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UNIT 3  INTEGRATION 

 

Structure 

 

3.0  Introduction  

3.1  Objectives 

3.2  Basic Integration Rules 

3.3  Integration by Substitution 

3.4  Integration of Rational Functions 

3.5  Integration by Parts 

3.6  Answers to Check Your Progress  

3.7  Summary 

 

3.0  INTRODUCTION 

 

In Unit 1, we were primarily concerned with the problem of finding the 

derivative of given function.   In this unit, we take up the inverse problem, that 

of finding the original function when we are given the derivative of a function.  

For instance, we are interested in finding the function F if we know that F´(x) = 

4x
3 

.    From our knowledge of derivative, we can say that 

  

 

 

We call the function F an antiderivative of F´ or F(x) is an antiderivative of f.  

Note that antiderivative of a function is not unique.  For instance, x
4
+1, x

4
+23 are 

also antiderivatives of 4x
3
.  In general, if f(x) is an antiderivative of f (x), then 

F(x) + c, where C is an arbitrary constant is also an antiderivative of f. 

 

3.1  OBJECTIVES 

 

After studying this Unit, you should able to: 

 define antiderivative of a function; 

 use table of integration to obtain antiderivative of some simple functions; 

 use substitution to integrate a function; and 

 use formula for integration by parts. 
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3.2  BASIC  INTEGRATION RULES 

 

If F(x) is an antiderivative of f(x) we write 

 

( ) ( )                 Constant of Integrationf x dx F x C
               

 

          Variable of Integration 

 

 

is the antiderivative of f with respect to x.  The differential dx 

serves to identify x as the variable of integration.  The term indefinite integral  

is a synonym for antiderivative. 

 

Note that  

 

 

 

 

In this sense the integration is the inverse of the differentiation and 

differentiation is the inverse of integration. 

 

We use the above observations to obtain the following basic rules of integration. 

 

Basic Integration Rules 

Table 

Differentiation Formula Integration Formula 

1.       0
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k
dx  
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                     '( ) ( )
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7.     ( ) ( )
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f x k f x c

f x dx g x dx
 

Integrand 
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The general pattern of integration is as follows: 

 

 

 

 

 

 

 

 

 

Illustration  

 

 

 

 

 

       

 

                    

 

                              
 

  

Solved Examples 

 

Example 1: Evalutate 

 

 

 

Solution :  

 

 

 

 

   

 

 

 

 

  

Given integral 

Rewrite 

Integrate 

Simplify 
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Integration Example 2 :  Evalutate 

 

 

Solution : 

 

 

  

 

    

 

 

     

 

 

     

 

 

                    

 

 

                    

 

 

 

Example 3 :   Evalaute 

 

 

 

Solution:  

 

                                    

 

 

 

 

 

 

 



 

76  

Calculus 

 

Example 4 :  Evaluate 

 

 

 

 

Solution   We have  

 

 

                    

 

                   

 

                     

 

 

Thus, 

 

 

 

 

 

 

Example 5 :  Evaluate 

 

 

 

Solution :  We know that  
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Integration Check Your Progress – 1 

 

Integrate the following functions. 

 

1.       +                          2.           

 

3.                      4.      

 

5.           6.      (  

 

 

Answers  

 

 

 

      
 

 

 

 

 

3.3  INTEGRATION BY SUBSTITUTION 

 

If the integrand is of the form   we can integrate it by substituting 

g(x) = t.   We illustrate the technique in the following illustration. 

 

Illustration: Integrate    To integrate this function, we put 

 

 = t   

Thus,  

 

 

 

 

 

 

Solved Examples 

 

Example 6 : Evaluate 

 

 

Solution : To evaluate this integral, 

 

We put 7x – 2 = t
2 
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Example 7 :  Evaluate 

 

 

 

Solution :  In this case, again, we put 

 

5x – 3 =   5 dx = 2tdt 

 

 

 

 

 

 

Thus, 

 

 

   

 

 

 

 

 

 

 

 

 

 

Example 8 :  Evaluate 
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Integration Solution :   Put 3x  2 = t  so that 

 

 

 

 

 

 

 

Example 9 :  Evaluate  

 

 

 

Solution :  Put x  

  

 (x  +  

or        (x + 1)  

 

Thus, 

 

 

 

 

 

Example 10 : Evaluate the integral 

 

 

 

 

Solution :   Remark To evaluate an integral of  

 

 

 

We write  

 

Numerator = α (Denominator)  + β  (Denominator) 

 

 

and obtain values of α and β, by equating coefficients of  

 

In the present case, we write 

 

2  = α (3 ) + β  (3 ) 

 
 2  = α (3 ) + β (3 ) 
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Equating coefficients of , we obtain 

 

        2 = 3 α  + 3 β 

 

 and  3 = 4 α  – 4 β 

 

α  + β = 2/3 and α – β = ¾ 

Adding, we obtain 

 

 

  

 

 

Thus, 

 

 

 

 

 

 

 

 

 

 
 

  

 

 

 

= ln  

 

 

 

 

Check Your Progress – 2 

 

Evaluate the following integrals. 
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Answers  

  

 

 

2.    

 

 

 

 

 

5       2ln (  

 

 

 

 

 

 

 

 

3.4     INTEGRATION OF RATONAL FUNCTIONS 

 

 

 

 

 

 

 

and is said to be improper if deg (P(x)) ≥ deg(Q(x)). 

 

 

 

 

 
















































