

1707 

~3 L 

0 
354 
500 
0 
354 

J208 

S ~ S J L  

0 
130 
0 
0 
483 

d~ 
0 
47 
0 

577.4 
660 ------ 
1284.4 

S J S ~ L  

0 
177 
0 
0 

- 177 

S l S z L  

0 
483 
0 
0 

- 130 

353 613 



'Ibus. Flexibility Matrix = [ f ] = - 353 1208 
4m I 0 613 1284.4 

L J 

We know the general compatibility equation : 

Since the node '0' is unyielding. [ Z 6 ] = [ 0 ] 

.= 161 + [fl[yl= 101 

Now, the cofactors of the flexibility matrix are as follows : 

Determinant the flexibility matrix = I f 1 
= all C l l  + a12 C12 + a13 C13 where ag = element of the determinant1 f 1 



Wehave, [ y l  = -if]-' [ 6 1  

On multiplying, we get 

Hence, total axial force in the members is as follows : 

POA = O+ 5.95 = (+) 5.95 t (tensile) 

POB = s+~ls1+~2s2+~3s3 

= 21.21 + 5.95 x (- 0.966) + 8.61 x (0.707) + 2.68 x (- 0.259) 

= (+) 8.68 t (tensile) 

Pi2c = 0 + y2 = 0 + 8.61 * (+) 8.61 t (tensile) 

POD = 0 + y3 = 0 + 2.68 = (+) 2.68 t (tensile) 

POE = s + ~ l s 1 + ~ 2 s 2 + ~ 3 s 3  

= 7.07 + 5.95 x 0.259 + 8.61 x (- 0.707) + 2.68 x (- 0.966) 

= (-) 0.065 t (compressive) 
Lhitat;ons of the Flexibility Metkod 

In the flexibility mathod of analysis, we have to determine the degree of statical 
indeterminacy as well as to remove the selective redundant for the purpose of 
primary determinate stable structure initially. This is difficult for large and 
complex structures with many members and different types of constraints. 

On the other hand, in the stiffness method it is not essential to select the redundant 
or to h o w  whether the structure is determinate or indeterminate. This method is 
also not applicable to unstable structures. In fact the stiffness method is more 
suitable than the flexibility method and naturally the stiffness method is preferred 
in computer structural analysis. 

12.3.2 Basic Concepts of the Stiffness Method (~ i sp lackent  Method) 
In the displacement method of structural analysis, we set a system of fokce egilibrium 
equations at each joint in terms of the unknown displacements. The deflections are 
considered for the member at each respective joint before and after the applied loads. A 
few joints prevent the motion of the structure keeping the geometric stability. Putting the' 
value of zero displacenfent at the supports and, solving the simultaneous equations, we 
can get the value of the unknown displacement. Afterwards we can find out the value of 
axial foices and reaction components. 

Development of the StifPness Method 

We consider a beam element i j  associated with the six degrees of freedom 
subjected to the action of Xi , X, , Yi , 3 ,  Mi , M, at i and j coordinates 
alternatively as shown below. These nodal force components are acting in the local 

- coordinate system through x direction, y direction and in xy plane (with respect to 
the z-axis). The corresponding nodal displacements are Ui , uj , Vi , v, ,0 i  , and 0, 
respectively. Here, we assume the length of the beam element as L. 



MPtrhr Methods of 
Analysis 

Now we write the force-displacement equilibrium equatir2:l.s at tile j;l.'v<~ i ~ 1 5 j : .  

At joint i 

At joint j 

6 El 6 El M z = O  Mj=-xvi + = x & - -  L  xv, + 7 x 0 ,  
L2 L2 

We can write the above set of equation in the Matrix fram as follows : 

Thus, we get 

where, 

[ X ] = Matrix of external force components 
[ Kg 1 = Matrix of stiffness elements 

[ u ] = Matrix of displacement components 

NF = Independentunknown forces 

NLC = Number of loading condition 

Here, the beam element not being restrained against rigid body motion, the 
stiffness matrix is singular (no'inverse exists); but in practical cases, it is resisted 
by supports and we can determine the force components. Since both the axial 
forces and axial deformations in beams are negligible, we can reduce the set of 
equations by putting Xi = Xi = u; = u, = 0 .  

Thus, the stiffness matrix would be of the order 4 x 4. From the above discussion, 
we have seen that the stiffness matrix is square and symmetric. 



lndetermioate 
Structures - I1 

Therefore, the stiffness matrix in beam element should be as follows : 

Andy* of Beama with Nodal Forces 

Here, an illustrative example of a beam is purposely included where the external loads are 
acting at the nodes. 

Example 12.12 

Find the joint rotation at 2 and reaction components at each support of ;he beam 
loaded as shown in Figure 12.19. 

Assume EI = 200 N m2. 

Solution 

We assume the origin of the coordinate system at 1 and the axes x and y as shown 
and the corresponding displacements are u and v. 

We assume the reaction components at supports as shown in Figure 12.20. 

Neglecting the axial forces and displacements, we get, 

As there are no displacement at the supports, 

Being fixed end at 1 and 3, we have, 

81 = 83 = 0 

only 82 is not zero. 

We know the stiffness matrix of general beam element 



Thus, on putting the values, we get, Matrix Methods of 
Anal+ 

and 

Applying the stiffness matrix equation [ X ] = [ K;, ] [ u ] and using the assembled 
stiffness matrix for the overall structure, we get, 

Keeping the row involving Mz and 02 at the bottom, partitioned form of the 
matrix equation :' 

El EI :. 50 = - [60 U X )  0 - 60 2001 [ 0 ]  - -x800x@' 
L3 L - ~  

Therfore, 82 = 
50 L3 

EI x 800 
= 0.312radian (clockwise) 

Now 'the support reactions are as follows : 

El 60 EI O2 Yl = -  (0+6082) = -- - 3.72N ?' 
L3 L3 

200 EI 82 
MI = $ (0+200&) = = 12.5 N m (clockwise) 

L L3 

EI Y2 = - (O+O) = 0 
L3 

EI 60 EI 82 Y3 = - (0-6002) = = (-) 3.72 N 4 
L~ L3 

EI 200 EI 82 
M3 = - (0+200&) = = 12.5 N m (clockwise) 

L3 L3 



SAC? 6 
Find the displacement and reaction conlponents of the beam loaded as shown in 
Figure 1 2.21. Assume E l l ,  = 16 x 10%111? and Elz3 = 54 x 10%lm3 . 

Figure 12.21 

I---; ,ars of Beam with Nun-Nodal Forces 

i ~ e .  -1, we t&e up a case of beams acted upon by external loads not acting at the nodes, 
vl'ilch 6 c  :. inore common case. 
.- 
:*. ,- . :?.I3 

3: .I<, C!.L ttie reactions of the continuous beam loaded as shown in Figure 12.22. 
..,.,":$: ~ l =  2 x lo4 N m2. 

i: h o w  th.~: &r: shear should be constani between the nodes. The concentrated 
load, J I< 2nd umi',lrmely distributed load, 2.4 Nlm changes shear in the span 1 - 2 
and 3 -.- 1. 'Ne solve this beam under 4 N load, considering another node at that 
point, but 3 - 4 span can not be analysed in this way. However, hoth the loads are 
ccinsrdered as  no^-nodal loads and we analyse the beam in the following way. 

No*, we dr rx  the continuous bean] converting it into the following equivalent 
rlatid i iorct's liy showing fixed end force components and reaction components in 
rn.ac? of the non-nodal forces (Figure 12.23). 

Now, the modified stiffness matrix equation is as follows : 

where [ g] = the column matrix of fixed end member forces. 

We h o w  the stiffness matrix of general beam element, 



Now puttilig the corresponding value ill the matrix equation, assuming upward 
reaction component aid anticlowkwise moment as positive, we get, 

Now 

Reorienting we get the following partitioned form of matrix equaiton [Eq. (12.1)1 : 

V l  v2 vs v4 f f l  ff2 ffs ff4 

Hence. k] = [A3]lOl + J 
L3 E1[~41F] e4 + [I - 20 = : [A4] I!;] 04 + [] -20 

Premultiplying - A4 in the both sides, we get, Z[ r1  

- 
Yl 

- - 

I 12 -12 0 0 ' I 60 60 0 0 - -  0 2 
- - 

Y2 

Ys 
y4 
- 

Ml=O 
M2=0 
M3=0 
M4=0 - - 

We may reduce the matrix equation. writing the stiffness matrix as 

0 
0 
0 

0 1 

02 
q 
04 - - 

-12 24 -12 0 -60 0 60 0 I 

- + -  - El - - 
L3 

2 
12 
12 

5 
- 5 
20 

- - - 20 

0 -12 24 -12 1 0 -60 -60 60 
0 0 -12 12 0 0 0 - 6 0  

---- -- -- I 
I GG-F-0- 60 -60 0 0 

60 0 - 6 0 0  I 200 800 200 0 
0 60 0 - 6 0 ;  0 200 800 200 
0 0 60 -0 0 0 200 400 - I - 



~ n d c t e h t e  On substituting the values, we get 
s- - n 

- 0.025 - 1.25 
lmlmlo [o*025 ] = x = Displ--m 

2 x104 - 0.050 - 2.50 
0.075 3.75 

Now, the reaction components From Eqs. (12.1) and (1 2.2)l- . 

nus ,  Net reaction at 1 = yl = 2 N 

Net reaction at 2 = y2 = 0.5 N 

Net reaction at 3 = y3 = 15 N 

Net reaction at 4 = y4 = 10.5 N 

Here, the actual inversion of the square matrices A4 and A2 are left for you. 

Analysis of 3-D Beams and PIane Frames . [ I  [ I  
A 3-dimensional beam is subjected to the action of bi-axial forces, biaxial bending 
moment, shear and torsional forces. It requires 12 x 12 order stiffness matrix for 
analysis. Again each plane frame may consist of horizontal, vertical andlor inclined 
beams. These may be under the action of nodal and/or non-nodal force 
components. The analysis of frames may be done by defining the force and 
displacement of the member element in terms of global coordinates. Interested 
students may consult any standard book on matrix structural analysis. 

Analysis of Plane h s s e s  

StifJness Matrices for 'Ituss Members 
We consider a member 1-2 of a plane truss mentioning both the global and local 
coordinate axes as shown in Figure 12.24. Here, the member is subjected to two 
nodal forces XI' and X i  along the local coordinate axis x '. 



Here, in Figure 12.24 

XI, Y1 and X2, Y2 = Force component, along the global coordinate axes 
x and y at nodes 1 and 2 iespectively. 

L, A, E = Lengd, sectional area and modulus of elasticity of the member 1-2. 

i, y' and x, y = Local and global coordinates axes respectively. 

u', v' and u, v = Local and global displacement component respectively. 

, Now, we can write the force displacement equation along the local coordinate axes 
in the matrix form as follows : 

In order to make convenient for trmsformation form local' to global coordinates, 
we have to expand the 2 x 2 matrix into 4 x 4 matrix as follows : 

(12.3) 

since truss member can bear only axial force and axial displacement, i.e. 

[ X I  = [K'J [u' l  (12.4) 

b- 'hansformation of Truss Stiffness M a t h  

Generally, a truss member has four force and four displacement components in 
terms of global coordinates. 

s 

From Figure 12.24, we can write : 

xl' = x I ~ ~ e + Y 1 s i n e  

yIt = - x l ~ i n e + y l C O ~ e  

X2' = X2 cos 8 + Y2 sin 8 

yIt = -XI sine+ Y ~ C O S ~  

c s o o  

Thus, 

0  0 - s c  

where, c  = cos 8 and s = sine. 
7 

Therefore, in the compact matrix form 

[ X I  = [T I  [XI  
where, [ X ] = Matrix of force component in terms of local coordinates. 

[ X ] = Matrix of force component in terms of global coordinates. 

[ T ] = Transformation matrix 

The T matrix is symmetric and the inverse of T is also its transpose. 

:. [XI  = [TI- '  [ X I  = [ T ] ~  [ X I  (12.7) 

Similarly, displacement matrix may be transformed trom local coordinates into 
global coordinates. 

Mataix Methods of 
Andysis 




























