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19.1 INTRODUCTION 

Michael Faraday (1791-1861) discovered that a time varying magnetic 
induction gives rise to an electric field. The mathematical statement of this 
effect is known as Faraday's Law of electromagnetic induction. In an earlier 
unit, we have used the expression "Magnetic Inductionn to  indicate the field 

which accompanies an electric current. The word "inductionn in Faraday's 
law is interpreted in a different way. Confusion can be avoided by considering 
the context of the expression used. We shall feel free to use the expressions 
"Magnetic Field" and "Magnetic Induction" interchangibly in this unit 
though the former expression is usually reserved for a related quantity 
designated by I?. 

Faradays discovery was recognised as a significant advance in our 
understanding of electromagnetism. It demonstrates the connection between 
electric and magnetic phenomena, paving the way for a unified view of both 

1 kinds of phenomena under the heading "Electromagnetic Phenomenan. On 
the technological side, Faraday's discovery was relevant to the development of 
a variety of applications which culminated in the invention of electrical 
machines which are indispensable in our day-teday life. Indeed one may say 
that the industrial revolution with electrical power as its base would not have 
been possible without Faraday 's discovery. 

In this unit we shall first give a statement of Faraday's law and discuss its 
physical interpretation. We will show that the sign of the magnetic flux 
through an open surface plays a crucial role in the understanding of the law. 



We shall then consider certain simple geometrical configurations for which 
Faraday's law can be used to obtain quantitative results. A coil rotating in an 
external magnetic field will then be discussed as a prototype of an electric 
generator. The concept of motional electromotive force will be examined. 

As an application of Faraday's law, we shall introduce the concepts of mutual 
and self-inductance. An expression for the energy density in a magnetic field 
will be derived. Finally we shall discuss the transient response of some circuits 
containing an inductive element. 

Objectives 

After reading this unit you should be able t o  : 

r Understand how the electric field produced by a time-varying magnetic 
field is different in some of its properties from the static electric field 
produced by stationary charges(SAQs 1,2) 

r Calculate the electric field when the time rate of change of 3 is given 
and the geometry is simple(SAQ 11) 

r Use the concept of motional electromotive force (emf) to analyse the 
situation when a conductor is moving in a region of field (SAQ 15) 

Calculate the inductance for some simple circuit geometries (SAQs 
16,17) 

Apply the concept of energy density in a magnetic field for solving 
problems (SAQ 18) 

Analyse the transient response of L-R, L-C, and LCR-circuits(SAQs 
19,20) 

19.2 STATEMENT OF FARADAY'S LAW 
- 

Faraday's law is essentially a statement which gives the relation between a 
time-varying magnetic field and the electric field I? produced by it. Earlier 
we have seen that electric charges are the sources of I?. Faraday's law gives 
another possible way of producing an electric field. The question immediately 
arises as to whether Faraday's law tells us that 3 can be produced without 
using electric charges? The answer is of course "No". Because a magnetic 
field is produced by a current which is equivalent to moving charges. 
Therefore electric charges are required to produce the field 2. A time-varying 

a i  
magnetic field means - # 0. at 
So far we have examined situations where the components of I? and 2 were 
dependent only on the space coordinates (z, y, t ) .  Now we are ready to 
consider a fourth variable, viz. time t. And the first such situation we are 
going to examine is that of a time-varying field 2. The most general 
expression for such an entity would be 

Faraday's law tells us that a time-varying magnetic field produces an electric 
field. This field I? and the field J!? generated by a charge q have the same 
effect on a charge Q : a force = QI? acts on the charge. However, they differ 
in one aspect. The I? field in Faraday's law is non-conservative. It is useful to 
review some of the earlier ideas in order to  appreciate this difference. 



The electric field produced by statlonary charges is sometimes called 
electrostatic field. This field is conenative. There are two equivalent ways of 
defining a conservative field : 

(a) If a vector field can be 'ezpressed as the gmdient of a 
scalar field, then it is conservative. 

For example we can express the electrostatic field jf as the (negative) gradient 
of the electrostatic potential cp(x, y, z) 

Therefore jf is conservative. The electrostatic field of a point charge is 
conservative. Moreover the sum of any number of conservative fields is also a 
conservative field. Therefore the field due to any arbitrary charge distribution 
is also conservative. This is a consequence of the superposition principle. 
An equivalent way of defining a conservative field is the following : 

(b)' If the line integml of a vector field for all closed paths is zero, 
then it is a conservative field. 

The word all is important in the above definition. Even for a non-conservative 
field, it may be possible to choose a particular path for which the line integral 
vanishes. This is not sufficient to call the field as conservative. 

. Mathematically this condition can be expressed as: 

For 2 to be conservative, A d i =  0 for all closed paths f 
The above relation is equivalent to the condition that the line integral of 2 
from a point P to point Q is independent of the path of integration. 

Example 1 
Consider the vector field = 2az yi + ax2 j. Evaluate the integral J 2.  difrom 
0 to P(a, 6) along two different paths: 0 -, A(a,O) -, P(a, 6) and 
0 -, B(0,b) -, P(a, 6). 

Solution: 

Fuuty'r Law 

4 

Now /dl A. d i =  0 because for the path OA, y is zero and dl = dzi. Also 

/1P d-  cf= dy = n3b. Similarly 

0 X d. d i =  2ab/Oa xdx = a3b. The two different paths from 0 to P give the 

same line integral. There is a possibility that x i s  conservative. Since we can 
4 Figure.19.1 

write A = 2axyZ + a z 2 j  = V(axZy), we conclude that x i s  conservative. 

SAQ 1 : 
In the above example show that 2 dievaluated along the straight line OP is 
also a3b. 



Figure 19.2 

SAQ 2 : 
Show that 2 = iz + 2jy + 3kz is a conservative field by writing it as the 
gradient of a scalar function of z, y, and z. 

The electric field associated with a time-varying magnetic field is 
non-conservative. In contrast the electric field of static charges is conservative. 
However on any external charge q the action of both the fields is identical. 
Both will produce a force = ql? on a charge q. Before we introduce 
Faraday's law, it is neceksary to review the idea of magnetic flux @ over an 
open surface. Earlier, we have defined the magnetic flux over a surface S as 

For a closed surface we get 

Now consider open surfaces S1 and S2 as shown in Fig(19.2) having a 
common boundary in curve C. Such a situation could be visualised for 
example by taking two pots having the same size mouths (curve C) and 
keeping one inverted over the other. In the case of pots, the curve C (edge of 
its mouth) is in one plane. This need not be true for the result we are going 
to deduce. All that is required is that two arbitrary open surfaces have a 
common boundary in curve C. 

Now introduce a third open surface S3 bounded by the closed curve C. In our 
model with two pots, a piece of cloth stretched on the mouth of one pot can 
be S3. Since (SI + S3) make a closed surface, 

Similarly (S2 + S3) is also a closed surface. Therefore 

Equating the left hand sides of the above equations we get 

This shows that in a given field, the magnetic flux over an open surface 
depends only on its boundary and not on the geometry of the surface. All 
open surfaces having the same boundary have the same magnetic flux. This is 
a consequence of the fact that divergence of 5 is everywhere zero. 
Faraday's law relates the time rate of change of magnetic flux through an 
open surface with the line integral of @ around the closed curve which forms 
the boundary of that surface. 



Consider the closed curve C in Fig.(19.3) which we have taken to be in the 
plane of the paper for convenience. First we must decide (arbitrarily) to 
describe C either clockwise or anticlockwise. A field of magnetic induction g 
exists over C .  We need the magnetic flux through an open surface bounded by 
C. According to equation (19.5) any open surface will do if it is bounded by 
C. We may therefore take the surface S in the plane of the paper - recall that 
C is in this plane. The magnitude and direction of I? can be different at  

different points. In order to evaluate the magnetic flux + = d$ over S, J 
we need to divide S into small elements dS. This has been done by drawing a 
grid of dotted lines over S. Each dS has to be represented by a normal vector 
dS.  Which way to draw the normal? Going into the paper or coming out? 
This question does not arise for a closed surface because at each point of a 
closed surface the outward normal is uniquely defined and that is taken as the 
direction of the local element dS. In Fig(19.3) take an element dS1 = PQ R S  
near the periphery where curve C forms one side of it. Side PQ forms part of 
C which we have (arbitrarily) decided to describe clockwise (as seen from 
above). Continuing in the same direction dSl is described as 
P -r Q -r R -, S -r P i.e. clockwise. The vector $1 is then into the plane of 
the paper by the right-hand screw rule. Magnified view of What about the 
next element MSRN? See Figure (19.4). Side SR was described as R -, S 
when we considered dS1.  SR is common between dSl and dS2.  Therefore it 
must be described in the reverse direction as S -, R when considering dS2.  
This fixes the direction of vector dg2 also as into the paper. In this manner 
all vectors d g  in Fig.(19.3) are pointing into paper. The idea is to equate the 
line integral over C to the sum of line integrals over the boundaries of all the 
dS elements. This can happen only when the contributions to all common 
sides cancel out, leaving only the line integral along C. It is obvious that this 
idea will work even when C is not in one plane and surface S has any arbitrary 
shape - no matter how complicated. Our choice of describing C clockwise has 
thus fixed all the details of the mathematical process involved. The final 
result given by Faraday's law is independent of our initial choice of describing 
C. Faraday's law states that a changing magnetic field produces an electric 
field I? such that the line integral of I? around a closed curve equals the 
negative rate of change of magnetic flux over a surface bounded by C : 

a+ - - -=--  a8 
- at ,"t k a . d $ =  J - = . d s  (19.6) 

The line integral on the left hand side of the above equation is the 
a+ 

electromotive force (emf) which was introduced in Unit 16 of Block 4. If - at 
is in Tesla.m2/s or Weberls, then the emf is in Volts. We can use the symbol 
& for emf. Recall that the line integrd over a closed curve for the 
electrostatic field is always zero. This difference must be understood. 

Example 2 
Suppose a field g is everywhere pointing into paper over surface S bounded 
by C. Further, suppose a is increasing with time. Apply Faraday's law to this 
situation and determine whether the emf acts clockwise or anticlockwise along 
curve C. 

Solution: 
We start by making an arbitrary choice of describing C clockwise. For the 8 
indicated, the flux + = g .  d,!? is positive. J 

Figure 19.3 

Figrlre 19.4: 
Magnified view of figure 
19.3 



Figure 19.5 

Figure 19.6: Magnet 
approaching loop 

d a@ 
Since B is increasing with time, -- 

8 t  
is negative in this care. Hence f I?. d i  

will be negative pmaided we perform the integration in the clockwise direction 
over C. This means the emf acts anticlockwise over C. In this case we cannot 
make any statement about the direction or magnitude of the so called induced 
electric field at any point of C. This is possible only for certain speci 

$?;fa configurations where symmetry considerations can be used. In Fig. (1 5) 
conducting wire is placed along C to form a closed loop, the induced emf will 
send a current in it in the anticlockwise direction i.e. along the direction of 
the induced emf. It is important to note that the magnetic induction 
producede by such a current will reduce the rate of increase of magnetic flux 
through S. This is the significance of the negative sign in Faraday's law. This 
effect - that the induced current tries to minimise the cause of its creation - is 
known as Lenz's law. Lenz's law indicates that there is a kind of negative 
feedback in the operation of Faraday's law. 

SAQ 3 : 
In example (3) above, take the direction of describing C as anticlockwise 
keeping the other details unchanged and show that the final conclusion 
remains the same 

One of the simplest situations where Faraday's law can be applied is shown in 
Fig.(19.6). The north pole of a bar magnet is approaching a loop of 
conducting wire. What vrill be t l~c  direction of the induced emf? Looking at 
the loop from the magnet-side, if we describe the loop clockwise, then the 
magnetic flux through the loop will increase as the magnet moves to the right. 

Thus f 2 - d i  will be negative if evaluated along a clockwise direction. We 

conclude that a current will flow in'the a?iiclockwise sense as seen from the 
magnet side. Such a current will make tlie loop equivalent to  a magnetic 
dipole with its north pole facing the approaching north pole of the bar magnet. 
Thus the loop will repel the bar magnet. This is a confirmation of Lenz's law. 

SAQ 4 : 
In Fig.(19.6) if the bar magnet is reversed pole for pole, and its velocity is also 
reversed so that the south pole which is nearer to the loop is receeding from 
it, what will be the force between loop and magnet? Attractive or repulsive? 
Explain. 



SAQ 5 : 
Two identical size loops of wire A and C are kept on the same axis and 
parallel as shown in Fig.(19.7). Initially a clockwise current is flowing in A as 
seen from P. This current is suddenly switched off. Will this action produce 
an attractive or repulsive impulse between A and C? How is your answer 
consistent with Lenz's law ? 

19.3 QUANTITATIVE CONSIDERATIONS 

In example (2) we have shown that for the given configuration of field g,  the 
emf over the curve C acts anticlockwise. Since the emf is defined as 
& = i!? di ,  this statement is an integral statement for field I?. The direction f 
and magnitude of ,!? at any given point on C cannot be determined for an 
arbitrary geometry. Suppose the emf over C is 4 mV, and a thin conducting 
wire-loop of resistance 5 52 forms the c u r v e . ~ . , ~ h e n  as long as the emf exists, 
a current i = 4mV/59 = 0.8 mA will be produced'm the loop. It is not 

i 
possible to stat6 whatathe voltage must be over any given part of C. All that 
can be stated is that the total voltage around C is 4 mV and that it acts 
anticlockwise. 

* . w  

If, however, we consider a situation which enjoys some degree of symmetry, it 

I is possible to use Faraday's law to make a more detailed statement about the 

i field ,!? produced by a time-varying field B. 

Example 3 
A circular loop of wire has radius 0,lm. A uniform magnetic i l !  cluction is 
directed normal to the plane of the loop over the circular area , overed by the 
loop. Starting from 0.2 T,  the field increases uniformly to 1.21 1' in 6 seconds. 
Calculate the electric field at a point on the loop. If the resistance of the loop 
is 0.04 52 , what will be the current in the loop due to the induced emf? 

Solution: 
dB (1.4 - 0.2) 

Rate of change of flux = n R ~ -  = n x (0.1)~ x 
dt 6 

= 6.283 x Webers/s. Thus emf = i!? di= 6.283mV. Because of the f 
cylindrical symmetry of the situation, we can say that : 

i) The electric field will have the same value at all points on the loop. 
ii) The direction of is tange:tial to the loop everywhere. Therefore 

emf & = ,!?. di=( ,!? I -2rR which gives I ,!? I= f 6.283 x V 
1 = 

2n x 0.1 m 
emf - - 6.283 mV 

Current = 
0.0452 

= 157 mA. You may note that at any time, 
resistance 

the induced emf depends, not on the actual (i.e. instantaneous) value of B 
but on the time rate of change of 3. 

0 

Faradmy's Law 

Figure 19.7 



SAQ 6 : 
A square loop of side 0.16m has a uniform magnetic induction B = 0.48 T 
over its area as shown in Fig.(19.8). At t = 0 the strength of the field starts 

dB 
decreasing at the rate - = 0.032 T / s .  Calculate the line integral & of l? 

dt  
around the loop at t = 15s. What is the magnetic flux at this instant? 

Figure 19.8 

SAQ 7 : 
Solve (SAQ 6) above when the field 2 makes an angle of 45" with the plane of 
the loop. 

SAQ 8 : 
Two circular loops of wire are kept in the same plane with a common centre. 
The radii are a = 0.24m and b = 0.02m. The current in larger loop is changing 
at the rate 12A/s. Assuming that the field over the smaller loop is uniform, 
calculate the induced emf in it. 

Figure 19.9 

Consider a loop of conducting wire as shown in Fig.(19.9). If the area is A 
and the magnetic induction a t  each point of the area is changing at the rate 
dB/db, then Faraday's law gives the induced emf a t  any instant as 

Suppose the resistance is R 52. The current a t  any time is then, 
& AdB i = - = - -  
R R dt 

where we have dropped the negative sign. What 'is the total 

amount of charge flowing around the loop from time tl to t2 ? 



A t2dB A q = l: idt = ll zdt = - [B(t2) - B(fl)l 
R 

The total charge circulated around the loop is proportional to the total 
change of flux. It  is independent of the rate at which flux chanpes. This is an 
i ~nportant result. 

SAQ 9 : 
A small search coil of area 1 cm2 has 40 turns. It  is connected to a ballistic 
Galvanometer so that the charge flowing in the coil can be measured from the 
throw of the Galvanometer. The circuit has a resistance of 30 R. 
The coil is iaitially placed between the pole pieces of an electromagnet so that 
2 is normal to its area. I t  is found that when the coil is suddenly pulled out 
of the magnet, a charge of 15.6 pC flows through the galvanometer. Calculate 
the field strength between the pole pieces. 

SAQ 10 : 
A small coil of area 1.8 cm2 and 80 turns is connected to a ballistic 
Galvanometer, the total resistance of the circuit being 25 ohms. The coil is 
initially held between the pole pieces of a magnet with its area normal to the 

field of strength 0.36 T.  Calculate the charge circulating in the 
Galvanometer when the coil is suddenly turned through 180' about a 
diameter. 

Faraday's Law 

19.3.1 Calculation of the induced field 

t 
Consider tlie situation in Fig.(l9.10). A circular area of radius a and centre 0 
has uniform field 2 pointing into the paper (normal to paper). Thus the 

1 magnetic flux over the shaded area is na2B. Suppose the field is increasing at 
a rate dB/dt. Faraday's law can be used to calculate the induced emf i.e. the 
line integral of I? around a closed path. Let us consider a special closed path : 
a circle of radius T ( T  < a )  and centre 0 indicated by the dotted line. For this 
circle, because of its symmetry, we expect that the electric field should be the 
same at all points on it and also directed tangentially. This means the circle 
itself represents a line of electric fbrce. 



itkdrom.gaotlsm Thus, taking if to be clockwise 

emf c = f E d i =  ~ ( r  j o ) 2 ~ r  

Faraday's law gives 
a+ C = - - -  dB - -nr2- 
a t  dt 

Equating the two, we get 

r dB 
E(T 5 a ) =  --- (19.8) 

2 dt 

Now we consider another circular path with centre 0 and radius R(R > a). 
I7 This path also enjoys the symmetry like the smaller circle and therefore. we 

Figure 19.10 can again write 

From r = 0 to r = a, the induced electric field has strength proportional to r. 
For r > a the field is inversely proportional to r. Fig.(l9.11) shows the 
variation of E(r) with r. 

0 r = a  r 
SAQ 11 : 

Figure.19.11: Variation In fig.(l9.11), taking a = 8 cm, and dB/dt = 0.5 T / s ,  calculate the electric 
of E(r) with r in fig.19.10 field at r = 4 cm and at R = 12 cm. Find the direction of the electric field in 

each case. 

SAQ 12 : 
The shaded circular area in Fig.(19.12) has a uniform magnetic induction l? 
directed normal to the area and increasing at a rate dB/dt. A closed curve C 
of arbitrary shape is in the plane of the paper away from the shaded area, not 

6 encircling it. Show that the line integral of the induced electric field I? around 
C is zero but I? is not zero at any point of C. 

Figure 19.12 



19.4 THE ROTATING COIL 

Figure (19.13) shows a circular coil of area A which can be rotated about a 
diameter as axis. The coil is kept in a uniform magnetic field directed 
perpendicular to the axis of rotation. The angular velocity of rotation is w. 1t 
is readily seen that the projected area of the coil on a plane normal to the 
direction of l? is Acos 8 where 9 is the angle between and the normal to the 
plane of the coil. Since w = dgldt, the rate of change of magnetic flux through 
the coil is given bv --) I 

where we have taken 8 = wt. Figure 19.13: Coil rotat- 
a@ 

The emf around the coil is - - and the current is obtained by dividing by ing in magnetic field 
At 

resistance R : 
emf - ABw 

i(t) = - - 
R - R 

sin(w t) 

Fig.19.14: Alternating current in rotating coil 
This alternating current produces Joule heat in the coil. The instantaneous 
value of the power dissipated is 

The average value of sin2(w t) over an integral number of cycles is 112 and 
therefore the average value of the power dissipated is 

If A is in m2, B in Tesla, w in radiansls, and R in R,  P is in Watts. 
Suppose we set the coil in rotational motion ~ 4 t h  some angular speed w. Can 
we expect to get heat energy from the system as the coil continues to rotate? 

F Our experience with the laws of nature tells us that even if frictional losses are 
reduced to zero, the coil cannot continue to rotate for ever. what happens is 
that the rotating coil experiences a torque which tries to slow it down. Thus 

1 the agency which rotates the coil has to work against the opposing torque in 
1 order to maintain the angular velocity w of the coil. The work done by the 

agency is converted into electrical energy, which, in turn gets transformed into 
heat. When the magnetic field a in Fig.(19.13) is the earth's magnetic field, 
the rotating coil is sometimes called "Earth Coi1"r 



For example in Fig(19.13), if A = 0.04m2, B = 0.15T, R = 0.2R. and the coil 
makes 120 revolutions per second,the average power is 

SAQ 13 : 
A square coil of side 30 cm has 80 turns and a total resistance ,of 4.8 R. It is 
rotated at 8400 rpm about one of its sides in a magnetic field of 0.108 T which 
is normal to the axis of rotation. Calculate the average torque required to 
maintain the rotational motion of the coil. 

19.5 MOTIONAL EMF 

We consider the situation represented in Fig.(19.15) in which is shown a rod 
of length L sliding on a pair of parallel conducting tracks MS and OP. This 

S arrangement is kept in a uniform magnetic field B coming normally out of the 
plane of paper. If the rod moves parallel to the tracks with a velocity v as 
shown, the magnetic flux embraced by the loop will change with time - and we 
can expect and induced emf to drive a current in the clockwise 
direction:M + G + K + 0. We can apply Faraday's law to this situation. In 
unit time the area of the loop increases by the area of a parallelogram with 
sides L and V inclined at an angle 8. Since B is normal to this area, the rate 
of change of flux is 

a* 
- = BLv sin 9 
at 

(19.13) 

Lenz's law gives the direction of the induced current as clockwise in the loop. 
B Lv sin 9 

Thus if the resistance of the loop is R, the current will be i = 
R 

in 

the clockwise direction. 
M In Fig.(19.15) the rod KG of length L is the seat of the induced emf. This is 

Figure.19.15: Motional obvious from the fact that if the velocity of the rod is made zero, no induced 
emf emf will appear in the loop. It is possible to take the view that the rod, 

because of its motion in the field B develops an emf (called motional emf) 
between its two ends. In this particular case since the two ends are connected 
by the conducting path GMQK the motional emf drives a current in the 
closed loop. 

When an element of length di is  moving with velocity v' in a region where the 
magnetic field is 3, the motional emf between the ends of element dl is given 
by the triple scalar product d& = ( d i x  5) g. If we want to apply this 
expression to the situation in Fig.(19.16), we may, for example, take the - 
vector GK = i for the moving element and evaluate 

It is readily seen that the above tripple scalar product 



is positive in this case and it has the value 

& =  BLv sin 0 

The positive sign of the scalar product indicates that the emf acts in the same 
direction as J?. 
SAQ 14 : 
The radius of a circle of radius r is increasing at a rate drldt. A uniform 
magnetic induction B is directed normal to the plane of the circle. Thus the 

a@ 
magnitude of the induced emf around the circle is - = B 2rr(dr/dt). Show 

at 
that you get the same result by considering the motlonal emf for elements of 
the circle which a4e all moving radially with a speed drldt. Show that 
Eq.(19.14) gives results which are consistent with Lenze's law for cases where 
drldt is positive or negative. 

SAQ 15 : 
For the situation depicted in fig.(l9.15) calculate the force that must be 
applied to the rod GK in order to keep it moving with uniform velocity v as 
shown in the figure. Show that the rate of doing mechanical work is equal to 
the rate of production of Joule heat due to i2R losses. This is to be expected 
from the law of conservation of energy. 

19.6 INDUCTANCE 

Faraday's law essentially states that a changing magnetic field produces an 
electric field . As you have seen in SAQ-11 such an electric field can produce 
an electric current if a suitable conducting path is provided for the purpose. 
We are now in a position to visualise how two electrical circuits can influence 
each other through the agency of their magnetic fields. This "magnetic 
coupling" between different circuits plays an important role in the behaviour 
of circuits when their currents are changing with time. This happens because 
a changing current produces a changing B field which, in turn, produces an E 
field. In the case of DC circuits time variation of currents occurs only during 
the transient phase which lasts only for a fraction of a second in most 
practical situations. However in AC circuits, all currents are of the form 
i(t) = i ,  sin (w t + a )  where w is the angular frequency and a some phase angle. 
Thus the time rate of change of current must always be taken into account . 

Faraday's Law 



ElectromagnetIan 19.6.1 Mutual Inductance 

In Figure (10.16) C1 and C2 represent two arbitrary circuits. Suppose we 
establish a current il in C1 . The magnetic fielu produced by this current will 
result in some magnetic flux through C2. Any change in this flux will 
produce an emf around C2. This follows from Faraday's law. In order to  
investigate this phenomenon, we first show, through simple heuristic 
arguments, that the flux in C2 due to current il in C1 is proportional to il. 
We claim that the direction of the magnetic field at any point depends only 
on the geometry of circuit C1. However the strength of the field is 
proportional to the current in C1. Therefore if the current in C1 is doubled, 
the flux integral over the open surface of C2 will also be doubled and so on. In 
other words if il is changed to kil, then, as a consequence, will change to 
ka. The flux over C2 is therefore proportional to current in C1. We can 

A therefore write = M il and 

Figure 19.16: Magnetic M is called the coefficient of mutual inductance between C1 and C2. 
linkage between two cir- Logically, in this case, we should call M as M12. Along the same lines, if we 
cuits have n circuits, the coefficient of mutual inductance between the i th and the 

j t h  circuits would be called Mij. However such a general case is not within 
the perview of our discussion here. 

Equation (19.16) shows that the dimensions of mutual inductance M are 
v v - s  

dildt i.e. 
- 

A 
. The unit of inductance is called henry. 

1v - 3  
lhenry = 1 H = - 

A 

This unit is named after the physicist Joseph Henry (1797-1878). Equation 
(19.16) also shows that numeracally M is the same as the flux embraced by 
one circuit when unit current is present in the other. 

Example 4 
Two circular loops of radii a=5mm and b=lOmm are placed coaxially with a 
separation of 30 cm. Calculate the mutual inductance. What is the induced 
emf in the larger coil when the current in the smaller coil decreases uniformly 
from 500 mA to zero in lps ? What happens if the roles of the two coils are 
interchanged ? 

Solution : 
We must assume that the field due to the current carrying coil is uniform over 
the area of the second coil. The magnetic flux over the area of the larger coil 

p 2aazi 
due to  unit current in the smaller coil is = - - - ab2 where a=5mm, 

4n r3 
b=12mm, r=30 cm, and i=l. Substitution gives iP = 5.48 x 10-l4 Webers and 
therefore M=5.48 x 10-14 H. 
It is easily seen that interchanging a and b in the expression for iP leaves the 
expression unchanged. This means that M12 = M21. When the current in one 
coil changes at the rate of 500mAllps = 5 x lo5 Als,  the emf induced in the 
other would be 



SAQ 16 : 
Two square loops of sides lcm and 2cm are kept in the same plane with their 
ienteres 40 cm apart. Calculate the mutual inductance. 

SAQ 17 : 
) In SAQ(17) if the number of turns in each loop is increased from 1 to 5, by 

what factor will the mutual inductance increase ? 

19.6.2 Self Inductance 

Consider the circuit in Figure (19.17). We have shown in the earlier section 
that if the magnetic flux over the area of C due to an external source of I? 
changes with time, an induced emf will appear around C according to 
Faraday's law. In order to understand the concept of self inductance, we have 
only to recognise that circuit C itself cannot distinguish between a I? field 
produced by an external agency or by itself. A changing current in C will give 
rise to a changing magnetic flux over C , which, in turn, will produce an 
induced emf in C. Using arguments similar to those given in section (19.6.1), 
we can show that the magnetic flux iP over C due to a current i in it is 
proportional to i. Indicating the relation between iP and i as iP = L i, we can 
write the induced emf as 

8iP di & = -- = -L- 
a t  dt 

L is known as the self-inductance of the circuit C. Its dimensions are the 
same as those of M viz. Vs/A. The unit of L is also Henry. The negative sign 
in equation (19.18) arises because of Lenz's law. It indicates that the induced 
emf tries to maintain a constant current in the circuit. For example in Figure 
(19.17), if the current i is clockwise and increasing (or anti-clockwise and 
decreasing), the induced emf will be anti-clockwise. 

19.6.3 Energy Considerations 
If we want to establish a current i in a circuit with self inductance L, then 
while the current increases from zero, at each stage there is an opposing emf 
L(di/dt) against which the battery will have to do work. Once the desired 
value of the current is obtained , (dildt) = 0 and so there is no induced emf. 
The work done in the whole process is 

t di i 1 
W = bt ~ % ( d * )  = J Lz(idt) = 6 Lidi = - ~ i l  

0 2 
(19.19) 

I n  practice an inductance L will always have an associated resistance R with 
i t  . In the above process we have not taken into account the i2R type of work 

1 
that produces heat in the circuit. The energy -I,i2 can be considered to be 

2 
residing in the magnetic field of 1, when the current is i. This energy must be 
supplied by the battery in the circuit. 

Farrday's Low 

Figure 19.17 



19.6.4 Energy Density in Magnetic Field 

Equation (19.19) can be used to find an expression for the energy density UB 

in a magnetic field 2. First we find the self-inductance pdr unit length of a 
solenoid which has n turns per unit length. For current i the magnetic field 
inside the solenoid is given by Equation (17.18) as B = poni. This field may 
be taken to be uniform over the cross-section A of the solenoid. The flux 
linkage per unit length of the solenoid for unit current is, by definition, the 
self-inductance L per unit length. We have 

We now make the reasonable assumption that the field is negligilbe outside 
the solenoid. Thus if UB denotes the energy-density in the 2 field, we may 
write, for unit length of the solenoid, 

I t  is possible to take the view that UB represents the density of energy ( ~ / m ~ )  
stored in a region where the field is @. 

Example 5 
A solenoid of length 50cm has 40 turns/cm and the cross-sectional area is 
6 cm2. Calculate the work done in establishing a current of 200 mA in the 
solenoid. What would be the energy-density in the interior volume for this 
current ? 

Solution 
Self inductance per unit length = p o n 2 ~  = 12. mH. 
Work done = $Li2 = i(12. x 0.5)(0.2)~ = 0.12 J 

0.12 
U~=Total  energy + volume= = 400 ~ / m ~  

6 x x 0.5 

SAQ 18 : 
Find the ratio of the electric field to the magnetic field such that both will 
have the same energy density. 



- 

19.7 CIRCUITS WITH INDUCTIVE ELEMENT 

There are three types of DC circuits which are of interest to us here. Circuits 
with L and R, circuits with L and C (oscillations), and circuits with L, C, and 
R (damped oscillations). Circuits driven by an alternating voltage will not be 
considered here. The procedure for analysing these circuits is to write down 
the basic equation using Kirchhoff's laws, and to solve the same for the given 
boundary conditions . 
19.7.1 The L-R circuit 
In Figure (19.18) when switch S is closed at time t = 0, the differential 

di  
equation which describes the growth of the current is V - L- = Ri. This can 

dt 
be integrated in the form 

to get Figure 19.18: L-R Cir- 

(19.22) 
cuit 

L 
where we have defined T = - as the time constant of the circuit. Figure 

R 
(19.19) shows the variation of the current with time. Note that the current i  
almost reaches its terminal value V/R in a time interval of about 3~ or 4 ~ .  In I = - .................... 
principle it takes infinite time for the current to attain its terminal value. 
However, it does not make sense to wait longer than a few time-constants 
because the situation does not change much after that. You will recall that a i (11 

similar situation was encountered in the charging of a capacitor through a 
resistance. . 

O 0 t 
SAQ 19 : Figure 19.19: Growth of 
When current V/R is established in the circuit shown in Figure(lg.lS), the current in L-R circuit 

battery is shorted. Find the expression for the decay of the current. 

19.7.2 L-C Circuit : Oscillations 

A series combination of L and C is shown in Fig.(19.20). Capacitance C is 
charged to  a voltage V and then shorted through an inductance L. Kirchhoff's 
I1 law gives, 

q di  
- + L - = O  
C dt  

This can be written as 

d i  d2q - 1 - = - - - -  2 

dt  dt2 LC* = -w Q 

where we have defined w = 1/m. Note that w has the dimensions of time Figure 19.20: L-C circuit 

inverse. 



Electromagnetism The second order differential equatidn above. h a .  the solution 

where qo and a are constants of ~ntegration to be evaluated from given 
boundary conditions. In the present case we use: 

q = q o = C V  a n d q = i = O  a t t = O .  
to get 

q(t) = C V  cos(u t )  (19.24) 

The above equation indicates a sinusoidal variation of q and also of i = dqldt 
as shown in Fig.cl9.23) 

Figure 19.21 : Variation of charge and current in L-C circuit 

The time period of this circuit is T = 2 . ~ 1 ~  . You can see that  a t  
t = 0, T/2,  T, 3T/2, . . . the capacitor is fully charged , the current is zero, 
and the entire energy of the system resides in the electrostatic field of the 
capacitor. 

At t = T/4, 3T/4 5T/4 . . . the capacitor is completely discharged, the current 
7 

hams its maximum value C V u  = V ~ C / L  and the entire energy is stored in the 
magnetic field of L. 

19.7.3 LCR Circuit 

The circuit discussed in Section 19.7.2 is an idealization because its resistance 
is assumed to be zero. As a consequence there are no Joulean losses and the 
oscillations, once started, will continue for ever. When a resistive element R is 
introduced, we get the circuit shown in Figure (19.22). You can use 
Kirchhoff's I1 law to write the differential equation that governs the behaviour 
of the circuit. On closing switch S,  the charged capacitor is shorted through L 
and R. we get - .  

S This linear differential equation with constant coefficients can be solved using 
Figure 19.22: L-C-R cir- standard techniques. The corresponding auxiliary equation is 
cuit 

+ 

The roots are: 



The general solution of equation (19.25) can then be written as 

q = Fe-mlt  + Ge-m2t (19.27) 

Case I 
R2 1 
- < - hence ml,  m2 complex 
4L2 LC 

We may express the roots as 

1 1 
ml = - - + i t  and m2 = - - - i t  

T T 

2L 1 R2 
Clearly we have used T for - and < for 

R LC 4L2' 
With these values of ml and m2 the solution takes the form 

q = ~ e - 5  cos ( S t  + H) (19.28) 

This is known as the underdamped case because the system goes through 
several oscillations before the energy is dissipated completely. 
Case II 

Since the roots are equal, the solution, in this case , is 

where again T = 2LIR while G, AT are arbitrary constants. 
This is known as the critically damped case because in this case the energy 
decreases to zero most rapidly. Analysis of the so called overdamped case is 
left as an exercise(SAQ 20). 

I t  is possible to construct a mechanical system which is the analogue of the 
LCR circuit in Fig(19.22). There is a one-to-one correspondence between 
every feature of the LCR system and its analogue, the damped mechanical 
oscillator. 

SAQ 20 : 
Solve Equation (19.25) for the case where the roots of the auxiliary equation 
are real and distinct. This is called the overdamped case . 

19.8 SUMMARY 

In this unit we have enunciated Faraday's law of electromagnetic induction. 
This is the first time we encounter a time-varying electromagnetic field . The 
application of Faraday's law to simple situations was discussed. Field 
configurations with some degree of symmetry were then examined to get 
quantitative results through the application of Faraday's law. The working of 
the earth coil which converts mechanical energy into electrical energy was 
discussed. The concept of motional emf was then introduced. 

As an application of Faraday's law, mutual-inductance M between two circuits 
and self-inductance L of a circuit were defined. An expression for the energy 
density in a magnetic field was derived using the solenoid as a self-inductance. 
Finally L-R, L-C, and L-C-R circuits were discussed. 



Electromagnetism 

19.9 ANSWERS TO SAQ's 

Hints for solutions of Self Assessment Questions 

1. Equation to line OP is y = ( b / a ) z .  This gives ady = bdz. 
b 

~ h u s ~ ( ~ . d z  + A,dy) = La 2azydz + az2dz  = a3b 

z 2  .3 
2. Take cp  = - + y2 + -t2. This gives 

2 2 
~ c p  = i z  + 2jy + 3 k t  

3. Since C is described anticloskwise, all d g  vectors will come out of the 
paper. This makes the flux negative and increasing in magnitude. 

ao 
Thus -- 

at  
is +ve which can be interpreted to mean that the induced 

emf will tend to drive a current dong the same direction as.that of 
describing C i.e. anticlockwise. 

4. Attractive. The induced emf will try to'maintain status quo. 

5. An attractive impulse will act between A and C when current in C is 
switched off. The flux through C due to  the dipole equivalent of A is 
decreasing. C will try to compensate for it by coming closer to  A. 

d o d B  
6. & = - = area x - = ( 0 . 1 6 ) ~  x 0.032 = 819.2 pV 

dt dt 
B ( t  = 15"s) = 0.48 - 15(0.032) = 0 It is not the actual vdue of B that 
counts but the rate of change of B with time. 

7. & = 819.2 x cos 45" = 579 pV 
B(t=O)=O again. 

poi 8. Field due to large loop at its centre = , 

40 x 1 x x B 
9. Equation (19.7) gives 15.6 x 10'~ = 

30 
or 

B = 0.117 T (=I170 gauss) 

10. Using equation (19.7), we get 
1 

Q = - [2 x (0 .018)~ x 80 x 0.361 = 74.6 pC 
25 

0.04 
11. Equation (19.8) gives : E ( r  = 4cm)  = - x 0.5 = 0.01 V / m  

0 

64 
From (19.9)- E ( R  = 12cm) = - x x 0.5 = 0.0067 V / m  

2 x 12 
Direction of E is clockwise at both points. 

12, The flux enclosed by C is zero at  all times and therefore the emf around 
C is zero because the rate of change of flux is zero. However the electric 
field at any point on C can be determined using Eq.(19.9). 



The component of the field is along C, clockwise at  some points and 
anticlockwise a t  other points, making J I?. &= 0 when the line integral 
is evaluated around C. 

13. Pa, = 
B ~ W ~  
0 D = 7.6 Watts 
Ln. 

Average torque = average power f 2n = 1.21 Nm. 

dr 
14. Taking d i =  (rd8)8, v' = -i and B along (8 x i ) ,  we get 

dt 

Blv sin 8 
15. Current through rod is i = 

R .  
Force on element i i  in field is 

BLv sin 8 
i Z x i i =  

R 
LB sin 8 directed perpendicular to 

Its component opposite to v' is - - 
B LV sin 8 

LB sin 8 = 
B2 L2 sin2 8v 

n n . This force must be applied along v' n n 

to make the net force zero. Rate of doing work = 
B ~ L ~ ~ ~  sin 28 = i2R 

R 
as expected. 

16. At the center of the larger loop, field due to =it current in the smaller 
loop is 

. , 

Flux in larger coil=6.25 x 10-l1 x 4 x mutual inductance 

17. The field value increases by a factor of 5 and the flux linkage by another 
factor of 5 (because there are 5 loops in the second coil also). Thus the 
mutual inductance increases by a factor of 52 = 25. 

18. Equating ( 1 / 2 ) ~ ~ ~  to ( ~ ~ / 2 ~ , ) ,  we get (EIB)  = ( 1 / m  = c 

19. The required differential equation is 

di 
Lz + Ri = 0 which can be integrated as 

v 
Solution is i = i(t) = -e-'Ir where T = L/R. This indicates an 

R 
exponential decay of the current. 

R2 1 
20. Roots are real and distinct when - > - Denoting the roots by 

4L2 LC' 
-ml and -m2, the solution can be written as 

Constants A and B to be evaluated from boundary conditions. 

FuPdry 's Law 


