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vvuqekfud  llkaf[;dh  
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vvkdyu  
330-1 izLrkouk 

izfrp;u dk mÌs'; izfrn'kZ izs{k.kksa ds vk/kkj ij lef"V dh fo'ks"krkvksa ¼ds y{k.kksa½ dk 

v/;;u djuk gksrk gSA ,d lko/kkuhiwoZd pqus x, izfrn'kZ ls bu y{k.kksa ds izdV gksus 

dh izR;k'kk gksrh gS rFkk blhfy, bl izfrn'kZ ds ,d lkaf[;dh; fo'ys"k.k ls ge 

lef"V ds ckjs esa fu"d"kZ fudky ysaxs ¼;k vuqfefr fudky ysaxs½A ;g izfØ;k 

**lkaf[;dh; vuqfefr ¼statistical inference) dgykrh gSA 

gekjs lEeq[k nks izdkj dh leL;k,¡ vkrh gSaA igyh] lef"V ds dqN vfHky{kf.kdksa ds 

ckjs esa gekjs ikl dksbZ Hkh lwpuk izkIr ugha gks] fo'ks"k :i ls caVu esa lac) izkpyksa ds 

ckjs esa] rFkk bu izkpyksa ds vkdyuksa dks izkIr djus dh vko';drk gksA ;g leL;k 

vkdyu ¼estimation½ dh gSA nwljs] izkpyksa ds ckjs esa dqN lwpuk ;k muds 

ifjdYiukRed eku miyC/k gks ldrs gSa] rFkk ;g tk¡p djus dh vko';drk gks fd 

izfrn'kZ }kjk iznku dh xbZ lwpuk ds vk/kkj ij ;g ifjdYiuk fdlh lhek rd 

Lohdk;Z gks ldrh gSA ;g leL;k **ifjdYiuk tk¡p djus** ;k **lkFkZdrk dks VsLV** 

djus dh gSA bl bdkbZ esa vkdyu ij l`tu fd;k tk,xkA bl fo"k; ij xgjkbZ ls 

fopkj djus ds mÌs'; ls] izkjaHk esa *vPNs vkdydksa ¼estimators½ ds xq.kksa dk ifjp; 

djk;k x;k gS] tks vufHkurk] laxrrk vkSj n{krk gSaA bu xq.kksa dk o.kZu djus ds ckn] 

vkdydksa ds vuarLi'khZ; ¼asymptotic½ xq.kksa ds lkFk izfl) ØSej jko vlfedk 

¼Cramer Rao Inequality½ ls ifjp; djk;k x;k gSA bl bdkbZ ds vafre mi&vuqPNsn 

esa] vkdydksa ds **Js"Bre vuqeku ¼best guess½** ;k lR; ekuksa dks fu/kkZfjr djus ds 

fy, vkdyu dh fof/k;ksa dks lfEefyr fd;k x;k gSA  

30-2 vkdyu dk fl)kar  (Theory Of Estimation) 

eku yhft, fd gekjs ikl ,d pj x ij ,d ;kn`fPNd izfrn'kZ x1, x2, … ,xn gaS] ftlds 

lef"V acaVu esa ,d vKkr izkpy θ lac) gSA izfrn'kZ ekuksa ds vk/kkj ij θ dk vkdyu 

Kkr djus dh vko';drk gSA ;g vkdyu nks fHkUu&fof/k;ksa ls fd;k tkrk gS% (i) fcanq 

vkdyu, vkSj (ii) varjky vkdyuA  

‘fcanq vkdyu’ ¼Point estimation½ esa] vkdfyr eku dks ,d vdsys la[;kRed eku }kjk 

fn;k tkrk gS] tks izfrn'kZ izs{k.kksa ¼vFkkZr~ vk¡dM+ksa½ dk ,d Qyu gksrk gSA ;g Qyu 

,d **vkdyd ¼estimator½** dgykrk gS] D;ksafd fcanq vkdyu ,d la[;kRed eku gh 

gS] blfy, blds eku dh lef"V izkpy ds lR; eku ds lkFk laikrh gksus dh laHkkouk 

de gSA izfrp;u =qfV ds dkj.k vfuf'prrk dh dqN ek=k gksdj gh jgsxhA bl 

dfBukbZ dks nwj djus ds fy,] dqN varjkyksa dh jpuk dh tkrh gS rFkk ;g nkok 

fd;k tkrk gS fd lef"V izkpy dk lR; eku] eku yhft,] 95% ;k 99% fo'okL;rk 

Lrj ij bl varjky ds vanj gh fLFkr gksxkA  

*varjky vkdyu* esa] izfrn'kZ ekuksa ds vk/kkj ij nks jkf'k;ksa ds mi;ksx }kjk ,d 

varjky ¼interval½ vfHkdfyr fd;k tkrk gS] ftlds vanj ,d izkpy ds lR; eku ds 
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vvuqekfud  llkaf[;dh  
fLFkr gksus dh izR;k'kk gksrh gSA ;g varjky fo'okL;rk ¼confidence½ varjky dgykrk 

gS rFkk bl varjky dks fufnZ"V djus ds fy, ftu jkf'k;ksa dks mi;ksx fd;k tkrk gS os 

**fo'okL;rkrk lhek,¡** dgykrh gSa D;ksafd gekjk ekSfyd mÌs'; izfrn'kZ izs{k.kksa 

(observations) ds lkFk tqM+s izkpy dk vkdyu djuk gS] blfy, vkxs foLr`r :i ls 

ppkZ djus ls iwoZ] vkb, izkpy lef"V ¼parameter space½ dh /kkj.kk ds ckjs esa ppkZ 

djsaA  

330-2-1 izkpy lef"V (Parameter Space) 

vkb,] p- d- f,f(x, θ) ds lkFk ,d ;kn`fPNd pj (random variable) x ij fopkj djsaA 

vf/kdka'k lkekU; vuqiz;ksxksa esa] ;|fi lnSo ugha] lef"V caVu dk Qyud ¼functional½ 
:i ifjdfYir fd;k tkrk gS fd Kkr gS dsoy dqN vKkr izkpy¼yksa½ θ ds ekuksa dks 

NksM+rs gq,] tks fdlh leqPp; (set)  ij dksbZ Hkh eku ys ldrk gSA bl rF; dks p.d.f. 
dks f(x, θ), θ Θ ds :i esa fy[kdj O;Dr fd;k tkrk gSA leqPp; Θ tks θ ds lHkh 

laHko ekuksa dk leqP; gS] *izkpy lef"V* dgk tkrk gSA ,slh fLFkfr u dsoy ,d 

izkf;drk caVu iznku djrh gS] rkfd izkf;drk caVuksa dk ,d dqy ¼family½ iznku 
djrh gS] ftls ge {f(x, θ), θ Θ} ds :i esa fy[krs gSaA mnkgj.kkFkZ] ;fn X~ N (μ, 2σ ) 

gS] rks izkpy lef"V Θ = {(μ, 2σ )% – ∞ < μ < ∞; 0 < σ < ∞} gSA 

2σ = 1 ds fy,] izkf;drk caVuksa ds bl dqy dks {N (μ, 1); μ Θ}, }kjk iznku fd;k 

tkrk gS] tgk¡ Θ = {μ% – ∞ < μ <∞} gSA vkxs vkus okyh ppkZ esa] ge caVuksa ds ,d 

O;kid dqy {f(x; θ1, θ2, … , θk)% θi Θ, i = 1, 2, … , k-} ij fopkj djsaxsA 

vkb, izkf;drk Qyu f(x; θ1, θ2, … , θk) ds lkFk] ,d lef"V ls eki 'n' ds ,d 

;kn`fPNd izfrn'kZ x1, x2, … ,xn, ij fopkj dhft,] tgk¡ θ1, θ2, … , θk vKkr lef"V 

izkpy gSaA rc] vk¡dM+s dgykus okys izfrn'kZ ekuksa ds lnSo ,d vifjfer la[;k esa 

Qyu gksaxs] ftUgsa ,d ;k vf/kd izkpyksa ds vkdyuksa ds :i esa izLrkfor fd;k tk 

ldrk gSA  

Li"Vr%] Js"Bre vkdyu og gksxk tks vkdfyr fd, tkus okys izkpy ds lR; eku ds 

fudVre gksxkA nwljs 'kCnksa esa] ml vk¡dM+s dks] ftldk caVu izkpy ds lR; eku ds 

;FkklaHko ftruk fudVre :i ls dsfUnzr djrk gS] Js"Bre vkdyu ekuk tk ldrk 

gSA vr%] mijksDr fLFkfr esa] vkdyu dh ekSfyd leL;k dks fuEufyf[kr :i esa lwf=r 

fd;k tk ldrk gS% 

ge fuEufyf[kr izfrn'kZ izs{k.kksa ds Qyuksa dks fu/kkZfjr djuk pkgrs gSa%  

T1 = 1
ˆ (x1, x2, … , xn), T2 = 2ˆ (x1, x2, … , xn), … , Tk = kˆ (x1, x2, … , xn), rkfd budk 

caVu izkpy ds lR; eku ds ;FkklaHko ftruk fudVre :i ls dsfUnzr gks ldrk gS 

dsfUnzr gksA rc] vkdyu djus okys Qyuksa dks *vkdyd* dgk tkrk gSA  
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vvkdyu  
330-3 vkdydksa ds vfHky{kf.kd (Characteristics Of 

Estimators) 

,d vPNs vkdyd ds fy, dqN fud"k ¼dlkSflfV;k¡½ bl izdkj gSa% (i) vufHkurrk, (ii) 

laxrrk (iii) n{krk] vkSj (iv) i;kZIrrkA vc] ge bu inksa dks la{ksi esa ,d&,d djds 

Li"V djsaxsA  

30-3-1 vufHkurrk 

,d vkdyd nT  izkpy dk ,d vufHkur vkdyd gksrk gS ;fn vkSj dsoy ;fn 

.nTE  gSA 

vufHkur vkdyd gS D;ksafd .xE  gSA 

uksV% ;fn nTE gS] rks nT  dks /kukRedr% vfHkufr dgk tkrk gS rFkk ;fn 

,nTE  gS] rks bls _.kkRedr% vfHkufr dgk tkrk gS] tcfd vfHkufr dh ek=k 

b dks ,nTEb }kjk fn;k tkrk gSA 

vufHkur vkSj vfHkur vkdydksa ds dqN mnkgj.k fuEufyf[kr gS% 

1½  ;fn X dk izkpyksa n vkSj  ds lkFk ,d f}in caVu gS] rks n'kkZb, fd  dk 

izfrn'kZ vuqikr 
n
X

 
,d vfufHkur vkdyd gSA

 

;fn ,nXE gS] rks n
n

XE
nn

XE 11
gSA 

 vr% ,dk X/n ,d vufHkur vkdyd gSA  

2½  ;fn 2S  ifjfer izlj.kksa 2  ds lkFk ,d vifjfer lef"V ds ;kn`fPNd izfrn'kZ 
dk izlj.k gS] rks  22SE gSA 

miifŸk% ifjHkk"kk }kjk 
n

i
i XX

n
ESE

1

22

1
1

 

    
n

i
i XXE

n 1

2

1
1

 

    
2

11
1 n

i
i XXE

n
 

    
n

i
i XnEXE

n 1

22

1
1

 

D;ksafd, 22
iXE vkSj 

n
XE

2
2

 gS] blfy, 

   2

1

2
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1
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i n
n

n
SE  gSA 
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vvuqekfud  llkaf[;dh  ;|fi (S2) ,d vifjfer lef"V ds izlj.k dk ,d vfHkur vkdyd gS] ijarq ;g ,d 

ifjfer lef"V ds izlj.kksa dk ,d vufHkur vkdyd ugha gS rFkk fdlh Hkh fLFkfr esa 

 dk S ,d vufHkur vkdyd ugha gSA vufHkurrk dh ladYiuk ds lkFk dfBukb;k¡ 

lg;ksftr ¼tqM+h gqbZ½ gSaA ;g xq.k Qyud :ikarj.kksa ds varxZr gks ldrk gS ykxw ugha 
jgsA vFkkZr~ ;fn   dk  ,d vufHkur vkdyd gS] rks ;g vko';d ugha gS fd  

 dk  ,d vufHkur vkdyd gksA vufHkurrk dh ladYiuk ds lkFk tqM+h 

,d vU; dfBukbZ ;g gS fd vufHkur vkdyd vko';d :i ls vf}rh; ugha gksrs gSaA 

vufHkurrk og xq.k gS] tks ifjfer 'n' ds lkFk tqM+k gksrk ¼lg;ksftr½ gSA ,d vk¡dM+k 
,,...,, 21 nn xxxTT  dk ,d vufHkur vkdyd dgk tkrk gS] ;fn lHkh   

ds fy, ,TE n gksrk gSA 

330--3-2 laxrrk  

,d vPNs vkdyd dk ,d ok¡Nuh; xq.k ;g gS fd tSls&tSls izfrn'kZ dh eki cM+h 

gksrh tk,] oSls&oSls bldh ifj'kq)rk esa o`f) gksrh tkuh pkfg,A vFkkZr~ izfrn'kZ dh 

eki esa o`f) ds lkFk vkdyd ds izkpy ds fudV vkus dh izR;k'kk gksrh gSA  

eki 'n' ds ,d ;kn`fPNd izfrn'kZ ij vk/kkfjr ,d vkdyd nn xxxTT ,...,, 21  

izkpy lef"V ,,  dk laxr ¼Consistent½ vkdyd dgk tkrk gS] ;fn nT  

izkf;drk esa  rd vfHklfjr ¼converges½ gksrk gS] vFkkZr~ tc n , rc  ;fn 

PTn gSA nwljs 'kCnksa esa] dk nT  ,d laxr vkdyd gS] ;fn izR;sd 

,0,0  ds fy, /kukRed iw.kkZad ,mn dk vfLrRo gS] rkfd 

1nTP tc ,;1 mnTPn n tgk¡ n dk m 

dksbZ cgqr cM+k eku gSA  

uksV% ;fn nXXX ,.., 21  ifjfer ek/; ,iXE ds lkFk ,d lef"V ls fy;k x;k 

;kn`fPN izfrn'kZ gS] rks f[kufpu (Khinchin) ds cM+h la[;kvksa ds detksj fu;e (weak 

law of large numbers) (WLLN) }kjk ge izkIr djrs gSa fd  

 ,1
1

i

n

i
in XEx

n
X as n - 

vr%] izfrn'kZ ek/; nX  lnSo gh lef"V ek/; dk ,d laxr vkdyd gksrk gSA  

Li"Vr%] laxrrk izfrn'kZ eki 'n' ds vfuf'pr :i ls cM+s ekuksa ds fy, ¼vFkkZr~ tc  

n → ∞½ ,d vkdyd ds O;ogkj ls lacaf/kr ,d xq.k gSA ifjfer 'n' ds fy, blds 

O;ogkj ds ckjs esa dqN ugha lkspk tkrk gSA  

lkFk gh] ;fn eku yhft,  ds ,d laxr vkdyd Tn dk vfLrRo gS] rks ,sls 

vifjfer :i ls vusd vkdydksa dh jpuk dh tk ldrh gSA mnkgj.kkFkZ]  

Tn
’ = (n-a)/(n-b) gS]  Tn = [1– (a/n)]/ [1-(b/n)] gS, tgk¡ Tn

’ → Tn→  gS] tc n → ∞ gS] 

rFkk blhdkj.k] a vkSj b ds fHkUu&fHkUu ekuksa ds fy,]  ds fy, Tn
’ Hkh laxr gSA  
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vvkdyu  
llaxrrk ds i;kZIr izfrca/k% 

eku yhft, fd {Tn}vkdydksa dk ,d vuqØe bl izdkj gS fd lHkh θ Θ ds fy,] 

i) Eθ(Tn) →  gS] tc n → ∞ gSA 

ii) Varθ(Tn) →0 gS] tc n → ∞ gSA 

rc] γ(θ)  dk Tn ,d laxr vkdyd gSA  

30-3-3 n{krk 

;fn ge vius dks vufHkur vkdydksa rd gh lhfer j[ksa] rks Hkh ,d izkpy ds ,d ls 

vf/kd laxr vkdyd gksaxsA μ ds fy, laxr vkdydksa dh ,d cM+h la[;k gks ldrh 

gSA okLro esa] ;fn T laxr gS] rks mnkgj.kkFkZ] T + a / ψ (n) vkSj T {1+ a / ψ (n)}, Hkh 

laxr gksaxs] tgk¡ ‘a’ dksbZ vpj 'n' ls Lora= gS rFkk 'n' dk ψ (n) dksbZ o/kZeku Qyu gSA 

bu izfrLi/kkZ okys vkdydksa esa la pquko djus ds fy,] dqN vfrfjDr fud"kksZa dh 

vko';drk gksxhA bl izdkj] ge LVksdfLVd ¼stochastic½ vfHklj.k ds lkFk 

LVksdsfLVd vfHklj.k ¼Convergence½ dh nj ij Hkh fopkj dj ldrs gSa] vFkkZr~ ge 
dsoy ;g ekax ugha dj ldrs gSa fd T dks LVksdsfLVd :i ls γ(θ)  esa vfHklfjr gksuk 

pkfg,] vfirq ;g Hkh ekax dj ldrs gSa fd bls ,slk i;kZIrr% rhozrk ls djuk pkfg,A 

ge viuk /;ku mu laxr vkdydksa rd lhfer j[ksaxs tks vuarLi'khZ; :i ls 

izlkekU;r% cafVr gSaA ,slh fLFkfr esa] vfHklfjrk dh rhozrk dks vuarLi'khZ; caVu ds 

izlj.k ds foykse }kjk lwfpr fd;k tk,xkA vuarLi'khZ; izlj.k dks *avar' }kjk O;Dr 

djus ij] ge dg ldrs gSa fd  dk T Js"Bre vkdyd gS ;fn ;g laxr vkSj 

izzlkekU;r% cafVr gS rFkk ;fn avar (T) ≤ avar (T’) gS] pkgs vU; laxr vkSj vuarLi'khZ; 

izlkekU; vkdyd T’ dqN Hkh gks ldrk gksA  

mijksDr xq.k okyk ,d laxr] vuarLi'khZ; izlkekU; vk¡dM+k T **n{k (efficient)** 
dgykrk gSA  

30-3-3-1 lcls vf/kd n{k vkdyd 

;fn ,d izkpy ds fy, laxr vkdyd dh fLFkfr esa] ,d ,sls vkdyd dk vfLrRo gS] 

ftldk izfrp;u izlj.k fdlh ,sls gh vkdyd ls de gS] rks og *lcls vf/kd n{k* 

(most efficient) vkdyd dgykrk gSA tc Hkh dHkh ,sls vkdyd dk vfLrRo gksrk gS] 

og vU; vkdydksa dh n{krk ¼efficiency½ dks ekius ds fy, ,d fudk; (criterion) 

iznku djrk gSA  

ifjHkk"kk% ;fn T1 izlj.k V1 ds lkFk lcls vf/kd n{k vkdyd gS rFkk T2 ,d vU; 

vkdyd gS ftldk izlj.k V2 gS] rks n{krk  E = V1 /V2 ds :i esa ifjHkkf"kr dh tkrh 

gSA Li"Vr%  E bdkbZ ¼unity½ ls vf/kd ugha gks ldrh gSA ;fn T1, T2, … , Tn  lHkh 

 ds vkdyd gSa rFkk Var(T) U;wure gS] rks Ti, (i = 1, 2, … , n) dks Ei = Var(T)/ 

Var(Ti) ds :i esa ifjHkkf"kr fd;k tkrk gSA Li"Vr% Ei ≤ 1, (i = 1, 2, … , n) gSA 
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vvuqekfud  llkaf[;dh  330-3-3-2 U;wure izlj.k vufeur vkdyd (MVUE) 

;fn eki 'n' ds izfrn'kZ ij vk/kkfjr ,d vk¡dM+k T = T(x1, x2, … , xn) bl izdkj gS fd  

i) lHkh θ Θ  ds fy,]  ds fy, T vufHkur gS rFkk  

ii)  ds lHkh vufHkur vkdydksa ds oxZ esa bldk U;wure izlj.k gS] rks  rc T 

dks  dk U;wure izlj.k vufHkur vkdyd ¼minimum variane unbiased 

estimator (MVUE) dgk tkrk gSA vf/kd ifj'kq)r%]  dk T MVUE gS ;fn lHkh 

θ Θ ds fy, Eθ(T)=  gS rFkk lHkh θ Θ  ds fy, Varθ(T) ≤ Varθ(T’) gS] tgk¡ 

 dk T ' dksbZ vU; vufHkur vkdyd gSA  

vkb, MVUE ls lacaf/kr dqN egRoiw.kZ izes;ksa dh ppkZ djsaA  

 ,d MVUE bl vFkZ esa vf}rh; gksrk gS fd ;fn  (θ) ds fy, T1 vkSj T2 

MVUE  gSa] rks  T1 = T2 gksuk yxHkx fuf'pr gksrk gSA 

 eku yhft, fd  ds T1 vkSj T2 Øe'k% n{krkvksa e1 vkSj e2 ds lkFk vufHkur 

vkdyd gSa rFkk ρ = ρθ nksuksa ds chp esa lglaca/k xq.kkad gSa] rks (e1e2) – 

 ≤ ρ ≤ (e1e2) +  gksrk gSA 

 ;fn , θ Θ dk T1 ,d MVUE gS rFkk T2 n{krk e = eθ ds lkFk  dk 

dksbZ vU; vufHkur vkdyd gS] rks T1 vkSj T2 ds chp lglaca/k xq.kk¡d dks  

ρ = √e }kjk fn;k tkrk gS] vFkkZr~ lHkh θ Θ ds fy, ρθ = √eθ gSA 

mnkgj.k% n'kkZb, fd X  ,d izlkekU; lef"V ds ek/; dk ,d U;wure izlj.k 

vufHkur vkdyd gSA  

D;ksafd ;
2

1)(
2

2
1 xexf  x  ds fy, 

gS] blfy, 
2

2
12ln)(ln xxf

 
gSA 

ftlls 
xxf 1)(ln

 
gSA 

vr%] 22

2

2

2
11.11)(ln xExfE  

bl izdkj, 
nnxfnE

2

2

2 1
1

)(ln

1  gSA 

D;ksafd x vufHkur gS rFkk ,)(
2

n
xVar  gS] blfy,  dk x ,d U;wure izlj.k 

vufHkur vkdyd gSA  
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vvkdyu  ;fn 0V  lcls vf/kd n{k vkdyd dk izlj.k gS rFkk V fdlh vU; vkdyd dk 

izlj.k gS] rks vkdyd dh n{krk dks  .10

V
V

ds :i esa ifjHkkf"kr fd;k tkrk gSA ,d 

izlkekU; caVu ,, 2N ls fy, x, izfrp;u esa] izfrn'kZ ek/; vkSj izlj.k nksuksa gh 

 ds laxr vkdyd gksrs gSaA ge tkurs gSa fd 
n

xVar
2

)(  gS rFkk Var(ek/;d) 

.
2

2

n
 gSA vr%, ek/; dh n{krk 64.02

2

2

2

n

n - gSA vr%, Var(ek/;d) ls 

)(xVar  NksVk gSA vr%] izkpy   ds vkdyu esa ek/; ek/;d ls vf/kd n{k gSA ,d 

vk¡dM+k t, ftldk izlj.k  ds lHkh vkdydksa ds izlj.kksa esa U;wure gksrk gS] U;wure 

izlj.k (MV)  vkdyd dgykrk gSA  

330-3-4 i;kZIrrk 

,d vkdyd fdlh izkpy ds fy, i;kZIr ¼Sufficient½ dgk tkrk gS] ;fn ml izfrn'kZ 

esa ml izkpy ds laca/k esa ml vkdyd esa lHkh lwpuk,¡ varfoZ"V gksrh gSA vf/kd 

ifj'kq)r%] ;fn Tn = T (x1, x2, … ,xn) fdlh izkpy θ dk eki 'n' ds ml izfrn'kZ  

x1, x2, … , xn ij vk/kkfjr ,d vkdyd gS] ftls ?kuRo f(x, θ) okyh lef"V ls bl 

izdkj fy;k x;k fd fn, gq, T dk laizfrca/k caVu x1, x2, … , xn izkpy θ ls Lora= gS] 

rks θ  ds fy, T i;kZIr vkdyd gSA  

xq.ku[kaMu izes; ¼useu½  (Factorization Theorem (Neyman) 

mijksDr ifjHkk"kk dk mi;ksx djrs gq,] ;g tk¡p djuk cM+k tfVy dk;Z gS D;k ,d 

vk¡dM+k fn, gq, izkpy dk ,d i;kZIr vkdyd gSA vr%] ;g ljy gS fd bls ifjHkk"kk 

ds LFkku ij xq.ku[kaMu izes; ¼factorization theorem½ ij vk/kkfjr fd;k tk,A bl 

izdkj] fdlh caVu ds fy, i;kZIr vk¡dM+k Lohdkj djus ds fy, vko';d vkSj i;kZIr 

izfrca/k useu ¼Neyman½ }kjk ns; **xq.ku[kaM izes;** }kjk iznku fd;k tkrk gSA 

dFku% T = t(x) izkpy θ dk i;kZIr vkdyd gksrk gS ;fn vkSj dsoy ;fn ;kn`fPNd pj 

ds la;qDr caVu ;k ?kuRo Qyu L ¼eku yhft,½ dks L = gθ[t(x)]-h(x) ds :i esa O;Dr 

fd;k tk ldrk gS] tgk¡ ¼tSlk fd lwfpr fd;k x;k gS½ gθ[t(x)] dsoy θ vkSj x ij 

vkfJr gS] ;|fi t(x) vkSj h(x) ds eku θ ls Lora= gSaA 

uksV%  

i) bl ckr dks Li"Vr% le> ysuk pkfg, fd *,d Qyu θ ls Lora= gS* ls gekjk 

rkRi;Z u dsoy ;g gksrk gS fd blesa θ lac) ugha gS] vfirq ;g Hkh gksrk gS fd 

blds izk¡r esa θ varfoZ"V ugha gSA mnkgj.kkFkZ] Qyu f(x) = 1/2a; a  θ < x < a + θ 

vkSj -∞ < θ < ∞, θ ij vkfJr gSA 

ii) bl vksj /;ku fn;k tkuk pkfg, fd izkjafHkd izfrn'kZ X = (X1, X2, … ,Xn) lnSo 

,d i;kZIr vk¡dM+k gksrk gSA  
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vvuqekfud  llkaf[;dh  iii) caVuksa dk lcls vf/kd O;kid :i tks i;kZIr vk¡dM+s dks Lohdkj djrk gS] dwieu 

¼Koopman½ dk :i gS] ftls L = L(x, θ) = g(x)-h(θ)-exp{a(θ) ψ (x)} }kjk fn;k 

tkrk gS] tgk¡ h(θ) vkSj a(θ) dsoy izkpy θ ds Qyu gSa rFkk g(x) vkSj ψ(x) dsoy 

izfrn'kZ izs{k.kksa ds Qyu gSaA mijksDr lehdj.k izfl) **caVuksa ds pj ?kkrkadh; 

dqy** dks fu:fir djrh gS] ftlds lcls vf/kd lkekU; caVu] tSls f}in] [kklksa 

vkSj izlkekU;] vKkr ek/; vkSj izlj.k ds lkFk] lnL; gSaA  

 iv) i;kZIr vkdyd dk fuf'prrk xq.k  

;fn izkpy θ ds fy, T ,d i;kZIr vkdyd gS rFkk ψ (t) ,d T dk ,dSdh Qyu gS] 

rks ψ (θ) ds fy, ψ (t) i;kZIr gksrk gSA  

v) fQ'kj&useu fud"k% 

,d vk¡dM+k t1 = t1(x1, x2, … ,xn) izkpy θ dk ,d i;kZIr vkdyd gS ;fn vkSj dsoy 

;fn izkf;d Qyu ¼izfrn'kZ dk la;qDr p.d.f.½ dks fuEufyf[kr :i esa O;Dr fd;k 

tk ldrk gS%  

θ

θ  

tgk¡ g1(t1, θ), vk¡dM+s t1 dk p.d.f. gS rFkk k(x1, x2, … , xn) dsoy izfrn'kZ izs{k.kksa dk 

,d Qyu gS] tks θ ls Lora= gSA 

/;ku nhft, fd bl fof/k esa vk¡dM+s t1(x1, x2, … ,xn) ds p.d.f. (p.m.f.) dks Kkr 

djus dh vko';drk gksrh gS] tks lnSo bruh ljy ugha gksrh gSA 

ccks/k ç'u 1 

fVIi.kh% d½ vius mÙkj fn, x, uhps LFkku esa fy[ksaA  

[k½ bl bdkbZ ds var esa fn, x, mÙkjksa ls vius mÙkjksa dk feyku dhft,A  

1½ fcanq vkdyu vkSj varjky vkdyu dks ifjHkkf"kr dhft,A  
------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ ,d vPNs vkdyd ds vfHky{kf.kdksa dks crkb,A 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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vvkdyu  
3½ x1, x2, … ,xn ,d izlkekU; lef"V N (μ, 1) ls fy;k x;k ,d ;kn`fPNd izfrn'kZ 

gSA n'kkZb, fd  μ2 + 1 dk x  =
n

2
i

i=1

1 x
n

, ,d vufHkur vkdyd gSA  

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

4½ ,d vKkr ek/; μ okyh ,d izlkekU; lef"V ls eki 5 dk ,d ;kǹfPNd izfrn'kZ  

(X1, X2, X3, X4, X5) fudkyk x;k gSA μ dk vkdyu djus ds fy,] fuEufyf[kr 

vkdydksa ij fopkj dhft,% 

i) t1 = (X1 + X2 + X3 + X4 + X5) / 5; vkSj (ii) t2 = (2X1 + X2 + λX3) / 3- 

   λ Kkr dhft,A D;k t1 vkSj t2 vufHkur gSa\ crkb, fd t1 vkSj t2 esa Js"Bre vkdyd 

dkSu gS rFkk dkj.k Hkh nhft,A  

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

5½ eku yhft, fd p.d.f. f (x,θ) = θ xθ - 1 ; 0<x<1, θ>0 okyh ,d lef"V ls fy;k x;k 

,d ;kǹfPNd izfrn'kZ X1, X2, … ,Xn gSA n'kkZb, fd 
n

1 i
i = 1

t = X , θ ds fy, i;kZIr 

gSA  

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

330-4 ØSej-jko vlfedk 

;g tk¡p djus ds fy, fd D;k ,d fn, gq, vufHkur vkdyd dk U;wure laHko 

izlj.k gS] vFkkZr~ D;k ;g ,d U;wure izlj.k vufHkur vkdyd ¼tks Js"Bre vufHkur 
vkdyd Hkh dgykrk gS½ gS] rks izkpy  ds vufHkur vkdyd  ds izlj.k dks 

fuEufyf[kr vlfedk dks larq"V djuk pkfg,%  

  
2)(ln

1ˆ
xfnE

Var  

tgk¡, x ij f(x) lef"V ?kuRo dk eku gS rFkk n izfrn'kZ eki gSA bl ØSej vlfedk ls 

ge fuEufyf[kr ifj.kke ij igq¡prs gSa%  

;fn ˆ   izkpy  dk ,d vufeur vkdyd gS rFkk   
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vvuqekfud  llkaf[;dh  
  

2)(ln
1ˆ

xfnE
Var

 

gSA 

rks  dk ˆ  ,d vufHkur vkdyd gSA ;gk¡ gj ds in  ds ckjs esa og lwpuk I
idM+ jgk gS] tks izfrn'kZ }kjk iznku dh tkrh gSA bl izdkj] izlj.k ftruk NksVk 

gksxk] mruh gh vf/kd lwpuk lwfpr gksxhA  

ØSej&jko vlfedk fuEufyf[kr ifjdYiukvksa ds lkFk ykxw gksrh gS] tks ØSej jko 

vlfedk ds fy, fu;ferrk izfrca/k ¼regularity conditions½ dgykrh gSa%  

i)  izkpy lef"V Θ okLrfod js[kk R1 (-∞, ∞) ij ,d vfotfur ¼non-degenerale½ 
foo`r varjky gSA 

ii)  yxHkx lHkh x = (x1, x2, … ,xn), vkSj lHkh θ Θ ds fy,] ),(xf  dk vfLrRo 

gS] vlk/kkj.k leqPp;] ;fn dksbZ gS] θ ls Lora= gSA 

iii) lekdyu dk ifjlj izkpy θ ls Lora= gS] ftlls f (x, θ) lekdy fpUg ds 

varxZr vodyuh; gSA 

iv) lekdyksa ds ,dleku vfHklj.k ¼uniform convergence½ ds izfrca/k larq"V gksrs 

gSa] ftlls lekdy fpUg ¼integral Sign½ ds varxZr vodyu ekU; gSA  

v)  
2

),(log xfEL  dk vfLrRo gS rFkk ;g lHkh θ Θ ds fy, 

/kukRed gSA 

γ(θ)  dk ,d vufHkur vkdyd] ftlds fy, ØSej&jko fuEu ifjc) ¼lower bound½ 

izkIr gks tkrk gS] ,d U;wure izlj.k ifjc) ¼MVB½ vkdyd dgykrk gSA  

330-4-1 MVUE vkSj CySdosykbts'ku (MVUE and Blackwellisation) 

ØSej-jko vlfedk gesa ;g Kkr djus dh ,d rduhd iznku djrh gS fd D;k 

vufHkur vkdyd ,d MVUE Hkh gS ;k ughaA ;gk¡] D;ksafd fu;ferrk izfrca/k cgqr 

l[r gSa] blfy, bldk vuqiz;ksx cgqr lhfer jg tkrk gSA lkFk gh  MVB vkdyd 

og ugha gS tks MVUE vkdyd gS] D;ksafd gks ldrk gS fd ØSej&jko fuEu ifjc) 

lnSo larq"V ugha gksA blds lkFk gh] ;fn fu;ferrk izfrca/kksa dk mYya?ku gksrk gS] rks 

U;wure izkI; izlj.k ØSej&jko ifjc) ls de gks ldrk gSA i;kZIr vk¡dM+s ds mi;ksx 

ls] ,d vufHkur vkdyd ls MVUE izkIr djus dh ,d fof/k gSA ;g rduhd Mh- 

CySdosy ¼D. Blackwell½ ds uke ij CySdosykbts'ku dgykrh gSA ;g ifj.kke fuEu 

fyf[kr izes; esa varfoZ"V gS] ftldk Js; lh-vkj- jko ¼C.R. Rao½ vkSj Mh- CySdosy dks 

fn;k tkrk gSA  
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vvkdyu  330-4-2 jko-CySdosy izes; 

eku yhft, fd X vkSj Y ;kn`fPNd pj bl izdkj gaS fd E(Y) = μ vkSj var (Y) = 2
Yσ > 

0 gSaA ;g Hkh eku yhft, fd E (Y | X = x) = φ (x) gSA rc] i) E [φ(x)] = μ vkSj (ii) var 

[φ(x)] ≤ var (Y) gSA 

bl izdkj] jko&CySdosy izes; gesa i;kZIr vk¡dM+s ds ek/;e ls MVUE  izkIr djus esa 

leFkZ cukrh gSA ;fn fdlh izkpy ds fy, ,d i;kZIr vkdyd dk vfLrRo gS] rks 

MVUE dh viuh [kkst ds fy, ge vius dks ml i;kZIr vk¡dM+s ds Qyuksa rd lhfer 

dj ldrs gSaA  

bl izes; dk dqN fHkUu izdkj ls uhps fn, vuqlkj dFku ns ldrs gSa%  

eku yhft, fd U = U(x1, x2, … , xn) izkpy  dk ,d vufHkur vkdyd gS vkSj 

eku yhft, fd T = T(x1, x2, … , xn) izkpy  ds fy, i;kZIr vk¡dM+k gSA  

bl i;kZIr vk¡dM+s ds Qyu φ (T) ij fopkj dhft,] ftls φ (T) = E (Y | T = t) ds :i 

esa ifjHkkf"kr fd;k x;k gS] tks θ ls Lora= gS (D;ksafd γ(θ) ds fy, T i;kZIr gSA½ rc] 
Eφ(T) = γ(θ)vkSj var φ (T) ≤ var (U) gSA 

bl ifj.kke dk fufgrkFkZ gS fd ,d vufHkur vkdyd U ls izkjaHk djrs gq,] ge 

i;kZIr vk¡dM+s ds ,d Qyu φ (t) dks φ (T) = E(Y | T = t) ds :i esa ifjHkkf"kr djds 

mlesa lq/kkj yk ldrs gSaA lq/kkjs x, vkdyd izkIr djus dh ;g rduhd 

CySdosykbts'ku (Blackwellisation) dgykrh gSA blds vfrfjDr]- ;fn i;kZIr vk¡dM+k T 

Hkh iw.kZ gS] rks mijksDr pfpZr vkdyd φ(T) u dsoy U ij lq/kkjk gqvk vkdyd gksxk] 

vfirq **Js"Bre ¼vf}rh;½** vkdyd gksxkA  

30-5 vuarLi'khZ; xq.k (Asymptotic Properties) 

;g vuqPNsn vuarLi'khZ; fl)kar ds lis{k lkaf[;dh ds v/;;u ;k vkdydksa ds xq.kksa 

vkSj lkaf[;dh; ifj{k.kksa (tests) dks le>us ds fy, ,d ÝseodZ ds :i esa cM+s izfrn'kZ 

fl)kar ij dsfUnzr jgsxkA ;g okLro esa vkdydksa ds mu xq.kksa dh ppkZ ds leku gks 

tkrk gS] tks izfrn'kZ eki ds cgqr cM+k gksus ij lR; jgrs gSa] vFkkZr~ vkdydksa ds mu 

xq.kksa dk v/;;u gksuk] ftuds fy,   limit n → ∞ gSA bl vuqPNsn esa bl izdkj ds 

xq.k fy, tk jgs gSa% 

30-5-1    vufHkurrk  (Unbiasedness) 

ge n̂ dks  dk vuarLi'khZ;% vufHkur vkdyd dgrs gSa ;fn izfrn'kZ ds cM+k gksus ij] 

vFkkZr~ n → ∞ gksus ij] bldk izR;kf'kr eku   esa vfHklfjr gksrk O;atd  

nn
E ˆlim  vkdydksa ds bl xq.k dks iznf'kZr djrk gSA ;fn ;g lR; ugha gS] rks 

ge vkdydksa dks vuarLi'khZ;r% vfHkur dgrs gSaA  
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vvuqekfud  llkaf[;dh  330-5-2   laxrrk  (Consistency) 

ˆ  izkf;drk esa  esa vfHklfjr gksrk gS] ;fn fdlh ,0 ds fy,] ge fuEufyf[kr fy[k 

ldrs gSa%  

  0ˆPrlim
n

- 

;fn ;g lR; gS] rks ge ;g Hkh dg ldrs gSa fd  ds fy, ˆ  laxr ¼Consistent½ gSA 
lgtukRed :i esa] bldk vFkZ gS fd ,d U;k;laxr ¼cgqr½ cM+h izfrn'kZ eki ds fy, 

izfrn'kZ vk¡dM+k ˆ  izkpy  ds cjkcj gksrk gS rFkk ge nkok dj ldrs gSa fd ge 

vKkr izkpy ds lR; eku dks tkurs gSaA  

vFkkZr~] tc izfrn'kZ eki n cM+h gS] rc ge O;kogkfjd :i ls lqfuf'pr gks ldrs gSa 

fd ,d laxr vkdyu ds lkFk dh xbZ =qfV fdlh Hkh NksVs iwoZ fufnZ"V /kukRed vpj 

ls de gksxhA mijksDr lehdj.k esa] lhek esa O;Dr dh xbZ bl izdkj dh vfHklfjrk 

¼convergence½ lkekU;r% izkf;drk esa vfHklfjrk dgykrh gSA O;ogkj esa] ge 

fuEufyf[kr i;kZIr izfrca/k ds mi;ksx ls] tks psuh'kso izes; dh rqjar miizes; gS] 

lqfuf'pr dj ldrs gSa fd D;k ,d vkdyd laxr gS ;k ugha%  

;fn   dk ˆ   ,d vufHkur vkdyd gS rFkk 0ˆ ] tc ,n gS] rks  dk 
ˆ  ,d laxr vkdyd gksrk gSA  

mnkgj.k% n'kkZb, fd ,d izlkekU; lef"V ds ,d ;kn`fPNd izfrn'kZ ds fy,] 2  dk 

izfrn'kZ izlj.k 2S  ,d laxr vkdyd gSA  

;fn ,d ifjfer izlj.k 2
 okyh ,d vifjfer lef"V ls fy, x, ,d ;kn`fPNd 

izfrn'kZ dk izfrn'kZ izlj.k 2S gS] rks ge 22SE  n'kkZ ldrs gSaA 

 
n

i
i XX

n
ESE

1

22

1
1

 

 
n

i
i XXESE

1

22

1n
1

 

  
n

i
i XnEXE

n 1

22

1
1

 

    2
2

22

1
1

n
n

n
SE

 
gSA 

uksV% mijksDr ifj.kke bl rF; ds dkj.k izkIr gqvk gS fd 22
iXE  gS vkSj 

nXE /22
gSA 

;g ckr efLr"d esa jf[k, fd S2 vifjfer lef"V ds izlj.k 2  dk ,d vufHkur 

vkdyd gSA ;g ifjfer lef"V ds izlj.kksa dk ,d vufHkur vkdyd ugha gS rFkk 

buesa ls fdlh Hkh fLFkfr esa  dk S ,d vufHkur vkdyd ugha gSA  
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vvkdyu  
D;ksafd 2 dk S2 ,d vufHkur vkdyd gS] blfy, vo ;g n'kkZuk jg tkrk gS fd 

tc n gS] rc 02VarS  gSA ge Kkr djrs gSa fd ,d izlkekU; lef"V ls ,d 

;kn`fPNd izfrn'kZ 
1

2 4
2

n
VarS  gSA blls fu"d"kZ fudyrk gS fd tc ,n gS] rc 

02VarS  gS rFkk bl izdkj, geus n'kkZ fn;k gS fd izfrn'kZ izlj.k S2 ,d izlkeku 

lef"V ds izlj.k .2 dk ,d laxr vkdyd gSA 

330-5-3 caVu esa vfHklj.k rFkk vuarLi'khZ; izlkekU;rk (Convergence in 
Distribution and Asymptotic Normality) 

caVu esa vfHklj.k % ;kn`fPNd pjksa Zn dk ,d vuqØe caVu esa ,d larr ;kn`fPNd pj 

Z esa vfHklfjr gksrk gS ;fn fdlh okLrfod z ds fy, fuEufyf[kr lR; gks% 

  zZzZn PrPr  as n  

bldk okLro esa vFkZ gS fd Zn ds caVu dk vkdkj Z ds vkdkj ds fudVrj rFkk vkSj 

fudVj gksrk tkrk gSA 

vuarLi'khZ; izlkekU;rk% bl fo'ks"k xq.k ds fy,] ge dgrs gSa fd ;fn lhekar caVu 
izlkekU; cafVr gS] vFkkZr~ ,,~ 2NZ  gS] rks dgk tkrk gS fd Zn dk ,d 

vuarLi'khZ; izlkekU; caVu gSA ;fn Z N(0, 1) gS] rks Zn dk ,d vuarLi'khZ; ekud 

izlkekU; caVu gksrk gSA  

vr%] ml fLFkfr ds fy, tc cM+k gS] ge fuEufyf[kr lfUudVu izkIr djrs gSa%  

)(Pr zzZn  tgk¡ )(z   ekud izlkekU; c-d-f- gSA 

dsUnzh; lhek izes;% bls Li"V djus ds fy,] vkb, eku ysa fd X1, X2, - - - ,Xn  ,d caVu 

esa ls] ftlesa E (Xi) = μ vkSj Var (Xi) = σ2 gS] ,d Lora= vkSj loZler% cafVr izfrn'kZ 

cukrs gSaA rc, ge dg ldrs gSa fd )1,0(
/

N
n

xZ d
n tgk¡ d

  caVu esa 

vfHklj.k dks O;Dr djrk gSA 

lgtkRed :i esa] bldk vFkZ gS fd ;fn gekjs ikl ek/; μ vkSj ekud fopyu σ dh 

,d lef"V gS rFkk ge blesa ls izfrLFkkiu ds lkFk cM+s izfrn'kZ ysrs gSaA ¼izk;% n > 30), 

rks izfrn'kZ ek/;ksa dk caVu lfUudV izlkekU;r% cafVr gksxkA blds lkFk gh] bu 

izfrn'kksZa dk ek/; laiw.kZ lef"V ds ek/; ds lfUudV cjkcj gksxkA 

30-6 vkdyu dh fof/k;k¡ (Methods Of Estimation) 

tc gesa dksbZ izkpy] mnkgj.kkFkZ lef"V vuqikr (p) ;k lef"V ek/; , fn;k gksrk gS] 
rc vafre mÌs'; ;g gksrk gS ,d ,slh la[;k ij igq¡pk tk,] tks ml izkpy ds lR; 

eku dks Js"Bre :i ls fu:fir djsA bl mÌs'; dks izkIr djus ds fy,] ,slh la[;k 

dks vfHkdfyr djus esa ,d izfrn'kZ dk mi;ksx fd;k tkrk gS rkfd ;g la[;k izkpy 

ds bl lR; eku ds fy, ,d vPNk vuqeku jgsA bl vuqPNsn esa] vkdyu dh rhu 
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vvuqekfud  llkaf[;dh  
fof/k;ksa ij /;ku dsfUnzr djsaxs] tks ;s gSa% vf/kdre laHkkouk] vk?kw.kksZa dh O;kihd`r fof/k 

vkSj vkaf'kd U;wure oxZA  

330-6-1 vf/kdre laHkkouk (ML) 

vf/kdre laHkkouk (Maximum Likelihood) (ML) vKkr izkpy θ ds fy, vkdyd dh 

jpuk djus esa mi;ksx dh tkus okyh lcls vf/kd c`gr fof/k gSA izfrn'kZ ds cM+s gksus 

dh fLFkfr esa] ;g vKkr izkpy dk ,d mŸke vkdyd iznku djrh gSA bl ladYiuk 

dks le>us ds fy,] vkb, eku ysa fd ;kn`fPNd pj X1,…--, Xn ,d caVu f(x|θ) ls 

fy;k x;k ,d ;kn`fPNd izfrn'kZ cukrs gSaA lkFk gh x1,…xn, ds :i ds izR;sd iszf{kr 

;kn`fPNd izfrn'kZ ds fy, ge f(x1,…xn|θ) = f(x1|θ)· · · f(xn|θ) fy[krs gSaA bl Qyu dks 

L(θ) ds :i esa O;Dr fd;k tkrk gS rFkk bls laHkkouk Qyu (likelihood function) dgk 

tkrk gS] tgk¡ ;g ,d la;qDr ?kuRo Qyu gksrk gS] ;fn f(x|θ) ,d p.d.f. gS rFkk 
laHkkouk Qyu dks la;qDr izkf;drk ds :i esa crk;k tk ldrk gS] ;fn f(x|θ) ,d p-

m-f- gSA 

lgtkRed :i esa] x1,…xn, ds fdUgha izsf{kr vk¡dM+ksa ds fy,] gesa θ ds ,d ,sls eku ij 

fopkj djuk gksxk ftlds fy, laHkkouk Qyu L(θ) vf/kdre gS rFkk blhfy, θ dk 

eku ml vKkr izkpy  θ  ds vkdyd ds :i esa dk;Z djsxkA okLro esa] bldk vFkZ gS 

fd ge izkpy pqu jgs gSa ftlls izkIr gq, vk¡dM+ksa ls vf/kdre laHkkouk iznku gksA  

ml fLFkfr esa tc ;kn`fPNd pjksa X1,…--, Xn, ds gekjs ikl dksbZ la[;kRed eku fufnZ"V 

ugha gS] rc  ML (vf/kdre laHkkouk) Qyu gesa n pjksa dk ,d Qyu iznku djsxk] ftls 

Lo;a gh vf/kdre laHkkouk vkdyd  dgk tk,xkA ijarq] la[;kRed ekuksa ds 

okLrfod vk¡dM+s miyC/k gksus dh fLFkfr esa] bl vkdyd dk ,d fo'ks"k la[;kRed 

eku gksxk rFkk bls vf/kdre laHkkouk vkdyd dgk tk,xkA 

laHkkouk Qyu dk :i fn;k jgus ij] bldks vf/kdre djuk bruk ljy dk;Z ugha 

gSA vr%] bl Qyu dks vf/kdre djuk log L(θ) dks vf/kdre djus ds lerqY; gS] 

D;ksafd log ,d ,dfn"Vr% o/kZeku Qyu gSA vr% ge izkIr djrs gSa fd  

  
n

i

n

i
ii XfXfLl

1 1
loglog)(log)(  

rFkk θ ds lkis{k )(l dks vf/kdre djus ls vf/kdre laHkkouk vkdyd (MLE) izkIr 

gksxkA 

30-6-2 vk?kw.kksZa dh O;kihd`r fof/k (Generalized Method of Moments) 
(GMM) 

vkdyu dh ;g fof/k vkdyu dh vf/kdre laHkkouk (ML) fof/k ds vuq:i gSA GMA 
dh fLFkfr esa] laiw.kz caVu ds ckjs esa ifjdYiukvksa ds mi;ksx ds LFkku ij ;kn`fPNd 

pjksa ds fof'k"V vk?kw.kksZa ds ckjs esa ifjdYiukvksa dk gh mi;ksx fd;k tkrk gS] vFkkZr~ 

=qfV inksa ds fufnZ"V caVu dh vuko';d ifjdYiukvksa ls cpk tkrk gSA blfy, ;g 
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vvkdyu  
xq.k GMM vkdydksa dks vf/kdre laHkkouk dh fof/k ls ifjdfyr fd, x, vkdyd 

dh rqyuk esa vf/kd iq"V cuk nsrk gSA  

bldk vkSj vf/kd o.kZu djus ds fy,] eku yhft, fd fopkjk/khu vk¡dM+s T izs{k.kksa 
{Yt } t = 1,---,T ls cus gSa] tgk¡ Yt ,d n-foeh; cgqfopj ;kn`fPNd pj gSA ge ;g Hkh 

ifjdYiuk djrs gSa fd ;s vk¡dM+s ,d lkaf[;dh ekWMy ls fudy jgs gSa] tks ,d vKkr 

izkpy θ rd ifjHkkf"kr gS rFkk gekjk eq[; y{; izkpy θ0 eku Kkr djuk gSA 

vc GMM ds mi;ksx ds fy, ,d izfrca/k ds :i esa] gesa vk?kw.kZ izfrca/kksa dh 

vko';drk gS] vFkkZr~ ,d lfn'k&eku Qyu g(Y,θ), ftlds fy, m(θ0)≡ E[g(Yt,θ)] = 0 

gS] tgk¡ E izR;k'kk O;Dr djrk gS rFkk Yt ,d tkfr laca/kh ¼generic½ izs{k.k gSA  

lgtkRed :i ls] GMM  dk vuqiz;ksx djuk izR;kf'kr eku E[-] dks izfrn'kZ vkSlr ls 

izfrLFkkfir djus ds cjkcj gS%  

  
T

t
tYg

T
m

1
),(1)(ˆ  

vxyk pj.k bl O;atd ds ukeZ ¼norm½ dks U;wure djrk gS] tks var esa gesa gekjk 

vkdyd θ0- iznku djsxkA ;s GMM vkdyd vuarLi'khZ;r% izlkekU;] laxr rFkk 

vkdydksa ds oxZ esa lcls vf/kd n{k dg tkrs gSaaA budks mi;ksx djus ds fy,] vk?kw.kZ 

izfrca/kksa ls ,df=r dh xbZ lwpukvksa ds vfrfjDr fdlh vU; lwpuk dh dksbZ 

vko';drk ugha gksrh gSA  

330-6-3 vkaf'kd U;wure oxZ ¼PLS½  

vkaf'kd U;ure oxZ ¼Partial Least Squares½ (PLS) fof/k vkdyu ds fy, rc mi;ksx 

dh tkrh gS] tc ;k rks Li"V djus okys (Lora=) pjksa dh la[;k vk¡dM+ksa esa izs{k.kksa dh 

la[;k dh rqyuk esa cgqr cM+h gksrh gS ;k ;s Li"V djus okys pj lglacaf/kr gksrs gSaA 

vkdyu dh ;g fof/k Lora= pjksa dh la[;k dks de dj nsrh gS] ftlls fo'ys"k.k ds 

fy, gekjs ikl dsoy laxr pj gh jg tkrs gSaA ;g ,d vU; fof/k Hkh vlglacaf/kr 

?kVdksa dh igpku djus esa mi;ksx djrh gS] tks **eq[; ?kVd fo'ys"k.k (Principal 

component analysis1) ** ds :i esa tkuh tkrh gSA 

,sls vkdyu SPSS (Statistical Package for the Social Sciences) rFkk LekVZ PLS ds 

mi;ksx }kjk fd, tkrs gSa] tks fo'ys"k.k ds fy, lcls vf/kd c`gr :i ls ekU; 

lkW¶Vos;j (Software) gSA 

 

 

 
1   eq[; ?kVd fo'ys"k.k (PCA) og fof/k gS] tks cM+s vk¡dM+ksa ds leqPp;ksa dh foeh;rk 

(dimensionality) dks pjksa ds cM+s leqPp dks NksVs leqPp; esa :ikarfjr dj nsrh gS rFkk mlesa 
izkjafHkd leqPp; ds pjksa dh vf/kdre lwpuk¡ fQj Hkh cuh jgrh gaSA 
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vvuqekfud  llkaf[;dh  ccks/k ç'u 1 

fVIi.kh% d½ vius mÙkj fn, x, uhps LFkku esa fy[ksaA  

[k½ bl bdkbZ ds var esa fn, x, mÙkjksa ls vius mÙkjksa dk feyku dhft,A  

1½ vkdydksa ds vuarLi'khZ; xq.kksa dks crkb, vkSj mudh ppkZ dhft,A  
------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ lgtkRed :i ls dsUnzh; lhek izes; dks Li"V dhft,A 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

3½ eku yhft, fd vkids ikl ,d flDdk gS rFkk vki lksprs gSa fd ;g vfHkur gSA 

vki bls 3 ckj mNkyrs gSa rFkk vuqØe HHT izkIr djrs gSaA fpr vkus dh 

izkf;drk ds fy, vf/kdre laHkkouk vkdyd (MLE) D;k gS\  
------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

4½ eku yhft,  
otherwise

xx
xfx

,0

30,
2

1

 

    MLE for - 

    ds lkFk ,d caVu ls fy, x,  Lora= vkSj loZler% cafVr izfrn'kZ gSaA   
ds fy,  MLE Kkr dhft,A  

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------------- 

30-7 lkjka'k 

geus bl bdkbZ dk izkjaHk vPNs vkdydksa ds vfHky{kf.kdksa ds lkFk fd;k rFkk fQj 

ØSej&jko vlfedk ds fo"k; ij pys x,A vkdydksa dh Bhd le> ls lqlfTtr gksus 

ds ckn] ;g ppkZ djuh vko';d gks xbZ fd vkdydksa ds xq.k rc Hkh lR; gksrs gSa tc 

izfrn'kZ dh eki cgqr cM+h gks tkrh gSA bu xq.kksa esa vkdydksa ds vuarLi'khZ; xq.k 

vufHkurk] laxrrk] caVu esa vfHklj.k vkSj vuarLi'khZ; izlkekU;r% lfEefyr gSaA var 

esa] vkdyu dh fof/k;ksa dh ppkZ dh xbZ gS] tks vf/kdre laHkkouk] vk?kw.kksZa dh O;kid 

fof/k vkSj vkaf'kd U;wure oxZ ds mi;ksx ls izkpy ds lR; eku dk Js"Bre vuqeku 

vfHkdfyr djus dh fof/k;ksa dks Li"V djrh gSaA  



 

 
 

243 
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330-8 'kCnkoyh 

dsUnzh; lhek izes; 

(Central Limit 

Theorem) 

% lgtkRed :i esa] bldk vFkZ ;g gS fd ;fn gekjs ikl 

ek/; μ vkSj ekud fopyu σ dh ,d lef"V gS rFkk ge bl 

lef"V esa ls izfrLFkkiu ds lkFk cM+s ;kn`fPNd izfrn'kZ ¼izk; 

n > 30) ysrs gSa] rks izfrn'kZ ek/;ksa dk caVu lfUudVr% 

izlkekU;r% cafVr gksxkA  

ØSej-jko  vlfedk 

(Cramer-Rao 

Inequality) 

% ;fn γ(θ) dk t ,d vufHkur vkdyd gS] tks izkpy θ dk 

,d Qyu gS] rks 
2

2'L(x, θ) γ (θ)θvar (t) = 
I(θ)E  logL

θ

 

 vkSj 
2

I(θ) = E  log L(x, θ)
θ

,  

tgk¡ I (θ) izkpy θ ij lwpuk,¡ gSa] tks izfrn'kZ }kjk nh tkrh 
gSaA nwljs 'kCnksa esa] ØSej-jko vlfedk γ(θ)   ds vufHkur 

vkdyd ds izlj.k dks ,d fuEu ifjc) 

2'γ (θ)
I(θ)

iznku 

djrh gSA 

laxrrk 

(Consistency) 

% γ(θ)  dk T n   ,d l axr v kdyd g S ]  ; fn i z R; sd  

ε> 0, η> 0 ds fy, ?kukRed iw.kkZad n ≥ m(ε, η) dk vfLrRo gS] 

rkfd 

P [|Tn – γ(θ) | <ε] → 1 as n → ∞ => P [|Tn - γ(θ) | <ε] > 1 – 

η; n ≥ m tgk¡ n dk m dksbZ cgqr cM+k eku gSA  

n{krk (Efficiency)

   

% γ(θ) dk T  Js"Bre vkdyd ¼;k n{k vkdyd½ gS ;fn ;g 

laxr gS vkSj izlkekU;r% cafVr gS] ;fn avar (T) ≤ avar (T’) 

gS] pkgs vU; laxr vuarLi'khZ;r% izlkekU; vkdyd T’ dqN 

Hkh gksA  

vk?kw.kksZa dh 

OO;kihd`r fof/k 

(Generalized 

Method of 

Moments) 

% GMM ds fLFkfr esa] ;g laiw.kZ caVu ds ckjs esa ifjdYiukvksa 

dk mi;ksx djus ds LFkku ij ;kn`fPNd pjksa ds fof'kf"V 

vk?kw.kksZa ds ckjs esa ifjdYiukvksa dk mi;ksx djrh gSA vr%] 

;g xq.k GMM vkdydksa dks vf/kdre laHkkouk dh fof/k ls 

ifjdfyr fd, x, vkdydksa dh rqyuk esa vf/kd iq"V cuk 

nsrk gSA  
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vvuqekfud  llkaf[;dh  vvf/kdre laHkkouk 

(Maximum 

Likelihood)  

% ;g vKkr izkpy θ ds fy, ,d vkdyd dh lwpuk djus 

dh lcls vf/kd c`gr :i ls mi;ksx dh tkus okyh fof/k 

gSA izfrn'kZ ds cM+k gksus ij] ;g vKkr izkpy dk ,d mŸke 

vkdyd iznku djrh gSA ;gk¡ θ ds lkis{k  dk vf/kdre 

laHkkouk vkdyd ¼MLE½  

 
n

i
i

n

i
i XfXfLI

11
loglog)(log)(

 
iznku djrk gSA 

U;wure izlj.k 

vvufHkur vkdyd 

(Minimum 

Variance 

Unbiased 

Estimator) 

% γ(θ)dk T U;wure izlj.k vufHkur vkdyd gS ;fn lHkh θ

Θ ds fy, fn Eθ(T)= γ(θ)  rFkk lHkh θ Θ ds fy, Varθ(T) 

≤ Varθ(T’) gS] tgk¡ γ(θ)  dk T’ dksbZ vU; vufHkur vkdyd 

gSA  

lcls vf/kd n{k 

vkdyd (Most 

Efficient 

Estimator) 

% ;fn T1 izlj.k V1 ds lkFk lcls vf/kd n{k vkdyd gS rFkk 

T2 izlj.k V2 ds lkFk lcls vf/kd vU; n{k vkdyd gS] rks 

T2 dh n{krk E dks E = V1 /V2 ds :i esa ifjHkkf"kr fd;k 

tkrk gSA Li"Vr%]  E bdkbZ ls vf/kd ugha gks ldrh gSA ;fn 
γ(θ)ds T1, T2, … , Tn lHkh vkdyd gsa rFkk Var(T) U;wure 

gS] rks Ti, (i = 1, 2, … , n) dh n{krk Ei dks Ei = Var(T)/ 

Var(Ti) ds :i esa ifjHkkf"kr fd;k tkrk gSA Li"Vr%  Ei ≤ 1, (i 

= 1, 2, … , n) gSA 

izkpy lef"V 

(Parameter Space)  

% x ds p.d.f. dks f(x, θ), θ Θ  d- f- f(x, θ) ds lkFk ,d 

;kn`fPNd pj ij: i esa fy[k ldrs gSaA leqPp;] tks  Θ ds 

lHkh ekuksa dk leqPp; gS] izkpy lef"V dgykrk gSA 

vkaf'kd U;wure oxZ 

(Partial Least 

Squares) 

% bl fof/k dk mi;ksx rc fd;k tkrk gS] tc ;k rks Li"V 

djus okys ¼Lora=½ pjksa dh la[;k vk¡dM+ksa esa izs{k.kksa dh 

la[;k dh rqyuk esa cgqr cM+h gks ;k ;s Li"V djus okys pj 

lglacaf/kr gksaA  

i;kZIrrk 

(Sufficiency) 

% ;fn Tn = T (x1, x2, … ,xn) izkpy θ dk ,d vkdyd gS] tks 

?kuRo f(x, θ) okyh lef"V ls eki 'n' ds fy, x, ,d izfrn'kZ 

ij vk/kkfjr gS] rkfd x1, x2, … , xn dk lizfrca/k caVu T 

izkpy θ ls Lora= gS] rks θ ds fy, T i;kZIr vkdyd gSA 
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vvkdyu  
330-9 viuh izxfr ds tk¡p ds mŸkj ;k ladsr 

cks/k iz'u  1 

1) Hkkx 30-2 ns[kssaA 

2) Hkkx 30-3 ns[kssaA 

3) ;gk¡  gesa E (xi) = μ, v (xi) = 1 i = 1, 2, … , n fn;k gSA  

vc E (xi
2) = v (xi) + {E (xi)}2 = 1+ μ2 gSA 

E (t) = E
n

2
i

i=1

1 x
n

= 
n

2
i

i=1

1 E (x )
n

= 
n

2

i=1

1 (1 +μ )
n

= 1 + μ2 gSA 

4) gesa E (Xi) = μ, var (Xi
2) = 2σ  gS ¼eku yhft,½ 

Cov (Xi, Yi) = 0 (i ≠ j = 1, 2, … , n) 

i)  E (t1) = 
5

i
i=1

1 E(X )
5

=(1/5)-5μ = μ=> μ dk  t1 ,d vufHkur vkdyd gSA 

ii)  E (t3) = μ =>λμ = 0 => λ = 0 gSA 

v (t1) = [v(X1)+ v(X2)+ v(X3)+ v(X4)+ v(X5)] / 25 = 2σ /5 gSA 

v (t2) = [v(X1)+ v(X2)] / 4+ v(X3) = 3 2σ /2 gSA 

v (t3) =  [4v(X1)+ v(X2)] / 9 = 5 2σ /9           (D;ksafd λ = 0 gS) 

D;ksafd v (t1) U;wure gS] blfy, μ dk t1 Js"Bre vkdyd gSA ¼U;wure izlj.k ds 

vFkZ esa½ 

5) gy% 
n n

n θ - 1
i i

i = 1 i =1
L (x, θ) = f (x ,θ) = θ (x )  

=
θn

n
i n

i =1
i

i =1

1θ x .
x

=g (t1, θ)- h (x1, x2, … ,xn), (eku yhft,)- 

vr%] xq.ku[kaMu izes; }kjk] t1 =
n

i
i =1

x , θ dk i;kZIr vkdyd gSA   

cks/k iz'u  2 
1) Hkkx 30-5 ns[ksaA 

2)  Hkkx 30-5-3 ns[ksaA 

3) eku yhft, fd fpr izkIr gksus dh izkf;drk p gSA rc] HHT izkIr gksus dh 

izkf;drk p2(1 − p) gSA vodyt ysus mls 'kwU; ds cjkcj j[kus ij] p=(2/3) izkIr 

gksrk gSA 

4) 
n

i

i
n

xxxL
1

1

1 2
,...,  
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vvuqekfud  llkaf[;dh  n

i
in xxxL

1
1 2lnln)1(ln,...,ln

n

i
in xxxL

1
1 02lnln1,...,ln

n

i
i nxn

1
02lnlnˆ

n

i
ixnn

1
ln2lnˆ

n

i
i

MLE

xn

n

1
ln2ln

ˆ  

330-10 vH;kl iz'u 

iz'u-1- eku yhft, fd ,d dkS'kh lef"V  

2

1 1f (x, θ) = .
π 1 + (x - θ)

; –  ∞ < x < ∞, –  ∞ < θ < ∞ ls ,d ;kn`fPNd izfrn'kZ 

X1, X2, … ,Xn fy;k x;k gSA tk¡p dhft, fd D;k θ  ds fy, fdlh i;kZIr 

vkdyd dk vfLrRo gSA  

mŸkj- L(x, θ) = 
n n

i n 2
i=1 i=1

1 1f (x , θ) = .
π 1 + (x - θ)

 ≠ g (t1, θ)- h (x1,x2,…,xn)- 

vr%  xq.ku[kaMu izes; ls] ,slk dksbZ vdsyk vk¡dM+k ugha gS tks θ ds fy, 

i;kZIr gSA ijarq L (x, θ) = k1 (X1, X2, … ,Xn, θ)- k2(X1, X2, … ,Xn) =>   laiw.kZ 

leqPp; (X1, X2, … , Xn) θ ds la;qDr :i ls i;kZIr gSA  

 

iz'u- 2- fn;k gqvk gS fd f'k'kqvksa ds Hkkj ek/; μ vkSj ekud fopyu σ ds lkFk izlkekU; 

cafVr gSaA rhu f'k'kqvksa ds Hkkj 8, 9 vkSj 10 vkSUl (ounces) gksus ij, μ ds fy, 

vf/kdre laHkkouk D;k gS? 

mŸkj- ,d izlkekU; caVu dk p-d-f .e
2

1 22 2/)x( gSA vr%, ge 

 222222 2/)10(2/)9(2/)8(
33

e
2

1  dks μ ds fy, vf/kdre 

djuk pkgrs gSaA y?kqx.kdh; vodyt yhft, vkSj mls 0 ds cjkcj jf[k,A 

iz'u-3-   fdlh eSp esa yxk, x, NDdksa dh la[;kvksa dk ,d Ioklksa caVu gSA fiNys 

lIrkg yxk, x, NDdksa dh la[;k,¡ 14, 27, 25, vkSj 12 FkhA izkpy λ ds 

fy,] vf/kdre laHkkouk vkdyd ifjdfyr dhft,A 
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vvkdyu  

mŸkj- laHkkouk Qyu |12,25,27,1412,25,27,14| PL
!27

.
!14

2714 ee

.
!12!25!27!14!12

.
!25

4781225 eee
 gSA 

vodyt yhft, vkSj mls 0 ds cjkcj jf[k,A  

 

iz'u-4-;fn iX  ek/; ds lkFk izlkekU; cafVr ;kn`fPNd pj gS] rks 

 X
n
Xˆ i  

 dk vf/kdre laHkkouk vkdyd gSA D;k bl izkpy ds fy, MLE vufHkur gS\  

mŸkj- ;fn iX  ek/; vkSj izlj.k 2 ds lkFk ,d izlkekU;r% cafVr ;kn`fPnd pj gS] 

rks iXE  gS] vkSj 2
iXVar  vr%  

  
111

1111
i

n

i
i

N

I
i n

nn
XE

n
X

n
EXE

 
gSA 

vr%] dk MLE vufHkur gSA  

 




