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20.1 INTRODUCTION

In Block 4 and in the preceding units of this Block, you have learnt about the
electromagnetic field. You have seen that at any point in space, the
electromagnetic field can be specified by two vectors E and B. It was seen
that, a set four equations, named after James Clerk Maxwell, connect these
vectors and their derivatives to sources of charges and currents. Two of these
equations deal with static electric and magnetic fields, while two others
describe the time varying fields. The equations connected with the static
fields are expressed in terms of divergence. Physically the divergence of a
quantity is the measure of the net amount of the quantity in question which
enters or leaves a small volume of space. In the present case, the quantity
concerned is the number of lines of force (of the electrical intensity £ or the
magnetic induction B). We have seen that in the case of electrostatic field,
the divergence of E is zero, if the surface (real or imaginary) does not enclose
any electric charge. If on the other hand, the surface does enclose electric

charge, the electric flux [ E - d§ and hence [ ¥ - Edv is non zero. In the case
of magnetostatic field, the number of lines of force going into a closed surface
exactly equals the number coming out and the flux is always zero. The
difference between the two cases is due to the fact that isolated electric
charges can exist but magnetic monopoles cannot, at least, no search so far
has been successful in isolating them.

The third of the Maxwell’s equation deals with the magnetic field produced by
a changing electric field. According to Faraday’s law of induction, whenever
the magnetic flux through a conducting circuit changed, a current flows in the
circuit. We have discussed the phenomenon of electromagnetic induction in
detail in Unit 19.

Thus, the source of an electric field is found to be either electric charges or a
changing magnetic flux. What about the source of magnetic field itself ? It
was seen that Biot—Savart’s law provides a relationship between a current
element and the magnetic field it produces. We extended the scope of this law
by adding the effects of a large number of current elements and obtained
Ampere’s law which provides a relationship between the line integral of the
magnetic field with-the current flowing through the contour over which. the
line integral is taken. Thus a current is a source of magnetic field, just as an
electric charge is the source of electric field.
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Figure 20.1
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Figure 20.2

It was seen that a changing magnetic flux is also an alternate source of an
electric field. It seems reasonable to expect a symmetric situation which
would connect a time varying electric field with the magnetic field it produces.
There is indeed such an equation, which is an extention of the Ampere’s law.
We will discuss in detail in the following section.

These equations together with Lorentz force exerted on an electric charge
constitute a complete description of electromagnetism. In this unit we will
discuss a very important application of these equations viz. the propagation
of electromagnetic field in space. We will see that it is possible to interpret
the propagation of this field as waves. In fact, we will show that the electric
and magnetic fields satisfy a wave equation of the form (9.3) of Unit 9.

Objective
After going through this unit you should be able to

o explain what is meant by displacement current calculate the magnetic
field produced by a changing electric flux (SAQ 1),

o describe the propagation of electromagnetic wave through empty space

e calculate the rate of energy flow in an electromagnetic wave (SAQs
3?475),

o explain-how an electromagnetic wave carries momentum (SAQ 6), and

20.2 THE DISPLACEMENT CURRENT

We have seen that the magnetic field due to a current is given by Ampere’s law

-

B-dl = poi (20.1)

where the current is through the surface over whose boundary, the integral
above is taken. Maxwell had realised that this equation is logically
inconsistent. To see this consider a parallel plate capacitor being charged by a
battery (Fig. 20.1). During the process of charging a current flows through
the two leads. This current produces a magnetic field around it. Consider a
loop Cj located just outside one of the plates. Let the plane of the loop be
parallel to the plates. If we apply Ampere’s law to such a loop we get [ B.dl
to be equal to u.i. If we consider a second loop C; located just inside the
capacitor close to the same plate as before, the value of the line integral will
be zero as no current flows through the surface of this loop. This is clearly
inconsistent because we could bring the loop to almost coincide and would
expect the same value of the line integral.

Maxwell suggested that in order to remove this anomaly, we need to revise our
idea of what constitutes a current. We generally believe that current being a
flow of charge must be the same at all cross sections of a series circuit. This
clearly is not true for circuits containing capacitors. Consider the RC circuit
of Fig.(20.2). When the switch S is closed, the capacitor charges and the
current is given by

.V

i=5 exp(—t/RC)
This is clearly does not hold good inside a capacitor since the dielectric inside
the capacitor ( which could be air ) is a non—conductor. Thus in order to

_preserve the continuity of ‘current’ inside the dielectric, we need to redefine it




inside the dielectric. The conduction current which exists in the wire outside
the capacitor, is equal to the rate at which the charge in the capacitor plates
is changing. Thus

dQ

Tt
This can be expressed in terms of the rate of change of the electric field inside
the capacitor. The field in the dlelectnc is given by E = Q/Ae¢,. The current

is therefore equal to
dE dog

dt dt
where ¢ is the electric flux through the capacitor. Maxwell suggested that a

1 = Ae¢,

E should be considered as a current within the dielectric and he

term ¢,

called it displacement current. Thus Ampere’s law is modified to read

¢E

){ Bdl = poli + €0 35) (20.2)
Equation (20.2) is now logically consistent. Inside the dielectric ¢ = 0, the
loop integral is given by the second term. This current exists whenever the
electric field, and hence the electric flux is changing with time. Using Stoke’s
theorem we can convert Eqn.(20.2) to a differential form

-~ = - dE
V E= o o€o
XE = pod + potory

(20.3)

Example 1

A parallel plate capacitor with circular plates of radius 10 cm separated by 5
mm is being charged by an external source. The charging current is 0.2 A.
Find (a).the rate of change of potential difference between the plates and (b)
obtain the displacement current.

Solution :

The capacitance is C = ¢, A/d = 55.6 X 10712 F. Given

dQ/dt = CdV/dt = 0.2, dV/dt is found to be 3.6 x 10!! V/s. The
displacement current

_ d¢p dE  dQ .
la= ey =ced gy ="g =1
where we have used £ = @ /(e,A). The displacement current is therefore
equal to 0.2 A. a
Example 2

A 50 pF parallel plate capacitor is being charged at such a rate that the
voltage is increasing at 300 V/s. The plates are circular with a radius of 10
cm. Find (a) the displacement current density and (b) the magnetic field of
induction at a distance of 5 cm from the axis of the capacitor.

The displacement current density is given by

_da_1dQ _CdV _ a2
Ji= 4= G0 = 2 =4775x 1077 A/m

The magnetic field is calculated using Ampere’s law on a loop of radius r

ﬂo']d

i 1.5x 107 T

B =

Electroinagnetic Waves -
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SAQ 1: \
A parallel plate capacitor with circular plates of radius 10 cm and separated
by 5 mm is being charged by a charging current of 0.2 A. Calculate the

‘magnetic field at a point (i) on the axis (ii) 5 cm from the axis, and (iii) 20

cm from the axis.

20.3 ELECTROMAGNETIC WAVES IN
FREE SPACE

Let us consider an empty space without any source of electric charge or
current. The Maxwell’s equations in such a region of space are given by

V-E =0 (20.4)
V-B = 0 (20.5)
— OF
B = pgeq— 20.
V X o€ 5t (20.0)
- . OB
VxE = 22 20.7
X o (20.7)

Note that Eqns. (20.4) and (20.5) simply tell us that the flux of E and B out
of any closed volume is zero. Equation (20.6) and (20.7) couple the electric

and the magnetic fields. If B is time dependent, V x E is nonzero. This
implies that £ must be function of position. Further if 3B /0t itself changes

with time, so does V x E and hence E, since V operator cannot cause time

variation. Thus in general a time varying magnetic field gives rise to a electric
field which varies both in times and space. We will show in the following that
these coupled fields propagate in space.

Instead of doing some vector algebra and obtain the wave equation directly,
we will first examine whether Equs. (20.4) - (20.7) will yield transverse wave
solutions. Let us assume that the electric field has only x - component and the
magnetic field has only y - component. Notice that we are simply making an
assumption regarding their direction. The field magnitude could depend upon
on the three position coordinates (z,y, ) in addition to time t.

Gauss’ law for the electric field (20.4) gives
J0E, OFE, OE,

V . E = z = 0
oz + Jy + 0z
Since only E_ is non-zero, it implied
0F,
0z 0

so that E, is independent of the x—co-ordinate. We will emphasize the space
dependence of E; by writing E.(y, 2, t).

A similar analysis for the B field gives B, to be independent of y. Like in the
case of the electric field we will write By(z, z,t).




Let us now consider the Equations (20.6) and (20.7). Since these are vector
equations, each yields three equations. For instance, (20.6) gives, on taking
the components of both sides

0B, 0B, O0E,
oz oy Ot

Since B, = 0, we get

Oz
This gives By to be independent of z. Thus By depends only on z and ¢. In a
similar manner you can show that E, depends only on z and t. Thus the
fields E and B do not vary in the plane containing them. The only variation
that takes place is along th> z - axis which is perpendicular to the directions
of E and B. The direction of propagation is therefore the z - direction.

Y

/&

Figure 20.3: A plane e.m. wave propagating along z-direction

To see that the propagation is actually a wave disturbance, let us take the
x-component of Eqn. (20.6) and y - component of Eqn.(20.7): We get

8B, _ OE,
-5 = et (20.8)
dE, 8B,
5 - o (20.9)

To get the wave equation for E, take the derivative of Eqn.(20.9) with
respect to to z and substitute Eqn.(20.8) after interchanging the space and
time derivatives, i.e., use

d? 0?
9201~ 910z
We obtain 92 2E
_—82; = u°€°“8t2x (20.10)
A very similar equation is obtained for B,
0’B 0°B
___8221‘ = “°€°—at2y (20.11)

comparing Eqns.(20.8) and (20.9) with the wave equation (9.3), we find that
the electric and the magnetic field propagates along the z - axis with a velocity

1
VHo€o

C =

(20.12)

Electromnagnetic Waves
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We have seen in Unit 9 that the solutions to (20.8) - (20.9) may be expressed
as a function of (z &+ ct). The velocity of the wave in vacuum ¢ has a
numerical value 3 x 108 m/s. Figure (20.3) shows a plane wave propagating in
the z - direction. The wave fronts are planes. Over each of these planes, E or
E has a constant value.

Let us consider plane harmonic waves of angular frequency w and wavelength
A = 27 /k we can express the e.m. wave as

E; = E,sin(kz —wt)
B, B, sin(kz — wt) (20.13)

The amplitudes E, and B, are not independent as they must satisfy (20. 8)
and (20.9):

6Ea: » . ;
9 Eok cos(kz= wt)

0B,

5 = Bow cos(kz — wt)

Thus from (20.9), we get
E.k = Bow

The ratio of the electric field amplitude to the magnetic field amplitude is
given by E

= % =c (20.14)
The fields E and B are in phase, reaching their zero and maximum values at
the same time. The electric field oscillates in the x—z plane and the magnetic
field in the y-z plane. This corresponds to a plane or nearly polarized wave.
Conventionally the plane in which electric field oscillates is defined as the
plane of polarization. In this case it is x—z plane. Fig (20.4) shows a harmonic
plane wave propagating along the z—direction. Note that E, B and the
direction of propagation form a right handed triad.

Figure 20.4: Transverse electromagnetic waves

Example 3 ‘
The electric field of a plane electromagneticwave in vacuum is .
E, = 0.5cos[2r x 10°(t — £)] V/m, E; = E, = 0. Determine the wavelength,




the state of polarization and the direction of propagation of the wave. Electromagnetic Waves
Determine the magnetic field.

Solution :
Comparing with the standard (cosine form) E, cos(kz — wt), we have

w = 2 x 10%rad/s
b = 2r x 108
. c

so that A = ¢/10® = 3 m. The direction of propagation is clearly the x -
direction. Since the electric field oscillates in x—y plane, the plane of
polarization is this plane. As the direction of propagation is x - direction and
F is along the y-direction, B has only z-components.

E, 0.5

= —_—= e =1. ~9
B, = - T3 107 1.66 x 107°T
Thus,
, -9 8 z
B, = 1.662107" cos(27 x 10°(t — —t-))T
' a
SAQ 2:

The magnetic field of an electromagnetic wave is represented by
2
B, = 10~%sin( g—:c —~ 27 x 10%)T = B,

Determine the strength of the electric field and find the plane of polarization.

Until now we have avoided using the full three dimensional operators V. Let
us confine ourselves to harmonic waves. You have seen in Unit 9 that a three
dimensional wave function has the form sin(E - # — wt) or cos(k - 7 - wt).
Instead of dealing with the tfigonometric functions, it is convenient to
consider the complex exponential form

f(7,t) = exp(ik - 7 — iwt)
and later take the real part or the imaginary part of the function as the case
may be.

Taking the time derivative of f'(i", t) we get
O,
Ef(r,t) = —iw f(F,t)

Likewise taking partial derivative with respect to x

ba—zf(ﬁ/t) = 3—67;- exp(ikzz + tkyy + ik, z — iwt)

= ik, f(7,t)

Since

N

v _2E+13—y-+k5;"

it follows that the V operator acting on f(f,t) gives
V(1) = ikf(F,1)

d
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Thus for our purpose, the differential operators /8t and V may be
equivalently replaced by

LA
ot
V — ik (20.15)

Using these the four Maxwell’s equation (20.4) - (20.7) becomes

E-E =0 (20.16)
E-B =0 - (20.17)
ExB = —poeok (20.18).
ExE = B (20.19)

You can see clearly that E, B and k constitute a mutually orthogonal,triad.
The electric and the magnetic fields are perpendicular to each other and they
are both perpendicular to the direction of propagation, as shown in Fig.(20.3).

Example 4
Given E = iE; cosw(z/c — t) + jEo sinw(z/c — t), determine the magnetic field
B.

Solution Using the relation (20.19) B=kx Ez and observing that the
propagation being along the z - direction k = kk, we get

= AEO . < ,Eo ‘Z
B= —1—c—smw(z - t)+_17cosw(c —-t)

o

20.4 GENERATION OF ELECTROMAGNETIC
WAVES

In the last section we have examined the propagation of electromagnetic waves
without enquiring about their sources. In fact, we only looked for the solutions
in empty space where we put p = 0 and J = 0. We will not try to solve the

equation for the case where sources exist. Instead, we look at a few pointers.

-—ll——l
- € Jood <
o\

LC Oucillator

Figure 20.5: Hertz's Experiment

‘We know that if p = constant, and hence J = 0, we only get a steady electric

field. If p varies uniformly so that only steady currents arise, we get a steady
magnetic field as well as an electric field. Thus it is clear that a time varying
electric and magnetic fields can be generated if the currents vary with time,




i.e., if the charges accelerate. Hertz confirmed the existence of electromagnetic
waves in 1888 using these principles. a schematic diagram of Hertz’s
experimental set up is shown in Fig. (20.5) ‘

Hertz realized that the radiation will be appreciable only if the amplitude of
oscillation of the charge is comparable to the wavelength of radiation it emits.
This rules out the possibility of mechanical vibration, for assuming a
vibrational frequency of 1000 cycles per second, the wavelength works out to
300 km. The amplitude of vibration required will be 300 km. Hertz therefore
decided to generate oscillating charges of much higher frequency which could
be done in a laboratory. The apparatus consists of two square sheets of brass
plates connected to the terminals of a secondary. The primary consists of a
driven L-C oscillator circuit, which establishes charge oscillation at an
angular frequency w =1 /\/ﬁ . As the primary circuit oscillates, oscillations
are set up in the secondary circuit. As a result repidly varying alternating
potential difference is developed across the gap and electromagnetic waves are
generated. Hertz was able to produce electromagnetic wave of wavelength 6m,
It was soon realized that electromagnetic waves, irrespective of their
wavelength all travel through empty space with the same speed, viz., the
speed of light. Depending on their wavelength range they are given different
names, since they have different physical realization in terms of their
applications. Figure (20.6) shows the elertromagnetic spectrum.

i

10" 10 10 10 10 10

Figure 20.6: The Electromagnetic Spectrum

Notice that what is known as ‘light’ is the narrow visible region of wavelength
range 400 nm to 700 nm (1nm = 10~%m). To its either side are the infrared
from 700 nm to 0.3 mm and the ultraviolet from 30 nm to 400 nm. Those
which have longer wavelengths than the infrared are the microwaves (0.3 mm
to 300 mm) and radiowaves (long than 300 mm). The television broadcast
takes palce in a small range at the end of the microwave spectrum. Those
with wave lengths lower than the ultraviolet are usually called rays.
Prominent among these are the x - rays (0.3 Angstroms to 300 Angstroms)
and gamma rays (shorter than 3 Kngstroms).

20.5 POYNTING VECTOR

In our discussion on waves in Unit 9, you have seen that a wave can transport
energy. Electromagnetic waves are no exception. The power through unit area
in a direction normal to the area is given by the Poynting vector, defined by
1. .
S=—ExB (20.20)
Mo

Note that since I:j, B and k form a right handed triad, the direction of 5 is the
direction of propagation of the wave. In SI units, the Poynting vector is
measured in watts/m?2,

Electromagnetic Waves

J J’l in m.
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The magnitude of § for the electromagnetic wave travelling in vacuum is
g.ven by
2 :
s-EB_E (20.21)
Ho Clto
where we have used Eqn.(20.14). Generally we are interested in the average
energy transported over a period of observation. If we consider harmonic
waves, we have

2
S = E, sin?(kz — wt)
Clho

It has been pointed out that the average of sin® (and cos?) function over a
period is 1/2. Thus the average power transmitted per unit area, which is just
the intensity of the wave is given by

= —ce.E? (20.22)

SAQ 3: L
Calculate the Poy#ti ng vector for the electromagnetic wave of the example 4.

SAQ 4: ' ,
The electric field of a plane electromagnetic wave is represented by

E, = 0.5cos(2r x 10%(t — %)

Compute the average intensity of the wave.

Example §

Earth receives 1300 watts/m? of solar energy. Assuming the energy to be in
the form of plane electromagnetic waves, compute the magnitude of the
electric and the magnetic vectors in the sun light.

Solution :
From the expression (20.22) for the average intensity,

lceoEg = 1300
2 ; .
which gives E, = 989 V/m. The corresponding rms value is obtained by

dividing by v2, E;m, = 700 V/m. The magnetic field strength is-
B, = Eo/c =3.20 X 10~® T. The rms value is B — rms = 2.33 x 107°T. (]




Example 6 Electromagnetic Waves
A 60 watt lamp radiates all its energy isotropically. Compute the amplitude
of the electric and the magnetic field at a distance of 2 m from the lamp.

Solution :
The emitted power passes through a sphere of radius 4xr2. Since the intensity
is given by the magnitude of the Poynting vector, we have

(—;—ceoEZ Yarr? = 60

which gives E, = 30 V/m. a
SAQ 5:

A radio transmiter emits a uniform conical beam of radiant energy. The solid
angle of the cone is 0.01 steradians. The maximum electric field intensity at a
distance of 1 km from the transmitter is 10 V/m. Find the magnetic field of
induction and the power in the beam.

We have seen that the electromagnetic wave carries energy. In addition to

this, it carries with it a certain momentum. The relationship between the

energy and momentum for an electromagnetic wave is given by P = U/c,

where U is the energy. You have seen that the total energy density u of an

electromagnetie wave is given by ¢, E2, so that the momentum density, which
is the momentum per unit volume is given by

€ E? =
Ipl= = | ExB|

Since the momentum must be along the direction of propagation, we can
convert this equation to a vector equation

F=eE x B (20.23)

This implies that when an electromagnetic wave falls on a surface, it will exert
a pressure on the surface depending on the rate of change of the momentum.

For simplicity let us consider the case of a beam of electromagnetic waves
falling normally on a surface of area A, which absorbs it completely. The force
exerted on the surface is the rate of change of momentum. The total
momentum change per unit time is given by the momentum contained within
a volume cA. The pressure is therefore given by €, E2, which is exactly equal
to the energy density u.

If on the other hand, the surface is a conductor which almost perfectly reflects
the wave, the change in the momentum will be twice the above value, i.e. , 2u.

The above is true for normal incidence. If the radiation is diffuse (i.e., moving
in all directions), we can imagine that it consists of plane waves moving in
each of the x, y, and z directions. If the radiation is isotropic, it has the same
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intensity in all the directions. The contribution to the pressure however comes
only from those waves propagating in directions which have component
perpendicular to the surface. Thus on an average, only one third of the
radiation is responsible for the pressure. If the surface is an absorbing surface,
the pressure is u/3, while in the case of a perfect reflector, it is 2u/3.

The existence of radiation pressure has been verified experitnentally. The
curvature of a comet’s tail is attributed to the radiation pressure exerted on
the comet by solar radiation.

Example 7

The earth receives 1.3 kW/m? of power from the sun. Calculate the force
exerted by the solar radiation on a satellite of surface area 900 m2. Assume
the body of the satellite to be made of metal and the solar radiation to fall
normally on it. If the mass of the satellite is 100 kg, how does this force

compare with the gravitational force exerted on the satellite.

/
/
Solution : !

The pressure on the satellite is

_ 2§ 2x13x10°
T ¢ 3x108
The force exerted by the solar radiation is therefore

8.67 x 1078 x 900 = 7.8 x 10~3 N. The gravitational force on a satellite is
essentially due to the earth. Assuming that at the distances at which the
satellite orbits the earth, the acceleration due to gravity is 0.9¢g, the force on
the satellite is 883 N. Thus the force exerted is smaller by a factor of 10°.
However, this is strong enough to significantly affect the satellite orbit. a

SAQ & :
Assuming that the earth absorbs all the radiation that it receives from the

sun, calculate the radiation pressure exerted on the earth and compare it with
the atmospheric pressure.

2u = 8.67 x 107¢ N/m?

20.7 SUMMARY

In this unit we considered the propagation of electromagnetic waves in free
space. We began by considering Maxwell’s modification to Ampere’s law. It
was realised that Ampere’s law is logically inconsistent in circuits containing
capacitative elements. This is because conduction current cannot flow through
the dielectric of the capacitor. Application of Ampere’s law to such circuits
therefore went against our notion of a current having the same value at all -
sections of a series circuit. The lacuna was removed by defining a
displacement current which is produced whenever the electric flux through the
capacito plate changes.

Having completed the four Maxwell’s equations, we looked for the free space
solutions of the equations. It was found that these equations have transverse
wave solutions. It was seen that while propagating in empty space, the
electric field, the magnetic field and the direction of propagation are mutually




perpendicular. The magnitude of the magnetic field was found to be smaller Electromagnetlc %avos
than the corresponding electric field by a factor equal to the speed of light in-
vacuum. Like any other wave, electromagnetic waves transport energy. We
defined Poynting vector, which gives the power transmitted through any point
along the wave. It was found that the direction of propagation of energy is the
same as the propagation direction. For point sources emitting isotropic
radiation, the intensity decreases according to inverse square law. In addition
to energy, the electromagnetic wave carries momentum and this results in a
pressure being exerted on the surface on which the radiation falls. Radiation
pressure, though small in magnitude has measurable effects like the bending
of the tail of a comet, changing orbit of a satellite, etc.

208 ANSWERS TO SAQs

1. Consider a circle of radius r whose centre lies on the axis and whose
plane is parallel to the plates. The magnetic field of induction is the
same everywhere on the circle and is tangential to the circle. Thus

2

R, mu,. =T
fB-dl = 27rrlD1rR2 =forr < R .
= Dteip =forr > R
' The field on the axis is zero. The field at 5 cm from the axis is 2 x 10 =7
§ T and the field at 15 cm from the axis is 2 x 10~7 T.

2. Since the electric field, magnetic field and the direction of propagation
forms a right handed triad, the direction of vector E is perpendicular to
B in such a way that E has to be rotated anticlockwise to get to B.
. 27 o8
E, =c¢B, = 3sm(—3—:c -2 X 107°t)V/m

E, =-¢B, = -3sin( 23lﬂz - 27 x 107%)V /m

The strength of the electric field is therefore 31/2 units.

3. The Poynting vector is given by

2
S’lBkE

Ho po ¢

4. 3.31 x 10~* watts/m?

5. Power in the beam is the product of the intensity (1/2)ce, E? and the.
area through which the energy is transmitted. The surface area of a
cone of solid angle © is Q72, so that the power works out to 1.33 kW.
The magnetic field intensity is E,/c = 0.33 x 10~7.

6. The pressure (assuming diffuse radiation) is
U/3 = §/3¢c = 1.33 x 10~% N/m?. The atospheric pressure is 10° N/m?.
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