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4.1 INTRODUCTION

Real Andlysisis often referred to as the Theory of Real Functions. The word
‘function' wasfirst introduced in 1694 by L.G. Leibniz[1646-1716], a famov . German
mathematician, who is also credited along with Isacc Newton for the invention.of
Calculus, Leibniz used the term functian to denote a quantity connected with a curve.
A Swiss mathematician, L. Euler [1707-1783] treated function asan expression made
up of avariablt and some constants. Euler's idea of afunction was later generalized
by an eminent French mathematician J. Fourier [1768-1830]. Another German
mathematician, L. Dirichlet (1805-1859) defined function as a relationship betweena
variable (caled an independent variable) and another variable (called the dependent
variable). Thisisthe definition which, you know, is now used in Calculus.

The concept of afunction has undergone many refinements. With the advent of Set
Theory in 1895, this concept was modified as acorrespondence between any two non-
empty sets. Given any twa non-empty sets Sand T, afunction f from Sinto T,
denoted asf: S— T, definesarule which assignsto each x € S, a unique element

y €T. Thisisexpressed by writing as y =.f (x). Thisdefinition, as you will recall, Was
given in Section 1.2. Afunctionf: S~ T issaid to bea

@) Complex-valuedfunction of acomplex variableif both Sand T are sets of
complex numbers;

(i) Complex-vauedfunection of ared variableif Sis aset of real numbers and T is
aset of complex numbers;

(ili) Real-valuedfunction of a complex variableif Sisaset of complex numbersand

T iz_‘aset of real numbers;

(iv) .Real-yalued function of areal variableif both Sand T are some sets of real
numbers,

Since weare dealing with the courseon Real Analysis, we shall confine our discussion

to those functions whose domiains ‘as well ascodomains are some subsets of the set of
real numbers. We shall call such,functionsas Real Functions.

In this unit, we shall deal with the algebraicand transcendental functions. Among the
transcendental functions, we shall define the trigonometric functions, the exponential
and logarithmic functions. Also, we shall talk about some special real functions
including the bounded and monotonic functions. We shall frequently use these
functions to illustrate various conceptsin Blocks 3 and 4.




WOBJECTIVES Real Functions
After going through this unit, you should be able to '
+identify  various types of algebraic functions
—+define the trigonometric and the inverse trigonometric functions
—+describe  the exponential and logarithmic functions
~>discuss some special functions including the bounded and monotonic functions.

42 ALGEBRAIC FUNCTIONS

In Unit 1, we identified the set of natural numbers and built up various sets of
numbers with the help of the algebraic operations of addition, subtraction,
multiplication, division etc. In the same way, let us construct new functions from the
real functions which we have chosen for our discussion. Before we do so, let us
review the algebraic combinations of the functions under the operations of addition,
subtraction, multiplication and division on the real-functions.

421 ALGEBRAIC COMBINATIONS OF FUNCTIONS

Letf and g be any two real functions with the same domain SC R and their co-
domain as the set R of real numbers. Then we have the following definitions:

DEFINITION 1: SUM AND DIFFERENCE OF TWO FUNCTIONS

(i) The Sum of f and g, denoted asf + g, isa function defined from Sinto R such
that
(f + 9) (x) = f(x) 1 g(x), If xS,

(ii) The Difference of f and g, denoted as f — g, isafuncticﬁn defined from S toR
such that

(f — g) (x) = f(x) — g(x), ¥xE S,
Note that both f(x) and g (x) are elements of R. Hence each of their sum and
difference is again a unique member of R.

DEFINITION 2 PRODUCT OF TWO FUNCTIONS

Letf: S =~ Rand g S — R be any twofunctions. The product of f and g, denoted as
1.g, isdefined asa functionf. g S — R by

(f. g (x)=1(x). g(x), ¥ X ES.
DEFINITION 3 SCALAR MULTIPLE OF A FUNCTION

Letf: S — R beafunction and
k besamefixed real number. Then thescalar multiple of ‘f’ isafunction
kfS — R defined by )
(kf (x) = k. f(x), ¥ XES,
This is also called the scalar multiplication.
DEFINITION 4 QUOTIENT OF TWO FUNCTIONS

Letf: S— R and g S — R be any two functions such that g(x) # 0 for each

X inS Then a function£: S — R defined by
g

(-‘) x)= 1%, yyes
g g(x)
iscalled the quotient of thetwo functions.

EXERCISE 1)

Let f, g, h be any three functions, defined on S and taking values in R, as

f(x) = ax’, g(x) = bx for every x in S, where a, b, are fixed real numbers. Find f + g,
f—gf,g, f/gand kf, when k isa constant.

422 NOTION OF AN ALGEBRAIC FUNCTION

You are quite familiar with the equations ax + b = 0 and ax’ +bx 4 ¢ = 0, where
a, b, c&R, a = 0. These equations, asyou know are, caled linear (or first degree) and
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quadratic (or second degree) equations, respectively. The expressionsax + b and
a2t bx T care, respectively, caled the first and second degree polynomials in X. In
the same way an expression of theform ax' + bx* +cx+d (a#0, a b, ¢, d ER) is
caled athird degree polynomial (cubic polynomial) in x. In general, an expression of
the form ao x T ax"'+ax"+ ... +a,wherea, # 0, ER,i=0, 1,2, ..., N is
cdled an nth degree polynomia in X.

A function whichisexpressed in theform of such a polynomial iscalled a polynomial
function. Thus, we have the following definition:

DEFINITION 5: POLYNOMIAL FUNCTION

Leta, (i = 9,1, ....,, N) befixed real numbers wheren issome fixed non-negative
integer. Let She asubset of R. A function f: § = R defined by

fx)=ax"+a x" +arx" + ... +a, ¥XES, 2,70

iscalled a polynomial function of degreen. |

Let us consider some particular cases of a polynomial function on R:

Supposef: S~ R issuch that
() f(x) = k, ¥x <8 (k isafixed real number). Thisis apolynomial function. Thisis
generally called a constant function on S.
For example,
f(x) = 2, f(x) = — 3,f(x)= =, ¥ xR, are dl constant functions.

(ii) One special case of a constant function is, obtained by taking
k = 0i.e. when
f(x)=0,¥xe&S.

Thisiscalled the zero function on S

EXERCISE 2)
Draw the-graph of a constant function. Draw the graph of the zero function.

Let f: S — R besuchthat
(i) (x)= 2o x T a, ¥ XES, 2, % 0.

This isapolynomial function and iscdled a linear function on S. For example,
f(x) = 2x + 3, (x) = — 2x+3,
f(x) = 2x — 3,f(x) = —2x — 3, {x) = 2x"for every
x & S8areal linear functions
(iv) Thefunction f: S— R defined by
f(x)=x,¥x €S
s caled theidentity function on S..
(v) f: S™ Rgivenas
f(x).= a0.x> + ai x + &, ¥ xER, ag # 0.
is a polynomial function o degreetwo and.is called a quadraticfunctionon S.
For example, f(x) = 2x* + 3x — 4, f(x) = X* + 3, f(x) = x* + 2x,
f(x) = — 3%,
for every x & Sare al quadratic functions.
DEFINITION 6 RATIONAL FUNCTI ON
A function which can be expressed asthe quotient of two polynomial functionsis
called arational function.

Thus a function f: S— R defined by

a X"+ ar x4 e
bo x™ + by x™ ! + ... + biy
iscaled arational function.

f(x) = ,¥x ES.




Here ao # 0 bo # 0, a;, b; € R wherei, j are some fixed seal numbers and the “Real Functions
polynomial function in the denominator is never zero.

EXAMPLE 1. Thefollowing areall rational functions on R.

2x+3, 4x*+3x+1 3x+5
x*+1 3x—4 x—4
The functions which are not rational are known asirrational functions. A typical

example of an irrational function is the square root function which we define as
follows:

DEFINITION 7. SQUARE ROOT FUNCTION
Let Sbetheset of non-negative real numbers. A function f. S — R defined by

fx)=/x, ¥ xES
iscalled the square root function.

(x5 4).

4
(x#-) and
3

You may recall that x isthe non-negative real number whosesquare is x. Aiso itis
defined for all x = 0.

EXERCISE 3)
Draw the graph of the function f(x) = v/x for x = 0.

Polynomial functions, ra‘.t'—ional functions and the square root function are some of the
examples of what are known as algebraic functions. An algebraic function, in general,
isdefined asfollows

DEFINITION 8 ALGEBRAIC FUNCTION

An algebraic function f: S— R isafunction defined by y = f(x) if it satisfies
identically an equation of theform

Po(®y" + () Y e F pa (x) Y+ Pa(x) =0
wherepo (x), p1 (X), e Po1 (X), Pa (x) @arePolynomialsin x for all xinSand nisa
positive integer.

EXAMPLE 2 Show that f: R = R defined by

2——
fx)= [ x*~=3x +2
4x—1 -

is an agebraic function.

Solution

Vxi—xt2
Nax=T1

Then (4 x—1) y"— (x*=3x +2) =0

Lety =f(x) =

Hencef(x) is an algebraicfunction.

In fact, any function constructed by afinite number of algebraic operations (addition,
subtraction, multiplication, division and root extraction) on the identity function and
the constant function, isan algebraic function.

EXAMPLE 3 Thefunctionsf : R =™ R defined by
2 —
0 1005 ELVE]
x +4
' P—2x
rix)= —2
or ftx) V. (3x1+5)

are algebraic functions.

EXAMPLE 4 Prove that every rational function isan algebraic function.
SOLUTION : Let f: R—™ R begivenas

f(l)-—- :“-;—)-, VXGR, 71



Real Numbers and Functions Where p(x) and q(x) are some polynomial functions such that g (x) # 0 for any X € R,
Then we have

y=1(x)= M
® q(x)
q(x) y—p(x) =0

which shaws that y = f(x) can be obtained by solving the equation

q(x) Y — p(x)= 0.
Hence {(x) is an agebraic function.

EXERC SE4)

Verify that afunction f: R ~* R defined by
f(X) =V X‘i“'\/ X

is an agebraic function.

A function which is not algebraic is called a Transcendental Function. Examples of
elementary transcendental functions are the trigonometric functions, the exponential
functions and the logarithmic functions, which we discussin the next section.

43 TRANSCENDENTAL FUNCTI ONS

In Unit 1, we gave a brief introduction to the algebraic and transcendental numbers.
Recall that a number issaid to be an algebraicif it isaroot of an equation of the
form

X"+ x't. . xtaxta=0

with integral coeffioientsand a, # 0, where nis a positiveinteger. A number which is
not algebraic is called a transcendental number. For example the numberseand 7 are
transcendental numbers. In fact, the set of transcendental numbers is uncountable.

'‘Based on the same analogy, we havethe transcendental functions. In Section 4.2, we
have discussed agebraic functions. The functions that are non-algebraic are called
transcendental functions. In this section, we discusssome of these functions.

431 TRI GONOVETRI CFUNCTI ONS

You are quitefamiliar with the trigonometric functions from the study of Geometry
and Trigonometry. The study of Trigonometry is concerned with the measurement of
the angles and theratio of the measures of the sides o a triangle. In Calculus, the
trigonometric functions have an importance much greater than simply their usein
relating sides and angles o atriangle. Let us review the definitions of the
trigonometric functions sin X, cos X and some of their properties. These functions
form an important class of real functions.

Consider acircle x*+ y* = r? with radius r and centre at O. Let P bea point on the
circumference of thiscircle. If 8 isthe radian measure of a central angle at the centre
of the circle asshownin the Figure 1,

72




then you know that the lengths of the arc AP is given Ly
s=4r.

You aready know how the trigonometric ratios sin &, cos @, etc., are defined for an angle
g measured in degrees or radians. We now define sin x, cosX, etc., for x eR.

If we put r = 1 in above relation, then we get 8 = s. Also the equation of circle becomes
x? +y2 =1, This, as you know,,is the Unit Circle. Let C represents this circle with centre
O and radius 1. Suppose the circle meets the x-axis & a point A as shown in the Figure
2

4
Y-axis—s T +— t-axis

(10)

X.y)

(1,0) X-2Ni$

(‘lvo)

Fig. 2

“Through the point A = (1,0); we draw a verticle line labeled as t-axis with origin at A and
positive direction upwards. Now, let t be any real number and we will think of this as a
point on this verticle number line i.e., t-axis.

Imagine this t-axis as a line of thread that can be wrapped around the circle C, Let

p(t) = (x,y) be the point where 't' ends up when this wrapping takes place. In other
words, the line segment from A to point (t, 0) becomes the arc from A to P, positive or
negative i.e., counterclockwise or clockwise, depending on whether t > 0 or t < 0. Of
course, whent = 0, P = A. Then, the trigonometric functions 'sine’ and 'cosine, for
arbitrary t R, are defined by

sint=sin® =y, and cos't = cos B = x,
where '9" is the radian measure of the angle subtended by the arc AP at the centre of the
circle C. More generdly, if t is any real humber, we may take (0 < 6 < 2x) to be the angle
(rotation) whose radian measure ist. It is then clear that

sin(t+2x) = sint and cos (t+2%) = cost.

You can easly see that as & increases from '0' to #72, PQ increases from 0 to 1 and OQ
decreases from 1 to 0. Further, as 6

Real Functinns
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S increases from ? to 7, PQ decreases from ! to 0 and OQ decreases from ¢ to -1,

Again as & increases from 7 to ,

kY3
5 PQ decreases from 0 to — 1 and 0OQ

3r
increases from —1 to 0. As & increases from 5 to 27. OQ increases

from 0 to 1 and PQ increases from = 1 to 0. The graphs of these functions take the
shapes as shown in Figure 3.

Y‘f y =sins

3 4

Yy = cosx

ﬁga

Thus, we define sin x and cos X as follows :
DEFINITION 9. S| NEFUNCTION

A function f: R = R defined by
fx)=sinx, ¥ x eR
is called the sine of x. We often write y = sin X.

DEFINITION 10: COSNE FUNCTION

A function f: R = R defined by
f(x) =cosx, ¥V x eR

is called the cosine of x and we writey = cos x.

74




Note that the range of each of the sin¢ and cosine, is{— 1, 1]. In terms of the real Real Funetions
functions siuie and cosine, the other four trigonometric functions can be defined as
follows:

(i) Afunctionf: S —= R defined by

sin X

f(x) =tanx =

,COSX#0, ¥ xES=R—{2n+1)
iscaled the  €os X 2

Tangent Function. The range of the tangent function is ] — 2, + [=Rand
the

domainisS=R —{2n + 1) %} , Where n is a non-negative integer.

(i) A functionf: 8 — R defined by

X .
f(x) =cotx = *C?S ysin xZ 0, xES =R —{nr},
sin x
is said to be the Cotangent Function. Its range is also same as its co-domain i.e.
range=]— e, [ = R and thedomain isS= R — {nr}, where nis a non-
negative integer.

(i) A functionf: S -—> R defined by

f(x) =secx = ———) cosx#0,¥xES=S—{2n+1) 7).
COS X 2

is caled the Secant Function. Its range is the set
S =], —1] U[l, %[ and domain is S = R — {2n + 1) g},

(iv) A functionf: S —> R defined by
, 8N x#0,XES=R = {n 7},

f(x) = cosec x = —
sin x
iscalled the Cosecant function. Itsrangeisasotheset S=]—9%,— I] U[I, %[ and

domain isS=R —{n 7 },

The graphs of these functions are shown in the Figure 4 on pages 76-77.
EXAMPLES: Let § = — % , ’zi]. Show fhat the function f: S——=> R defined by

f(x) = sin x, ¥ x&8
isone-one. When is f only onto? Under what conditionsf isboth one-one and onto?

SOLUTION: Recall from Unit 1 that a function f is one-one if
f(x)) =f(x2) = x1=x2

for every xi, X2 in the domain off.

Therefore, here we have for any xi, xz€S, Recall the frigonometric identities
_ o which yYou have learnt in your
f(x1)) = f(x2) = sinx; =sinx2 previous study of Trigonometry.
= sinx;—Sinx: =0
= 2sin 22 cos it x =0
2 2
X1—X2 _ 0, or cos X! +x _ 0.

=> Either si n2

If sin 2; =0, then "'2;" =04, +2m, ...

Ir

. - m . N
Since xi. X: ¢ [~ > 5]. therefore we can only have
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and

L4 4
-—x i 2 < —
2 2

X, —X R ) X +X b9
Thus '2 L=01ie x, =X, Also, if ‘22=i ey

ie. thenx, +x, =+x.
. X
Since X, , X E[_f ,—2-],
I T
therefore, X, = x, = > orXx,=X%= o)

Hence(x,) = f(x,) = X, =%, which provesthat f isone-one. Then function f(x) = sin x
defined as such, is not onto because you know that the range of sin x is[- | 1] = R.

TY
y=tanx
; : :
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| ' i
] I ]
! ] {
' ' 1
| : 1
1
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Fig.4 Gi)
Y4
ZJ y = cot x
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If you defipe f: R——=>[—1, |] as
f(x) =sinx, ¥x ER
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]

!

!

|

l

Then { is certainly onto. But then it is not one-one. However the function.

fi [— % ’;'J--——;a[— |, 1] defined by

f(x) =sin.x, ¥ xe[— T, ’1]
2 2

is both one-one and onto.

Real Functions’
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Be careful about the notation
used. The superscript — 1 that
appears in 'y = sin-' is not

an exponent, but is Lhe
symbol ! used to denote the
inverse of a function f. Two
avoid this, notation y =
arcsin, X instead of y = sin™
X is used sometimes.
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EXERCISES5)
Two functions g and h aredefined as follows:
') g: S — R defined by

g(x) = cosx, x €8 =0, 7]
(i)  h:S-> Rdefined by

- = T

h(x) = tanx, x €S = ]——2— ' |
Show that the functions are one-one. Under what conditions the function are one-one ard
onto?

4.3.2 INVERSE TRIGONOMETRIC FUNCTIONS

In Section 1.2 we discussed inverse functions. You lcnow that if a function is one-one
and onto, then it will have an inverse. If a function is not one-one and onto, then
sometimes it is possible o restrict its domain in some suitable manner such that the
restricted function is one-one and onto. Let us use these ideas to define the inverse
trigonometric functions. We begin with the inverse of the sine function.

Refer to the graph of f(x) = gnX in Fig. 3. The x-axis cuts the curve y = sinx at the
points x =0, X =1, X = 2%,....... This shows that function f{(x) = sin X is not one—one.
However, we have aready shown in Example 5 that if we restrict the domain of

f(x) = sinx to the interval {-=/2, 7121, then the function

£ [-= 21 5 [-1, 1] defined by
272
f(x) = sinx, —%SXS%

is one-to-one as well as onto. Hence it will have the inverse. The inverse function is
called the inverse sine of X and is denoted as sin X. In other words,
y =8in-'x < X =4gny,
a

m
where-2 SyS?and*ISxSl.

Thus, we have the following definition:
DEFINITION 11: INVERSE SINE FUNCTION
A functiong: [-1, 1] —> [——th ’ —25J defined by

g(x) =sin'x, ¥V x € [-1, |]
is called the inverse sine function.

Again refer back to the graph of f(x) = cosx in Figure 3. You can easily see that cosine
function is also not one-one. However, if you restrict the domain of f(x) = cos x to the
interval [0, =], then the function f: [0, «] > [ =1, 13 defined by
f(x)=cosx, 01l x g,

iS one-one and onto. Hence it will have the inverse. The inverse function is called the
inverse cosine of x and is denoted by cos™ x (or by arc cosx). In other words,

Yy = co57' X <> X = COSy,
where0 Iy stand-1=xx1.

Thus, we have the following definition:

DEFINITION 12: A function g. [-1, 1} ——> [0, ] defined by
g(x) = ¢os7'x, ¥ x €]-1, 1],

is called the inverse cosine function.

You can easily see from Figure 4 that the tangent function, in general, iS not one-one.
However, again if we restrict the domain of f(x) = tan x to the interval ]-n/2, =/2[, then
the furiction




‘mon .
f: ] ?,—2—[—->Rdef|nedby

f)=tanx, - = <x < —=
2 2

is one-one and onto. Hence it has an inverse. The inverse function is called the inverse
tangent of x and is denoted by tan™' x (or by arctan x). In other words,
y=tan-'Xx < x =tany,

. Where— X <y< I and ~ oo < X < + 0,
' 2 2
Thus, we have the following definition:
DEFINITION 13: Inverse Tangent Function
. T T .
A functiong R—1] - > E[ defined by

g(x)=tan'x, Vv X €R
iscalled theinverse tangent function.

Now you can try the following exercise to define the remaining three inverse
trigonometric functions:

EXERCISE®
Define the inverse cotangent, inverse secant and inverse cosecant function. Specify their

domain and range.

Now, before we proceed to define the logarithmic and exponential functions, we need the
concept of the monotonic functions. We discuss these functions as follows:

4.3.3 MONOTONIC FUNCTIONS

Consider the following functions:

0} f(x)=x,¥Yx eR.

(ii) f(x) =sinx, ¥V x g[-n/2, n/2].

i)y f(x)=-x3V x €0, oof.

(iv) f(x) = cosx, ¥ x €[0, n].

Out of these functions, (i) and (ii) are such that for any x,, x, in their domains,
x, <x, = f(x) < f(x),

whereas (i) and (iv) are such that for any Xx,, x, in their domains,
X, <x, = f(x,) = f(x,).

The functions given in (i) and (ii) are called menotonically increasing while those of (iii)
and (iv) are called monotonically decreasing. We define these functions as follows:

Letf. S— R(ScR) beafunction

(i) It issaid to bea monotonically increasing function on 8 if
x, <x = f(x) s f(x,)) for any x,, x, €S

(i) Itissaid to bea monotonically decreasing function on Sif
x, <x, = f(x) z f(x,) for any x, x, €8,

(iii) Thefunction f issaid to be a monotonic function on S if it is either monotonically
increasing or monotonically decreasing.

(iv) The function f is said to be strictly increasing on S if
x, <x, = f(x,) <f(x,), for x, x, €8,

(v) Itissaid to be strictly decreasing on Sif
x, <x, = {(x)) > f(x,), for x, x, €S.

Real ¥unectians
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You can notice immediately that iff is monotonically increasing then — f i.e.

—f: R — Rdefined by (- f) (x) = —f(x), ¥ x €R

is monotonically decreasing and vice-versa.

EXAMPLE 6 Test the monotonic character of the function f: R — R defined as

xL,x<0

fxy= —x, x>0

SOLUTION: For any x1, x2€R, x1=0; x2 =0
x1 < xp = x% > xh = f(x1) > f(x)
which showsthat f is strictly decreasing.

Againif x; >0, x2 > 0, then

x<x=—=x1<x3=>—x}>~-x3=>1(x) > f(x2)

which showsthat f is strictly decreasing for x = 0. . Thus f is strictly decreasing for
every x& R.

Now, we discuss an interesting property of astrictly increasing function in the form of
the following theorem:

THEOREM 1: Prove that astrictly increasing function is always one-one.

PROOF: Letf: S— T be adtrictly increasing function. Sincef is strictly increasing,
therefore,
X1 < xp = f(x)) < f(x2) forany xi, x2S,

Now to show that f: § — T is one-one, it isenough to show that

f(xl) = f(X2) =>x; = x2
Equivalently, it is enough to show that distinct elementsin S have distinct imagesin T
ie x # xz ==1(x1) # f (x2), for x,, x2a €S.

Indeed,
X1 7 X3 == x; < X2 OF X1 > X2
= f(x) < f(x2) or f(x1) > (x2)
=> f(x;) # f(x2)

which proves the theorem.

EXAMPLE 7. Letf: 8 — T beastrictly increasing function such that £f(S) = T. Then
provethat f isinvertibleand f': T — Sisalso strictly increasing.

SOLUTION: Since f: S — T isdtrictly increasing, therefore, f is one-one. 'Further,
sincef (S) = T, thereforef isonto. Thusf isone-one and onto. Hencef isinvertible.
In other words, f ™' T =S exists.

Now, for any ¥y1, y2 ET, we have yi= f(x1), y2 = f(x2). If y1 <3, then weclaim x; < xa.

Indeed if x1 = xa, then f (x1) = f(x2) (Why?).
Thisimplies that y, = y2 which contradicts that y; < ya.
Henceyi <y =>x, <xp=>f (y)<f™ (y2)
which showsthat f ~ isstrictly increasing.

Y ou can similarly solve the following exercise for a strictly decreasing function:

EXERCISE 7)
Let f: S — T be astrictly decreasing function such that f(S) = T. Show that f is
invertible and f *: T — Sisalso strictly decreasing.

434 LOGARITHMICFUNCTION

You know that a definiteintegral of afunction represents the areaenclosed between
the curve of thefunction, X-Axisand the two Ordinates.- You will now see that this
can be used to define logarithmic function and then the exponential function.

We consider the function f(x) = 1 for x> 0. Wefind that the graph of the
X

functionis as shown inthe Figure 5,
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DEFINITION 14: LOGARITHMIC FUNCTION
For x = 1, we define the matural logarithmic function log x as

logx = 1 flt dt
In the Figure 5, log x represents the area between the curve f(t) = lt » X — AXis and
the two ordinates at 1 zind at . For 0 < x < 1, we define

logx = —fllt dt
This means that for ¢ < x <1. log X is the negative of the area under the graph of

ft)y = 1 » X - Axisand the-two ordinmates at x and at 1

YTt—.

0

Fig ¢
We also see by this definition that

logx<0if0<x<1

logl =0
and

logx>0ifx> 1

It'asofollows by definition that if .
x; > x2 > 0, then log x; > log x2. This shows that log X is strictly increasinég. The
reason for thisis quite clear if we realise by log x1 asthe area under the graph as
shownin the Figure 7.

The logarithmic function defined hereiscalled the Natural logarithmic function. For
any X> 0, and for any positive real number a#: 1, we can define

log X

loga

Thisfunctioniscalled the logarithmic function with respect to the base a.

log,.i =

If a= 10, then thisfunction is called the common logarithmic fungtion.

Real Functions
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HERI. Logarithmic function to the base a has the following properties
o (i) log, (x1 x2) = log, xi + log, xa

o

(ii) ]0& [ﬁ] = log, X1 — log. X2

(iii) log, x™ = mlog, x for every integer rn.
(iv) log® = I.
(V) log.,] =0 i

By the definition of log X, weseethat log 1 = 0 and as xbecomes larger and larger,

the area covered by the curvef(t) = -1:[, X — axisand:he ordinates at 1 and X,

becomes larger and larger. Itsgraph is asshown in the Figure 8,

<

Fi-g. 8

You already know what is meant, by inverse of « funcion. You had also seen in Unit !
that if f is1 — 1and onto, then fisinvertible. Let us @ply that study to logarithmic
function. |

4.35 EXPONENTIAL FUNCTI ON
We now comete define exponential function. We hav seen that
logx: ]0,=[ ™R
isstrictly inéreasirig function. The graph of the logariimic function also showsithat
logx: 10, %[ — R
is also onto. Therefore this function' admits of inverse function. Itsinverse function,
cdled the Exponential function, Exp (x) has domair as theset R of all real numbers

. and range as 0, #f. If
82 ‘ logx =y, then Exp (y) = x. ve




The graphof thisfunction is the mirror image of logarithmic function as shown in the Real Functions

Figure9.

ﬁ

) 0<a<t

Fig.9

The Exp (x) satisfies the following properties
(i) Exp(x+y)=ExpxExpy
(i) Exp(x —y)=Expx/Expy
(iii) (Exp x)" = Exp (nx)
L@v) Exp@) =1
We now come to define a* for a > 0 and x any real number. We write
a* = Exp (x log a)
If x is any rational number, then we know that log a* = x log. a. Hence
Exp (x log a) = Exp (log &) = a*. Thus our definition agrees with the already known

definition of ain cace x isa rational number. The function a* satisfies the following
‘properties

(i a*a'=a"™"

(ii) =a""
a
C (i) (@ =a
(iv) a'b*=(ab),a>0,b>0.

ax
¥

Denote E (1) = e, so that log e = 1. The number eisan irrational number and its
approximation say upto five places of decimalsis 2.71828. Thus

| e = Exp (x log €)= Exp (X).
Thus Exp (x) is also denoted as e* and werwrite for each a> 0, a" = e*log a
EXAMPLE 8: Plot the graph of thefunction I: R = R defined by f(x) = 2".

SOLUTION:  x -2 ~1 0 L2
| 2 ! L 1 2 4
| 4 2 o ‘
' The required graph takes the shape as shown in the Figure 10.
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EXERCISE 8) 1
Show the graph off: R — R defined by F(x) = (;)"

44 SOME SPECIAL FUNCTIONS

So far, we have discussed two main classes of real functions— Algebraic and
Transcendental. Some functions have been designated as special functions because of
their specia nature and behaviour. Some of these specia functions are of great
interest to us. Weshall frequently use these functionsin our discussion in the
subsequent units and blocks.

1. Identity Function

We have already discussed some of the special functions in Section 4.2. For example,
the Identity functioni : R = R, defined asi (x) = x, ¥ X ER has already been
discussed as an agebraic function. However, this function is sometimes, referred to as
a special function because of its specia characteristics, which are as follows:

() domain of i = Range of i = Codomain of i

(i) Thefunctioniis one-one and onto. Henceit has an inverse i which is also one-
one and onto.

@ii)) The functioniisinvertible and itsinversei™ =

(iv) Thegraph of the identity function is a straight line through the origin which
forms an angle of 45° along the positivedirection of X-Axis as shown in the

Figure 11.
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2. Periodic Function

You know that
sin (27 +x) =sn (4w + X) = sin x,
tan (ir + x) = tan (2 + x) = tanx.

Thisleads us to define a specia class of functions, known as Periodic functions. All
trigonometric functions belong to this class.

A function f: S R issaid to beperiodicif there exists a positivereal number k such
that ,

fx T k) = f(x), ¥ x €S
where SCR.

The smallest such positive number k is called the period of the function.

Youcan verify that the functions sine, cosine, secant and cosecant are periodic each
with a period 2n while tangent and cotangent are periodic functions each with a
period IT.

EXERQ SE9)
Find the period of thefunction f wheref(x) = |sin® x|

3. ModulusFunction
The modulus or the absolute (numerical) value of area number has aready been
defined in Unit 1. Here we define the modulus (absolute value) function as follows:

Let Sbeasubset of R. A function f: S— R defined by
f(x)=|x|,¥ x&8
iscalled the modulusfunction.

In short, it iswritten as Maod function.

You can easly see the following properties of this function:

~ () Thedomain of the Modulusfunction may be asubset of R or the set R itself.
(i The rangedf this function isa subset of the set o‘ non-negative real numbers.
(iii) The Modulus function f: R — R is not an onto function. (Check why?).

(iv) TheModulus function f: R = R is not one-one. For instance, both 2and — 2 in
the domain have the same image 2in the range.

(v) Themodulusfunction f: R — R does not have an inversefunction (why)?
(vi) Thegraph of the Modulusfunction isR — R given in the Figure 12. 85.



Real Numbers and Functions N

Fig 12
It consists of two straight lines:
() y=x(y=0)
and )y =—x( =0)

through 0, the origin, making an angle of =/4 and 3=/ 4 with the poe}itive direction of
X-axis

4. Signum Function
A function f: R — R defined by

Ax[
f(x)={ x whenxs0
x whenx=0

a equivalently by:
—1ifx<0
- 0lfx=10

f(x)=
lifx>o0.

iscalled the signum function. It isgenerally mitten as sgn (x).

Itsrange setis{—1, 0, 1}. Obviously sgn x is neither one-one nor onto. The graph of
sgn x is shownin the Figure 13,

ok /
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5, Greatest Integer Function
Consider the number 4.01. Can you find the greatest integer which is less than or equal
to this number? Obviously, the required integer is 4 and we write it as [4.01] = 4.

Similarly, if the symbol [x] denotes the greatest integer contained in x then we have
[3/4]=0, [5.01] -5,
[-.005] =-1and [-3961 =-4.

Based on these, the greatest integer function is defined as follows:

A function f: R — R defined by
f(x) = [x], V x €R,

where [x] is the largest integer less than or equal to x is called the greatest integer

function:
The following properties of this function are quite obvious:

0) The domain is R and the range is the set Z of al integers.

@iy  The function is neither one-one nor onto.

@iy If nisany integer and x is any real number such that x is greater than or equa to
n but lessthan n+ 1 ie., if n< X < n+ 1 (for some integer n), then [x] = ni.e.,

The graph of the greatest integer function is shown in the Figure 14,
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EXAMPLE 9: Prove that
x+m]=|x]+m, VxeRand meZ

SCALUTI O\ You know that for every x €R, there exists an integer n such that
ngx<n+1,

Therefore,
n+m<x+m<n+1-+m,

and hence
[xX+m] =n+m=[x]+m,

which proves the result.

Real Functions
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EXERCISE 19)
Test whether O not the function f: R — R definedby f(x) = x-[{ ¥ XER,is
periodic. If it fa 8o, find its period.

6. Even and Odd Functions

Consider afunction f: 8 — R defined as
f(x) = 2x, ¥ X €R.

If you changex to —x, then you have

f(—x) = 2 (—x) = —2x ~f (X).
Suck afunction is caled an add function.
Now, comnsider afunction ;R — R defined as

f(x) = x* ¥x €ER
Then changing x to —x we get

- X) = (—x)* = x*=1(x)
Such afunctionis called an even function.
Thedefinitionsof even and odd functionsare as follows:
A function f: R — Riscalled evenif f(— x) = f(x), ¥ x €R,
It iscalied odd if f(— x) = — f(x), ¥ x ER

EXAMPLE 7: Verify whether thefunction f: R — R defined by
() fx)=sin*x T Cos® 2x

f(x) = \/az-i—ax-i-xz - \/az—ax+x2
areeven or odd.

SOLUTION: () f(x) = sin’x + cos’ 2x, ¥ x ER
==> (=X) = §n* (=) T cos’ 2 (—x)
= g x + cos’ 2x = f(x), ¥ x €R
=>f isan even function.

(i) f(x)=\/az+ax+x2 - \/az.—axﬁ-xz, ¥xER

= f(—x) = \/a2 —ax+x’ - \/z;i‘+ ax + x*
=—f(x), ¥xER

Lo =2 fisan odd function.

EXERCISE 11)
Deternaine which of the followimg fumctions are even or odd or neither:

@) Nx)=x (H)s constant fanction
(iii) sin x, cos x, tan X,

iv) f@= X ‘;,Vxen,xq—a,sl

2
o

7. Bounaed Flmcﬂon_s

In Unit 2, you were introduced to the notion of a bounded set, upper and lower
bounds of aset. Let us now extend these notions to a function.

You know that if f: S = Risafunction, (SCR), then
{f(x): x €8},
: iscaled the rangeset?)r simpiy therange of thefunctionf.
i A function is said {o be bounded if its range s bounded.
%“' P Let f: S™ R beafunction. It issad to be bounded above if {here exists a redl

number X suchthat
f(x)< K. ¥x ES

The number X iscaled an upper bound of It Thefunction{ issaid to be bounded
below if there exists a number.k such that
Ax)ZkvxeS
88 The number k is called alower bound of f.




A function f:'S— R, which is bounded above as wdl as bounded below, issaid to be
bounded. Thisimpliesthat there exist two real numbersk and K such that
k<f(x)<KV¥xcS.

Thisisequivalent to say that afunctionf: S™ R isbounded if there exists a real
number M such that

1fx)| = M, ¥xES.

A function may be bounded above only or may be bounded bdow only or neither
bounded abovenor bounded below.

Recall that sin x and cos x are both bounded functions. Can you say why? It is
because of the reason that the rangedf each o thesefunctionsis[—1, 1].

EXAMPLES A function f: R — R defined by
i fx=- x?, ¥ xZ R is bounded above with 0 as an upper bound
iy = x, ¥ x = 0 isbounded below with 0 asalower bound

(i) f(x)= for |x| =1 isbounded because |f(x)] < 1 for |x| < |.

Try the following'exercise.

EXERCISE 12)
Tt which of thefollowing functions with domain and co-domain asR are bounded

and unbounded:
(i) f(x)=tanx
@@ f(x)=(x]

(iii) f(x).=¢€"
(iv) f(x) = logx
EXERA SE 1%

Supposef: S —» Randg S —> R areany bounded functionson S. Prove that f
+ g and f. g arealso bounded functionson 8.

45 SUMMARY

In this unit, we have discussed varioustypes d red functions. We shall frequently use
these functionsin the concepts and examplesto bediscussed in the subsequent units
throughout thecourse).

In Section 4.2, we have introduced the notion of an algebraicfunction and its various
types. A functionf: S —» R (S C R) defined as y = f(x), ¥ x < Sissaid to be
algebraic_'?: it satisfiesidentically an equation of theform

po )y TPy Tp )yt +pmy+pa()=0,

where p. (X), pt (X), ..., pn (X) @e polynomiasin x for al

x € Sand nisapostiveinteger. In fact, any function constructed by afinite number
of algebraic operations— addition, subtraction, multiplication, division and root
extraction—isan algebraicfunction. Some of the examples o algebraicfunctionsare
the polynomial functions, rational functionsand irrational functions.

But not al functions are algebraic. Thefunctionswhich are not algebraic, are called
transcendental functions. These have been discussed in Section 4.3. Some important
examples of the transcendental functions are trigonometricfunctions, logarithmic
functions and exponential functionswhich have been defined in this section. We have
defined the monotonicfunctionsalso in this section.

In Section 4.4, we have discussed some special functions. These are theidentity
function, the periodic functions, the modulusfunction, the signumfunction, the
greatest integer function, even and odd functions. Lastly, we have introduced the
bounded functionsand discussed afew examples.

R;'.al Vi"'uncﬁ‘ons
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Real Numbers and Functions 46 ANSWERS/HINTS/SOLUTIONS

H) (f+g)(x)ax*+bx
(f - g) (x) = ax* - bx
(fg) (X) =ax.bx=and

2
(f/g) (X) =‘% = %( provided b # 0, x = 0,
- kf=kax?
B ¢ | fw=c  _| f9=0
‘ : constant function Zerofunction (x-axis)

E3) Y= f(x) = vx = y* = x. Now draw the graph.

B y=-fx)=y= VXX

Dyl=x+ X
% DY -x=X
= (Y2 - %y =x
e ‘ = Yy -2y x+xt-x=0,

which shows that y = f(x) is an agebraic function.

| ES) () Lé x,, x, €]0, nf. Then
: fix,) =f (x,)=> cosx, = cos x,
= COS X, — €OS X, = 0

(X, -x) _
5 =0

, + .
=>25|n(x' le)sm

W o x o+ -
B g — either sin (xlz xz) = 0 or sin (x, le) =0

. X, —X X, — X
Now, sin 12 L=0= -—-——‘2 L=0 +nx,+2x, ..., and
i X, +x X, +
i dn ,’_2,_,2=Q:> ! xz =0, +m, + 27,......

X,=X
2 1 = -
Now, 5 =0=>x =X,
X, X,

—5— %in.n(n21)=>xz=i2nn+xl,

which,is not possible.

X, =X . .
Hence —27—‘" =+ nx isnot posshle.

Thus, the only possibility is

X, - X,
2

Since, X,, X, €10, A[, we cannot have the case

= 0 which means x, = X,.

X, +X
: '2 2=0,+m +2n,.

Hence

fix)) = f(x,) = X, =Xy

90 In other words, f(x) = cos x is.one-onein-[0, n].




Now, the range of cos x is [-1, 1] =R. Therefore cos x, defined from [0, n] to
R is not onto. But, if cos x is defiend from [0, ] to [-1, 1], thenitis certainly
one-one and onto.

() Do it yourself.

E6) () ContangentInverse
y=cot'x & x=coty
where0 <y <nand -« <X <+ e,

(i) Secant Inverse
y=sec! X & X =secy,

where0 <y <n,y = % and [x| 2 1.

(i) Cosecant inverse
Y = cosec™ X <> X = COSEC Y,
where —g s y=x -;;,y;eOand|x|21.
E7) () Letf:S— T beastrictly decreasing function.
Let x,, x, be any two distinct elements of S. Then
X, #X :"x1<x20rx|>xz
P = f(x) > f(x,) or fix,) < f(x,)
= f(x,) # f(x,).

This shows that f is one-one.

Since f(S) = T, f is onto. Thus f is one-one and onto and hencef is
invertible. In other words ! existsi.e. ' : T — S is defined.

Fory,y, €T, wehavey, = fx,), y, = f(x,), forsomex,,x in S If y, <y, weclam

that X, > x. If not, then x, < %, which impliesthat f(x)) > f(x,) i.e., y, > y,. Thisis'a
contradiction. Hencey, <y, = x, > x, = ' (y,) > £ (y,).

Thus, £ is also drictly increasing.
E8) Follow the method of Example 8.

E9) Sincef(ntx)=]sn*(x +x)|=|-sin' X|=|sn®x]|,
therefore n is the period of f. You may note that = is the least such number
satisfying the above relation.

E10) The function f(x) = X - [X] is periodic with period 1 because 1 is the least
number such that
fix+D)=x+1)-[x+1j=x+1)-[x] -1=x-[x]
=1{x).
EIl) (i) odd (ii) even.
(iii) sn x is odd, cos X is even, tan x is odd.
(—=x)+4 x4

—=F-9. x-9° which shows that f is neither even

)~

'nor odd.

E12) (i) It is unbounded because its range is ] = o, + «of.
(i) x| is bounded below with 0 @s.a lower bound.
(ii) e* is bounded below because its range is 0, of.
(iv) log x is unbounded.

E13) Since f and g are given to be bounded functions, therefore there exist numbers
k,, K, and k,, K, such that
k sf(x) sK,, ¥V x S
k,<gx) <K, ¥ x &S
(i Since (ft+g) (x) = f(x) +g(x), ¥ X €5,
therefore, k, + k, < f(x) + gx) <K, + K, ¥ x &8,

Real Functions‘
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wherek = k; + kz, K = K; + K, are some real numbers

Thus f(x) + g(x) is a bounded function.

(i) Weknow (£.8) (x) = f(x). g(x) ¥ x =S Sincef and g are bounded,
therefore, we can find mi, my such that
1f(x) | < mi |, [g(x)] = m; ¥XES.
Then
" (f.8) (®) | = f(x). gx)I
= 1(x) | |g(x)|
ESm.mV¥xES
which showsthat f.g is bounded.
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REVIEW Real Functions
Attempt the following self-assessment questions and verify your answersgiven at the

end:
l.

2

10.

Test whether the .following are rational numbers:
() V17 (i) 8 (i) 3+ /2

The inequality x* — 5x + 6 < 0 holdsfor

(i) x<2x<3 (i)x>2,x<3

(i) x<2x>3 (ii)x>2 x>3

If 3, b, c,d arerea numbers guch that
a+b=1,+d =1

then show thauI actbd = 1

Prove that [a+ b+ c| =< |a| + |b| + |¢]

foral a b, c,ER.

Show that
s+ s+ oo T aa] < Jar| T a2 + o T Jan]

“for ai, a, ... 8 ER.

Which of the'following sets are bounded above? Write the supremum of the set
if it exists. -
() '(ne G)U [2n,2nT1]

n=1

(i) n+'-§:l—)::nEN} (V) (x€EQ: ¥< 2}
: n
v) (x€ER:x<0} (vi){ % :n€EN and n is prime}

(vii) {x*:xER} (viii){Cos(ng) :nEN}
(ix) 2n:n€Z2} (x){xER:x=2}U {xER:x>2}

Find which of the setsin question 6 are bounded below. Write the infemum if it
=Xists.

Which o the sets in question 6 are bounded and unbounded.

Test whether the following statements are true or false :

(i) ThesetZof integersis not aNBD of any df its points.
(i) Theinterval 0, 1]isa NBD of each df its points

(iii) Theset]l, 3[U ]14,5][ isopen.

(iv) Theset[a,oe[ U J—e°, a]is not open.

{v) Nisaclosed set.

(vi) Thederived set of Z is nonempty.

(vii) Every rea number isalimit point of the set Q of rational numbers.
(viii) A finite bounded set has a limit point.

(ix) [4,51U]7, 8]isa closed set.

(x) Every infinite set isclosed.

Justify thefollowing statements:

(i) Theidentity function isan odd function.

(i) Theabsolute valuefunction is an even function.

(iii) Thegreatest integer function is not onto.

(iv) Thetangent function s periodic with period 7.

(v) Thefunctionf(x) = |x| for — 2= x = 3 isbounded.

(vi) Thefunction f(x) = ¢* is not bounded

(vii) Thefunctionf(x) =sinx, for x€ [ — E , %] is monotonically increasing.

L(viit) Thefunction f(x) = cosx for 0< X < 7 ismonotonically decreasing.

(ix) Thefunction f(x) = tan x isstrictly increasing for x [0, ],
Z

® 1= V2 -3x+2

is an algebraic function
X2 93



- - ANSWERS

1. Noneisarational number
2. For (ii) only since2 < x <3, .
3 (-d)’20 => b+d’22d =>bd<

!
I (a—c¢)*=0 => a’+c!=2ac => ac<

N =

i == actbd < 1.
2
4. . Usethetriangleinequality.
Use the principle of Induction.
Gy m (iv) 2
V) 0 (vi) i (viii) 1
(ix) and (x) are unbounded.
7. (@) e
@iy 2
(i O
(vi) O
(viii) — 1
8. All the sets are unbounded except the (i)
9. (i) True(ii) False(iii) True (iv) False(v) True (vi) Fase (vii) True (viii) False
(IX) True(x) False.
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